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B BapnannoHHOM MCYHCIICHMH H3YYalOTCS METOIbl UCCIECIOBAHUS
(YHKIIMOHAJIOB Ha DKCTpEMyM. B MeTOOMYECKHX yKa3aHHSIX PaccMo-
TPEHBI IPOCTENIas 3a7a4a BapUallMOHHOTO UCYHMCIICHUSI U HEKOTOPbIE
ee 00o0menus. OnucaHbl MpsMble NPUONTMKEHHBIE METOIBI Diiepa
u Putma. [l pemeHus 3amad THIIOBOTO pacdeTa Takke HEOOXOINMO
o0Opatutbes K yueOHoit nuteparype [1 — 6], Tie naHbl [OKa3aTeIbCTBA
WCTIONIb3YEMBIX TEOPEM.

1. 9KCTPEMYM ®YHKIINMOHAJIA

@ynxyuonanom Ha3bIBaeTcs otrobpakenue J : M — R MHOXecTBa
¢yuxmmit M = {y(r)} Ha MHOXECTBO HeHCTBHUTENbHBIX umcen R,
ob6o3nagaercst J = J(y).

Merpuyeckoe npocrpancrBo Qynkumii C"[a;b]. B xauectse
mHOXectBa M Oymem paccmarpuBath MHOXeCTBO C"|[a; b] Beex dyHK-
umit, 1A KOTOphIX n-s mpomssommas y(™ () HempepblBHA mpH
r € [a;b]. B uwactnoctn, C%a;b] — Qynkuuu, HenpepbiBHBIE Ha
orpeske [a; b]. OueBUIHO, YTO

C%a;b] D CHa;b] D ... D C"a;b].

MuoxectBo C"[a;b] SBISCTCS UHEHHLIM NPOCMPAHCMBOM, TaK
KaK BBIIIOJTHEHBI CBOMCTBA:

1) ecmn y1,y2 € C"[a;b], T0 y1 + y2 € C"[a; b];

2)ecnu y € C™[a;b) uc € R, 10 cy € C"[a;b).

®yuxiponan L(y) sBISIeTCS JuHelHbIM, SCITU BBIIOIHCHBI CBOW-
CcTBa:

1) L(y1 +y2) = L(y1) + L(y2), y1, 92 € C"[a; b];

2) L(cy) = cL(y), y € C"[a;b] u c € R.

Mpumep 1. dynkuuonans va MEoxkectax COla;b] u Clla; b):



b
Jo(y) = / V1+y?(z)dz;
J3(y) =y'(x0) +3, o € [a;b].

®yuxiponans! Ji(y) 1 J2(y) NIMEIOT reOMETPUYSCKHUIA CMBICIT ILIO-
a1 KPUBOMMHEHHO# Tpaneruu (eciu y(x) > 0) U JUTHHBI IyTH rpa-
¢uka dyakuun y(x). Oynkumonan Ji (y) — TMHEHHBIH, (yHKIHOHAIBI
J2(y) n J3(y) He SIBISIIOTCS THHEHHBIMH.

s dysakiuun y € C™[a; b] BBoaUTCS Hopma yHKyuu

lylln =, max [y (x)].

1=0 z€&[asb]

BBomurcst paccmosnue (mempuxa) Mexay QyHKIHAMA

_\" (@) _ 00
Pulyry2) =) max [y (@) — " (@)
y1(z), y2(x) € C"as b].
JUtst HeoTpunarenbHol GpyHKUnK P,, (Y1, Y2) BHIIOIHEHB! CBOICTBA:
1) p,,(y1,y2) = 0 Torna u TONIBKO TOrA, KOTAA Y1 = Yo;
2) Pn(y1,42) = Py (Y2, Y1) (cummerpus);

3) Pu(y1,92) < P,(Y1,y3) + P, (¥3,Y2) (HEpaBeHCTBO TPeyToOIb-
HHKA).

B uyacTHOCTH, paccTOSIHUE HYJEBOTO MOPSAKA Ul HEMPEPbIBHBIX
(hyHKITHI

Po(y,92) = max 11(2) —42(2)l, 1(@),92(2) € ClasBl.

Jlna gynkuuu y*(z) € Ca;b]  €-oxpecmuocmuio mynesozo no-
paoka (CunbHOU E-OKPeCmMHOCHbIO) HA3BIBAIOT MHOXECTBO (YHKITHIA
y(x) € COa; b, Takux, uto Py(y*,y) < € (€ > 0).

Jna GyHKIMNA, HMEIOIKX HETIPEPHIBHYIO MEPBYIO MPOU3BOAHYIO,

P1(y1,52) = max [y1(z) — y2(2)| + max |y () — ya(z)],

z€[asb] x€a;b]
y1(x),y2(2) € Cla; b].

Jlna dynxuuu y*(z) € Clla;b] €-oxpecmnocmuio nepsoco no-
paoka (crnaboii €-okpecmHOCMbi0) HA3BIBAIOT MHOXECTBO (DyHKIMI
y(z) € Cla;b], Takux, uro p,(y*,y) < €.
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Puc. 1

Ha puc. 1 (cnyuaii a) nzo0paxeHs! QyHKIHMH, OJH3KHE 110 PacCcTo-
AHHIO P, HO He OnmM3kue 1o paccrosuuio P;. Ha puc. 1, ciyyaii 6,
n300pakeHb! HYHKIMHU, ONM3KKE M0 PACCTOSHUIO NIEPBOTO HOPSIKA.

CuabHbIi M c1a0blii 3kcTpeMyMbl GyHKIHOHANA. DYyHKIHOHAT
J(y) nmeet Ha GyHKuun y* () 10KanbHbIL MUHUMYM (MAKCUMYM), SCITH
1 BeeX (GyHKUui y () U3 HEKOTOPO# €-OKPeCTHOCTH y* () BBHINOI-
HSIETCS. HEPaBEHCTBO

Sy () < J(y(x)) (J(y"(z)) = J(y(2)))-

OKkcTpeMyM (MUHHMYM WM MaKCUMyM) Ha3bIBACTCS 2100AbHbIM,
Koraa Ha QyHKuuH y*(z) MOCTUTAETCS HAWMEHbIICEe WM HaHOOIb-
miee 3HadeHUe (YHKIMOHANA Ha BCEM MHOXKECTBE pacCMaTHUBAEMBIX
(hyHKIHH.

BriOupas €-0KkpecTHOCTH HYJICBOTO WIIM IIEPBOTO MOPsIIKa, TOTyYa-
€M pa3Hble NOHATUS SKCcTpeMyMa. Ecin cpaBHnBaeMble GpyHKIMU OIU3-
KM K y*(x) 10 paccTosHHIO P, (IPUHALIEKAT CHIBHOW OKPECTHOCTH
y*(x)) u dyukuuonan J(y) Ha GpyHKumu y*(x) HOCTHraeT JIOKATBHOTO
IKCTPEMYMa, TO IKCTPEMYM HA3BIBACTCS CUNbHLIM; €CITA CPABHUBAEMBbIE
(GyHKLIUM ONU3KHU [0 PACCTOAHUIO P; (IpUHAZIIEkKAT C1ab0i OKPECTHO-
ctu y*(x)), TO SIKCTPEMYM Ha3bIBACTCS CLAObLM.

@yHkiMK, OIU3KUE IO PACCTOSHUIO P, OIM3KU U 10 PACCTOSHUIO
Pg> TAK KaK Py < Pq; MO3TOMY, €CIIH Ha Y™ (&) AOCTHraeTCsl CHIbHBIH
9KCTPEMYM, TO OH OyZmeT M ciadbIM (B CiIydae CHIIBHOTO SKCTpeMyMa
HE HaJaraetcsi ycjaoBuil Ha mpom3BoaHbie (yHkuuii). Eciu Ha y*(z)
JOCTHTraeTcsi ciaadblil SKCTPEMyM, TO CHJIBHOTO 3KCTpEMyMa Ha 3TOi
(byHKIMK MOXET HE OBITH.



2. HEOBXOIUMBIE YCJIOBUS
IKCTPEMYMA. IIPOCTEUIIIASA 3AJAYA

B nuddepennnanbHOM UCUUCICHUN TIPU PEIICHUH 33/1a4d Ha 3KC-
TpeMyM (QYHKIHH
f(z) — extr
HEOOXOMMMBIM yCIOBHEM 3KcTpeMyMa aupdepeHInpyeMoid B TOUKe
x = x* Qpyukuun seusercs ycnosue f'(z*) = 0 Win paBeHCTBO HYIIO
muddepeHmana
df ‘w:z* =0.
ITomoOHBIM 00pa3oM B BapHAIIMOHHOM HMCYHCICHHUH MPU PACCMO-
TPEHUU 3a]lauu
J(y) — extr
orpezessieTcs Bapuanus QyHponana 0J, n He0OXOIUMBIM YCIIOBUEM
IKCTPEMyMa SIBJISETCS PABEHCTBO

8.7 ]y—y = 0.

Bapuanus ¢yakumonana. [lycre dyskuus y(z), x € [a;b],
IPUHAUISKAT 00IacTH onpexeseHus Gpyunkunonana J(y). Bapuayuei
@yuryuu HazpBawT Qynkuuio Oy(x) = g(z) — y(z); cpaBHUBaeMast ¢
y(x) dyrkums §(x) 3amaercst paBeHCTBOM § = y + Oy. 3ameTnm, 4To
Sy = (3y) = — o/, 8" = (3y)" =¢' —y" 1.

[MpupaienreM (QyHKIIMOHANA, COOTBETCTBYIOIIMM Bapuamuu Oy,
ABJISIETCS (PYHKIIMOHAT

AJ = DJ(y(x), dy(z)) = J(y(x) + Oy(x)) — J(y(x)).

®ynkunonan J(y) Ha3bIBalOT Jugdepenyupyemviv B ToUke y (),
€CJIM TIPU NPOM3BOJIBHOM Masioil Bapuanuu Oy(x) npupamieHne (yHk-
[MOHAJIa MOJKHO MIPEICTABUTL B BHIE

AJ = L(y(x), dy(x)) + Bly(z), dy(x)) ||0yl[1,

e L(y(x), dy(x)) — nuneitnslit mo Oy GyHKIMOHAT,

B(y(z), dy(z)) — O

upu ||Oy||1 — 0, ||dy||1 — Hopma Bapuarmu dynkimu. st nuddepen-
nupyemoro GyHKIHOHANA eapuayuetl Gynkyuonana B Touke y(x) (wim
cwibHbIM U depenimanom, wim quddepennuaiom dperie) Ha3bIBa-
IOT TIaBHYIO YacCTh TPUPAIICHHS, THHEHHYIO OTHOCHTENBHO OYy(T),

dJ = 8J(y, dy) = L(y, dy).



B BapHalOHHOM HMCUYHCIICHHH PACCMAaTPUBAIOT M JPYroe Ompeje-
nenue Bapuanun. Oynkunonan J(y(z) + ady(z)), paccmarpuBaemblii
Ha OJlHOTIapaMeTpUueckoM MHOXecTBe GyHKimi y(x) + ady(x) npu
¢ukcupoBanubix y(x) u dy(x), obpamaercs B Gpynkuuo (0 € R)

flo) =J(y + ady).

Bapuayueti ¢ynxkyuonana B touke y(z) (i cnabbiM nuddepenima-
nom, win guddepennmanom ['aTo) Ha3bIBalOT TPONU3BOAHYIO
J(y+ady) - J(y) _ dJ(y+ ady)

. _ _ gl
8J(y, dy) = lim S = 7a =10

Ecmu ¢ynkumonan J(y) nuddepenuupyem B Touke y(x), TO €ro
nuddepentman ['ato B Touke y () CymecTByeT U coBmanaer ¢ audde-
pennranom ®perre.

B BapuHaImoHHOM MCYMCIIEHHH JT0KA3BIBAETCS CIIENYIOIIast TEOpEMA.

Teopewma 1. Ecwu ouppepenyupyemviii ¢ynxyuonan J(y)
docmuzaem IKCMpPeManbHo20 3Havenus Ha gynkyuu y*(x), mo

oJ(y*, dy) = 0.

Hanee ucrnonb3yercs nemma [2].
JI e Mm ™M a. ITycmo ¢pynryus f(x) Henpepviena na ompeske [a; b u

b
/ f(2)g(x) dz =0

ons nobou gyukyuu g(z), g(a) = 0, g(b) = 0, nenpepwisnoi na om-
peske [a; b] u umeroweti nenpepuienyio npoussoonyio. Tozoa

f(z) =0.

YpaBHenue Jiisiepa. [Ipocreiimas 3aaya BapHalmOHHOTO HCYH-
CJIICHUSI UMEET BU

b
J(y) =/ F(z,y,y') dz — extr, )]

rpaHu4HbIe ycinoBus y(a) = yo, y(b) = y1.

Teopema 2. [lycmo ¢ynuxyus F(x,y,z) umeem nenpepois-
Hble Yacmuble NPOoUu3800Hble 00 8MOPO20 NOPAOKA GKIOYUMENLHO NO
ecem apeymenmam. 4mobwr gyukyuonan (1) docmuean na @ynkyuu
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y(z) € Cla;b] cnabozo sxcmpemyma, neobxodumo, umobvl gynxyus
y(z) yoosnemsopsna ypasnenuio Dinepa

d
Fy(%%?/) - %Fy/(:p’yay/) =0. (2)

K ypaBHeHuio (2) mpuBOmAT ClEOyIOIHME paccykmeHus. Jlamum
¢bynkuun y(z) npupamenne Oy. C yd4eToM rpaHHYHbIX YCIOBHUIA HMEEeM
Oy(a) = 0, dy(b) = 0. Ipupamenne GpyHKIOHANA PABHO

AJ = J(y+dy) — J(y) =

b
= / (F(z,y+ 0y,y' + &) — F(z,y,y")) da. 3)

Pasnoxus nepBoe ciiaraeMoe B MOABIHTETPAJIBHOM BBIPAKEHUU T10
dhopmyne Teiinopa, BeIIENsIeM claraeMble, KOTOPBIC JIMHEHHO 3aBUCAT
oT npupamnienuii oy u dy':

b
AJ:/ (Fy(z,y,y )0y + Fy(z,y,y)8 ) dz + ..., (4

IJIe MHOTOTOYHE 0003HaYaeT YICHBI MOPSAKa BBIIEC [EPBOIO OTHOCH-
tenbHO || Oy||1 u ||dy’||1. [lepBoe cnaraemoe B (4) siBIsleTCs Bapuarmei

dJ (y, dy)

— DIaBHOHM JIMHEHHOH yacThio npupamenus ¢pyHkouonana (1). Mate-
TpUpyeM II0 4acTAM HHTErpaji OT BTOPOIO ClaraeMoro B BapHallld U
IIPUpaBHUBAEM BapHallUIo HYMIO (ciexys Teopeme 1)

b

57 = /F (@,y,4/) By dz + Fy(z,y,y') dy| —

/6yd (@y,y) de =
:/ (Fy(‘r’yay) dCfL'Fy (ﬂf,y, '))5yd;v:()

a

b

Craraemoe Fy/(m,y,y’)éy‘ = 0 B cumy pasenctB Oy(a) = 0,
a

8y(b) = 0.

ITo ycnoBusM, HalOKEeHHBIM Ha GyHKIMIO F'(x,y, 2), BRIpaXeHHe,
cTOsIIIIee B CKOOKaX IMOJ] HHTETPaJIoM, SIBIISIETCS] HEMPEPBIBHON (YHKIIHN-
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eif x. Tak kak Bapuanus Oy () — MPOU3BOJIbHAS UMEFOIIAsI HETTPEPhIB-
HYIO TPOU3BONHYIO (YHKIIHSI, TO, TIO JIeMME 1, BhIpaXeHHE B CKOOKax
paBHO HyIH0. BeiBo: ecim Ha QyHKIMH y(Z) TOCTUraeTCst SKCTPEMYM,
TO OHa YIOBJIETBOPSIET AU PepeHINATEHOMY YpaBHEHHIO (2).

Pemenust ypaBHeHus Diiniepa Ha3BIBAIOTCS 9Kcmpemanaimu (QyHK-
1oHaia. V3 TeopeMsl 2 ciemyet, uTo eciu Ha GyHKIMHU y(x) QyHK-
uuonan (1) mocturaer skcTpemyma (Cl1aboro WM CHIBHOTO), TO 3Ta
(hyHKIMS — SKCTpeMalb.

3aMeuanue 1. PackpblB NOJHYIO NPOU3BOAHYIO %Fy/,

moTyuynM ypaBHeHwue (2) B popme
Fy— Fyy — Fyyy' () — Fyyy’ (z) = 0.

Ecnu Fyyyy # 0, To uMeeM 00bIKHOBEeHHOE uddepeHnuansHoe ypas-
HEHHE BTOPOTO IMOPsJIKa, o0liee pelieHrne KOTOPOro 3aBUCHT OT JIBYX
HPOU3BOJIBHBIX KOHCTAHT, OINpPEACNISEMBIX M3 TI'DaHUYHBIX YCIIOBHUIi

y(a) = yo, y(b) = y1.
I[Ipuwmep 2. Haiftu skcTpemanu pyHKIIOHANA

In2
J(y) =/0 (y”? + 2y%)e” da,

YIOBJIETBOpsifoIHe TpanindHbM yernosmsiM y(0) = 5, y(In2) = 3.

P e e uue. Cocrapnsem ypasHenue Ditnepa. 3nech F = (y'2 +
+ 2y%)e® u F, = 4ye®, Fy = 2y'e”; cuenoBarenbHo, ypaBHEHHE
Dilniepa UMeeT BUJL

d
dye® — 7 (2y/e") = 0.

x
Bremonaas nuddepeHppoBanne 1 ynpoiias, moryqdaeM
y' +y —2y=0.

Xapakrepucrudyeckoe ypasHerne A2 + A — 2 = (0 uMeeT KopHHU
A1 =1, Ay = —2; ob1iee pelieHne ypaBHEHUS UMEET BUJI

y = Cre® + Coe™ "
(2], 1. 9, § 2, . 5). Koncranter C] u C'y onpenenseM U3 TPAaHUIHBIX
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YCJIOBUH, pelllas CUCTEMY
C1+ Cy =5,
2CT + 302 =3.
Otciona C7 = 1, Uy = 4. DkcTpemMaib
y=e® +4e %",

IIpwuwmep 3. Haiitu skcTpemanu GpyHKIHOHAIA

€ 23y? + 3zy? — 32ylnzx
J(y) = / ot dx,
1

YIOBJIETBOpsifOIIMEe TpanidHbIM yenosusiM y(1) = 0, y(e) = 3/e.
P e e H u e. YpaBHeHue Diijiepa Ais 3Toro GyHKIMOHATA

6y 32lnz d (2_y’> _0

mocie mpeodpa3oBaHl TPUHUMAET BH/T

16Inx
22y —axy — 3y =— ot (5)

[onyueHHOE TMHEHHOE HEOAHOPOAHOE YPAaBHEHHUE C IIEPEMEHHBIMU
K03(HUIIEHTaMI OTHOCHUTCS K YPaBHEHHUSAM THIIA

apz™y™ + a1y 4 a1y +any = f(z),  (6)

e a;, ¢ = 0, ..., n — noctosHHbIe. Takue ypaBHEHHS HA3bIBAIOTCS
ypasnenusimu Dinepa ([7], . 9, § 2, m. 7); 3aMeHOW HE3aBUCUMOMU
nepeMenHoil * = e! (T. e. t = Inx) ypasHenue (6) npeobpasyercs B
JMHEIHOE ¢ MOCTOSHHBIMU K03(hdunneHTamu. J[ist ypaBHEHHs BTOPOTO
MOpPSIJIKa UMEEM

dy dy dt dy1 d2y_d2y1 dy 1
de dt de dt o’ de?  dt? 22 dt x?’
BBINOJIHUB 3aMEHY MEPEMEHHOM B (5), TOIyYnM
y'(t) — 2y (t) — 3y(t) = —16te ™.

Oo611ee pelieHne COIaCHO TEOpEMe O CTPYKTYpe peILeHUs JTMHEH-
HOTO HEOJHOPOJHOTO YPaBHEHUSI UMEET B

Y(t) = Youu(t) + Yueomn (t)
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([2], 1.9, § 2, 1. 4), 1€ Yo (t) €CTH pellIEHUE TUHEHHOTO OJJHOPOAHOTO

ypaBHECHUS Y .
y (t) = 2y'(¢) — 3y(t) = 0,

Youu (t) HAXOIUTCSA METOJOM XapaKTepPUCTHUESCKOTO MHOTOWwIeHa. YacT-

HOC PCUICHUE Ypeomu(t) HAXOAUTCA METONOM HEOMPEACICHHBIX KO-

¢uumentos B Buse t(At + B)e™t ([2], m. 9, § 2, n. 6). Beruncnenus

AaIoT t 3t
yom—x(t) = Cre " + Cye™,

W jaee 5 )
y(t) = Cre~t + Coe + (2t* + t)e .

BosBpainasce k nmepeMeHHol x, UMeeM pellieHre ypaBHeHus (5)
C 1
y(z) = > 4+ Coz® + (2In%z + Inx)—.
x x
I'pannunsie ycnosus aaot Cp = 0, Co = 0, ciaea0BaTebHO,

2 In?z +Inz
= - .
I[Ipuwmep 4. Haiftu skctpemanu pyHKIIHOHANA

/2 2
J(y)z/ (v2-v* - —5-) ds,
YIOBJIETBOPSIOIINE IPaHUIHBIM ycrnoBmsiM y(TY/3) = 1 — (1/4)1n3,

y(y2) = 1.
P e m e H ue. YpaBHeHue Diinepa uMeeT BUJ

Yy +y=— (7)

sin? z

Pewienuie oqHOPOAHOrO JMHENHOTO ypasHenus iy’ + y = 0 ecTh
Yo = C1cosx + Cysinx;

clieflys METONy BapHalM{ IIOCTOSHHBIX, PEIICHHE HEOIHOPOIHOIO
ypaBHeHUs (7) UIeM B BUJIE

Yueomn = C1(x) cosz + Cy(x) sin z.
®Oyuxiun Cq(x), Co(x) yrosnerBopsitor cucreme ypasaenui ([7],
o 9,§ 2, o 4)
Cf(x) cosx + Ch(x) sinz = 0,

Cl () (cos )’ + Ch(a)(sinz)! = ———

2

. 9
[S100
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OTCroa
COs T

2

Cile) = ——, Chx) = -

Tlocne HHTCTPHUPOBAHUS T10JIydIaEeM

sin“ x

~ 1 -
Ci2) =lntg5 + (1, Cala) = —— +Co.

~ sinz
CrnenoBatenbHO, o0l1ee pelieHne ypaBHeHus (7) UMeeT BU

y = Cicosz + Cysinx + cosz lntgg +1.

Koucrantel C u Cy onpenensieM U3 rpaHUYHBIX YCIOBHH, penias
CUCTEMY

ﬁC’z#—llni—i—l:l—llni’»,

2 273 4
Co+1=1.

1
-C
5 1+

Otciona C7 = 0, Co = 0. DkcTpemMaib
Yy = Ccosx lntgg + 1.

HexoTopble cjiydam HHTeIpHPYyeMOCTH YpaBHeHHs Jiinepa.
[pu pemennn auddepeHINATBEHOTO yYpaBHeHUs (2) BBIICISIOT YacT-
HBIC CITy4aH.

A. B nogpiaTerpanbayo ¢yukiuo u3 (1) e Bxomut ¥y, T. e.
F = F(z,y). YpaBHeHue Diiiepa BBIPOXKIACTCS B HESBHOE ypaBHe-
Hue 11 GyHKunn y(x),

Fy(z,y) =0.

3aj1aua HAXOKEHHS DKCTPEMYMA UMEET PELIEHHE B MCKIFOYUTENBHBIX
CIlyYasix.

B. TloxbiHTerpanbHas GyHKUMs 3aBUCUT TOIBKO OT Y/, T. e. F =
= F(y'). YpaBHenue Diiniepa UMeeT BHJ

Fyy (y/)y” =0,
orciona Fyyy(y') = 0w y” = 0. DKcTpeMaisiMu ABIISIOTCS TPSAMBIC
y(z) = Crx + Cs.
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B. TlonpinTerpanbHas GpyHKIHs He 3aBUCUT OT Y, T. €. F' = F(z,y").
Torna ypaBHeHue (2) umeeT BHUJ

d /

%F v (@,y) =0

u Fy(x,y') = C1 — nepselii uaTerpan ypasHenus Jiinepa (audde-
PEHIMATbHOE YPAaBHEHUE TIEPBOTO TOPSIKA).

I'. Jlns ypaBHEeHus Diiiepa IOMyCKAeTCsl MOHMKEHHUE MOPSIKA, ECITN
HoJbIHTErpasibHas QYHKIMS He 3aBUCHUT SBHO OT Z, T. €. F' = F(y,1/).
YpaBHEHUE PUHUMAET BUJ]

/ "
By = Fyyy — Fyyy” =0,
¥ TI0CJIE YMHOKEHHSI 00€MX YacTel 5TOro paBeHCTBa Ha 1y MolydaeM
d / 12 ",/ d /

%(Fyy *Fyy’y *Fy’y/y y) = %(F*yFy/) =0.
CrnenmoBatensHO, YpaBHEHUE Diijiepa UMEeT MEePBBIi WHTEerpan — nud-
(bepeHIabHOE YPaBHEHUE TIEPBOTO MOPSIKA

F— y'Fy/ = Cl.

J1. TIpousBoaHast y' BXOAUT B MOABIHTETPAIbHY0 QyHKIHIO (1) -

HEWHO, . )
F(z,y,y") = P(z,y) + Q(z,y)y.

B gactHOCTH, ecmu (1) — KPUBONMHEWHBIN WHTETpaj, BBIpa)Karo-
Ui paboTy CHITBI

F =P(z,y)i+ Q(z,y)j

BJIOJIb HEKOTOPO KPUBOW Ha IIOCKOCTH, COSTUHSIOIICH TOUKH (a; Yo)
u (b;y1), T0

(bsy1)
J(y) = /( P(z,y)dz + Q(z,y)dy =

a;y0)
(by1)
= / (P(z,y) + Q(z,y)y') do — extr
(a;90)
W ypaBHEHHE Dilliepa NMPUBOAUTCS K BUIY

or _9Q _

oy Ox
13



Ecnu mocnennee paBeHCTBO BBINIOJIHEHO B 00nacT, coxepxauiei
ToukH (a; o), (b; Y1), TO HHTErpa HE 3aBHCHUT OT IIYTH HHTETPHPOBA-
Hus U J () UMeeT MOCTOSHHOE 3HAYCHHE.

[Ipuwmep 5. Haiitu skctpemanu QyHKIHOHANA

4 2
J(y):/ —Vl;rydx’
3

YIOBJICTBOPSIIOLIKE TPaHUYHBIM yciaoBusiM y(3) = 1, y(4) = 2.
P e m e 1 u e. [logsiaTerpansHast QyHKIMS HE 3aBUCUT OT y. Torma
COMIacHO ciy4aro B umeem

1 y _c
x€X /1_|_y/2

Ortcrona
’ C 1z

T
Y \/1—012952

WnTerpupys, nomydaem oOriee pemeHue:

1
y::FE1 1—C121172+02,

W 1
2 2 _
z“+ (y— Cy)° = o
1
— ceMeiicTBO okpyxHOCTel. s onpenenenus kouctant Cp u Co co-
CTaBUM CHCTEMY YpaBHEHHMH, UCIIOJb3Yys I'PAHUYHbIC yCIOBHS:

1
94+ (1-C)?% = =
‘|‘( 2) C%,
1

16 4+ (2 — C9)2 = —.

BEIUnTas U3 BTOPOTO YpaBHEHHs Tiepoe, moiydaeM Cy = 5, U clie-
nosarenbHo, 1/C? = 25. YpaBHenue HaiijieHHOH skcTpemamu x2 +

+ (y — 5)? = 25 sanuceiBaeMm B Buge y = 5 4 /25 — 22, Tak Kak

y(3) =1, 10
y=>5— 25— a2

[Ipuwmep 6. Haiitu sxcrpemanu ¢yHkIuoHana

/4 14 2
J(y) :/ /y dm’
0 Y

14



yIOBJIETBOpsifoIIHe rpanidHbM yenosusiM y(0) = 0, y(11/4) = 1.
P e ur e H u e. [logpiHTerpanbHast GyHKIHS HE 3aBUCHT SIBHO OT .
Cornacuo ciay4aro I' mMeeM paBeHCTBO

1+ 42 1+ 42
y/y ! y/2y — C,

wm 1 + y? = C1y/. Pasnenss nepemennsie n unterpupys ([2], 1. 9,
§ 1, n. 3), monyuaem x + Co = C arctg y, oTKyna
z + Oy

C1

W3 HauanpHbIX ycioBuit cieayet, uro C1 = 1, Co = 0 u 3kcTpe-
Maib

y=tg

y=tgx.

IIpuwMmep 7 (3amaua o OpaxucroxpoHe). HaliTu nexarryio B
BEPTHKAIBHON IIOCKOCTH KPHUBYIO Y(Z), COCMMHSIONIYIO TOYKH C KO-
opaunaramu (0;0) u (z1;y1) (puc. 2), Takyto, 4ToOBI MaTepUaIbHasI
TouKa, BeimyineHHas u3 Toukd (0;0) 6e3 HauaIbHOW CKOPOCTH, [BUra-
SIChb TI0 KPUBO# y () MO JSWCTBHEM CHJIbI TSHKECTH, JOCTHINIA TOUKH
(z1;y1) B Kparyaiiiee BpeMs (TpeHHEM TPEeHEOPEUb).

(0;0) o

Y (z1;91)

Puc.2

P e m e H u e llpuoOpereHHas MaTepHaqbHOW TOYKOW KH-
HETUYECKasi DHEPrHsl PaBHA MOTEPE MOTEHIUATILHONW DHEPIHH, T. €.
m|v|?/2 = mgh, THe m — Macca TOUKH; g — MOCTOAHHAS YCKOPEHHS;
h = y(z) — BennMYMHA MepeMeNICHNs] TOYKH 10 BepTHKaIH. Bekrop
CKOPOCTH IBI)KCHHS TOUKU PA3IIOKHM [0 KOOPIAMHATAM: U = (Vg Uy),

15



S22 4 a2 ol ()
0] = vz + vy ¥ () = vy/v, (IO TEOMETPHUECKOMY CMBICIY MPOH3-
BOIHOH). 3 cucteMsl ypaBHEHUI

v% + 1132! = 2gy,
v

y =7,
Vg

nosydaeM v, = dx/dt = \/29y/(1 + y'?) u

14472
2gy

dt = dz.

Takum 06pa30M, BpEMs ABHUXCHUA TOYKHU BBIPAXKACTCS HHTCIPAJIOM

t1 1 12
tl—/ dt = / AV +y

dx — min, (8)

rpannynsie ycnosus y(0) = 0, y(xl) =y1.
Oynkumonai (8) He comepkuT SBHO x (ciydaii '), mMeeM mepBbIit

HUHTCTpal
/1 + y/2 y/2 _
V29 2gyv/1+y?

49TO MPUBOAWUT K YPAaBHCHHIO
y(l + yl2) = (1,

rne C; = 1/(2¢gC?). YpaBHeHHe NepBOro MOpPsIKa MOKET OBITH pelie-
HO METOJIOM Pa3/IelICH s IePEMEHHbIX; MBI IPHMEHHM HCKYCCTBCHHBIH
npreM — BBeJieM mapameTp ¢, mosarast

s=ou(?)
Tornga c c
Y= 1,2: 21 :C’lsin2g.
1+y 1+ ctg?($/2) 2

CrpaBe/UIUBBI paBEHCTBA

d :C’lsingcos9 @-d—w:ctgg-x'q),

Y
do 2 2’ dr do¢ 2
OTKy/Ia x’q, = ('} sin? 9 u

16



$(¢):/Clsin2gd¢zcl/<%—%cos¢>d¢=

:Cl(g—%sinq)) + Ch.

Takum 00pa3om, dKCTpeMali 3a/Ial0TCs MapaMeTpHYECKUMH ypaBHe-
HUSMH

m:Cl<g—%sin¢>+Cg,

y = Cy sin® 3
O6o3naunB C1/2 = r u nonoxus Cy = 0, NOIYYUM CEMEHCTBO

HUKJION]T, Tpoxosnmx 4epe3 Touky (0;0):

z=r(¢p—sind), y=r(l—cosd).
Pajuyc 7 NpOM3BOIAIICH OKPYKHOCTH IMKJIOWIBI ONPENENAETCS U3
YCIIOBHSI IPOXOXK/ICHHUS SKCTPEMaI Yepe3 TOuKy (Z1;y1).

3. JOCTATOYHBIE YCJIIOBUSA JKCTPEMYMA
JJIAA IPOCTEUIIEN 3ATAYU

IMpu uccnenoBanny GyHKIUK HA JOKAIBHBINA SKcTpemyM, f(x) —
— extr, HCTIONB3YIOT HeoOXomumoe ycioBue df |;—+ = 0; mocrarod-
HBIC YCJIOBUS SKCTpeMyMa (MUHUMYyMa WM MaKCHMYyMa) ONpPEACIIsIOT,
paccMarpuBas 3HAaK BToporo muddepentuana d2f B Manoii OKpecTHO-
CTH TOYKH ™.

AHanorn4yHo, AN MpupameHus (yHKIMOHaJIa B MpocTeiimei 3a-
nade (1) popmyna Teiinopa gaer (cMm. (3), (4))

1 b
NIRRT SR / (Fy (2,9, 4/) Sy+Fy (2, .5/ ) &) d-+

1

T

b
/ (Fyy(z,y,y")(8y)* + 2F,y (2,y,y") Sy &y +

! AV
+Fy’y’(m7y7y )(6y) )dl‘+
Bropoii naTerpan B 3T0if cymMMe Ha3bIBalOT BTOPOIl Bapuanuei (yHk-
IIOHAaJIa ¥ 0003HAYAIOT

&7 = 8J(y, By).

17



Hns sxcrpemamn y*(x) 0J|y—y+ = 0 n uccnenoanue GyHKIHO-
Hana J(y) Ha 10CTaTOYHBIe YCIOBHUS ClIab0ro (JIOKAIBHOTO) SKCTPEMY-
Ma CBOIUTCS K PACCMOTPEHHIO 3HAKa BTOpOH Bapuauun O°J(y, 8y) B
OKPECTHOCTH IKCTPEMAITH.

OHOmapaMeTprIecKoe ceMeicTBO KpuBbiX y = y(x, C') Ha3bIBa-
eTcs nonem B obnactu D C R2, ecriu KaxIyt0 TOYKY 061aCTH IPOXOIUT
CAMHCTBeHHAs KpuBas cemeiictBa. CemeiictBo y = y(z, C) sBusercs
yenmpanouuim notem B obnactu D C R?, ecnu B D uMeeTcs eauH-
CTBEHHAs TOYKA, Yepe3 KOTOPYIO MPOXOJIT BCE KPHBBIC ceMeiicTBa, a
yepes JMo0yI0 IPYTyIo TOUKy 00macTu D IpoXoauT pOBHO OJHA KPHUBAs.

Teopewma 3.Iycmv 6 npocmetiweni 3a0ave (1) gynxyus
F(z,y,z) umeem HenpepvlgHbie YacmHbie NPOUZBOOHbIE 00 GMOPO2O
nOpsIOKa 6KIIOUUMENbHO NO 6cem apeymenmam. Ha skempemanu y* ()
oocmuzaemcsi ciabwlil IKCMPeMyM, eCilu GblNOTHEHbL YCI08UL:

— oaxempemans y* () npunadnexcum yeHmparbHOMY NOMO IKC-
mpemaneti y = y(x,C) 6 oonacmu D, codepocaweii y*(x) (verosue
Arobu);

— 07151 c1abo2o MUHUMYMA

Fy’y’(xa Y, y,)’y:y*(:ﬂ) >0
npu x € [a;b], u 0na crabozo maxkcumyma
Fyy (24,4 ly=y+@) <0

npu x € [a; b] (venosue Jlexcanopa).

Teopema 4. [[ycmov guinonueHvl yciogus meopemsvl 3 — Ha
okempemanu y*(x) docmuzaemcs caabuiii skcmpemym 0ns 3a0auu (1).
Ecau ycnosue Jlescanopa evinonneno ons écex yukyutl y(x), Oauzkux
no opounamam k y* (), u npu mobeix snauenusx y' (), mo skempemym
AGNACMCSL CUTLHBIM.

VYenosue Jlexxanapa i skcTpeMyMma (pyHKIMOHAIA — CIIEICTBUE
bozee oOrero gocratounoro ycnosusi Beitepinrpacca [1 — 4].

Cxema mcc/ie10BaHUS NPoCcTeiieil 3a1a41 HA IKCTPeMYM.

1. Pemaem ypaBHeHue (2), HAaXOAUM JIByXIapaMEeTPUIECKOE CeMEHi-
ctBO 3KcTpemaneit y = y(z, C1, Cy) u 3kcTpemans y*(x), yIoBIeTBO-
PSIFOIIYIO TPAHUYHBIM YCIIOBHSM.

2. Haxomum cemeiicTBo skctpemaneit y = y(x,C), obpasymoriee
LIEHTPAJBHOE TI0JIE U colepxaliee Kpusyio y*(z), € [a,b).

18



3. Ecin ynxuust Fyy (z, y*, y*') coxpanser 3Hak npu = € [a; b],
10 ipu Fyyryy (2, y*,y*') > 0 Ha y* () mocruraercs cnabblii MUHUMYM,
npu Fyyy (z,y*,y*') < 0 — cnalbiii Makenmym Qyskimonana (1).

4. Ecnv HepaBeHCTBA B I1. 3 BBIOIHAOTCS MPH JIFO0bIX y (), 6in3-
KHX K y* (), 1 ipy M06bIX 3Ha4YeHHX Y (), TO MIMEET MECTO CHUIIbHBIH
9KCTpeMyM (PyHKIMOHATA.

Ipumep 8. UccnenoBars GpyHKIIMOHA, HCIIOIb3Ys HEOOXOIUMBIE
Y JIOCTATOYHbIE YCIIOBHS DKCTPEMYMA,

J(y) = / (2% 4 4y(Inz + 1)) dz — extr.
1

I'panmunsie yenosust y(1) = 0, y(e) = 1.

Ecnu QyHKIMOHAN MMEET 3KCTpeMyM, TO HAHTH 3KCTpeMallbHOE
3HaueHue J*.

P e m e v ue. CocraBisieM ypaBHeHHe Ditnepa

d
4(1 1) — —(22%) = 0.
(nw+1) - - (22%)
ITocne nmpeobpazoBanuii moaydaeMm

2%y’ 4 2zy = 2(Inz + 1).

Jlist ypaBHEHUs TOMycKaeTcs MoHmkeHue nopsaaka ([2], 1. 9, § 2,
1. 2) — 3aMeHOH z = Yy’ MepexoauM K YPaBHEHHUIO MEPBOTO MOPSIKA
, 2z 2(nz+1)
==
x x

Pemaem nuHeitHOe HEOOHOPOAHOE YPAaBHEHUE METOIOM BapHAIMH IO-
crostHHOM ([2], T1. 9, § 1, m. 5), Haxomum

2Inz C4
z =

x x2’
OTKyZla TIONTy4yaeM oOliee pelieHre ypaBHeHus Diinepa

C
y:anx—i—?l—&—Cg.

ITosnaras B 3tom Beipaxernun y(1) = 0 u y(e) = 1, Haxomum 3Ha-
yerns C1 = 0 u Co = 0 u onpeaensieM 3¢cTpeMalb

Yy =In"z.
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Puc. 3

Hccnemyem skcrpemans y* = In? z. Mcnons3ys yerosue y(1) = 0,
noiygaem C1+Cy = 0 1 BbIzIesIsIeM OIHOTIAPAMETPHIECKOE CEMEHCTBO
9KCTpeMaleil, KOTOpbIe TPOXOAAT yepe3 Touky (1;0):

y(z,Ch) = ln2x+01(£ - 1).

DKCTpeMaly 3TOro ceMeicTBa Hurae, kpome Touku (1;0), He mepece-
KalOTCsl U 00pasyloT IEHTPAIbHOE TI0JIe: SKCTPEMaNb y* BKIIOYCHA B
[EHTpaIbHOE ToJIe dKCTpemanei (puc. 3).

ITockonbky

Fyylymi2, = 207 >0

npu = € [1;€], To ycnosue Jlexanapa BoimonHeno. Oyukius 22 B
TOCIIE/IHEM HEPABEHCTBE HE 3aBUCHT OT y U Yy — CIIeJ0BATENbHO, HA
y* QYHKIMOHA UMEET CHIIbHBI MHHHMYM.

IMofcTaBIss B MOBIHTErpAIbHOE BEIpaXeHne y* = In? , Haxomum
3HaueHue (QyHKIHOHAIa

min = J(¥7) =/1 (4ln?z + 4’ z(Inz + 1)) dz = 8.

[Ipumep 9. Uccnenosars Ha skcTpeMyM (yHkumonan (b > 0)

b
J(y) = / (y? — y'?) dz — extr.
0

I'pannunsie yenosus y(0) = 0, y(b) = yi.
P e w e H u e. YpaBuenue Divepa y” + y = 0; obuiee pemeHne

y=Cicosx + Csrsinz,
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Y * gin x
¥y =4 sin b
0 T
z==>b
Puc. 4
9KCTpEMab _
* sinx
Yy =
sinb

Dxcrpemainy GyHKIMOHAIA, mpoxosiuue depes Touky (0;0),
y(x,Cy) = Cysinz,

nepecekarotcs B Touke (1T 0) 1 00pasyroT HEHTPaIBHOE II0JIe TIPH YCIIO0-
BuM b < Tt (puc. 4). [Ipu 3TOM, Tak Kak

Fy/y/ =-2<0

npu JOOBIX T, Y U 4, Ha SKCTpEMAIN y* peaanu3yeTcsi CHILHBIA MaK-
CUMYyM (pyHKLIMOHAIIA.
[Ipu b > Tt3amaga TpeOyeT MOMOTHUTEIHHOTO HCCISIOBAHUS.
IIpumep 10. UccaenoBars Ha skcTpeMyM GYHKIHOHAT (A € R)

1
J(y) = / (v — ay') dz — extr.
0

I'pannunsie yenosus y(0) =0, y(1) = 2.
P e w e H u e. [ToppiHTerpanbHas GyHKIHS 3aBUCUT TOJIBKO OT Yy
(ciyuaii b B 1. 2), clie1oBaTenbHO, SKCTPEMAi — HPSIMBIC JTHHHH

y = Cix + Cs.
N3 rpaHuyHbBIX YCIOBUM HMEEM
y* = 2.

OKcTpeManu, MPOXOASIINe uYepe3 Hadajlo KOOpIWHAT, 00pasyioT
LeHTpanbHOe Toe. Bropas npoussonuas Fyy,, = 6y'; Ha skcTpeManu

Fy/y/’y*zgz =12>0.

HNmeer MecTo cmaldbIii SKCTPEMyM.
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_ / /
Tax xax Beipaxkenue F,, = 6y Ipu pasiauyYHbIX y MEHSET 3HAK,
CHJIBHOTO 3KCTPEMyMa HET.
IIpumep 11. Uccnemoars GpyHKIHOHAT

e
J(y) = / (9032/2 — xy? + 223y + 6x2y) dx — extr.
1

I'paununsie yenosust y(1) =0, y(e) = 1/e.
P e m e H 1 e. YpaBHEeHHE Ditepa UMEET BHT

d
2zy — 622 + d—(21:3y' +223) =0
x

nin
iz

+3zy +y=0.

JuddepennnanpHoe ypaBHEHHE SBISETCS YACTHBIM CIIy4aeM ypaB-
HeHus (6) 1 3aMeHoi He3aBUCHUMOI IlepeMeHHol © = e! peobpasyeTcs
K JIMHEHHOMY YPaBHEHHIO C IMOCTOSTHHBIMH KO PHUIUCHTAMH

y"(t) + 29/ (t) + y(t) = 0.

CCzy

XapakTepUCTUYECKOE YPABHEHHE M 4+ 2N+ 1 = 0 umeer KOpHH
A2 = —1, obwee pemenne y(t) = (C; + Cat)e™'. Bosspamasics K
HEPEMEHHOH &, II0JIy4aeM SKCTPeMaln
1
y(@) = (C1 + Colna)—. ©)
W3 rpaHn4HBIX yCIOBU ClexyeT
. Inz
y =—
T

Bocnonb3oBasmuiuck yciaosueM y(1) = 0, Beiensiem u3 (9) cemeii-
CTBO DKCTpeMaJieil, mpoxoasmux uepes Touky (1;0):

Inx

y(m, 02) = 027-

Kpowme Touxu (1;0), sKcTpemain 3TOro cemMeicTBa HUIE He IepeceKa-
I0TC — 00pa3yloT LEHTpabHOE mone (puc. 5).
ITockonbky 5
Fy’y/ =2x" >0
npu z € [l;e], To ycmoBue JlexxaHapa BBINOTHEHO. BeipaxeHue
F,, = 2x3 He 3aBucnT 0T y, ¥ — Ha y* DOCTHIraeTCs CHIIbHBIN
MHHUMYM.
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Puc.5
Ipuwmep 12. UccnenoBars GyHKIHOHAT

b
J(y) = / 22y do — extr

a
NIpU IPaHUYHBIX YCIOBUSAX:

6) y(1) =1, y(3) =5.
P e m e H u e. [lomyuaem ypaBHeHue Diinepa

orkyna 22y’ = Cy u

— CeMeHcTBO TumepOoI.

a. VI3 TpaHMYHBIX YCIIOBHIl IOJy4aeM dKCTpeMmanb y = 1/x, He
coeauusonyto Touku (—1;—1) u (1;1). CiaemoBareiabHO, IPH TaKUX
IPAaHUYHBIX YCJIOBHSX JKCTPEMYM Ha HaiiJICHHOIH JKCTpeMaid He J0-
CTHTaeTCs.

3aMeTHM, 4TO

J(y) = 0.

Ha paspeiBHo#l GyHkuun: y*(x) = —1 npu x € [—1;0]; y*(z) =1

npu z € (0; 1], pyHKIHOHAT HMEET IKCTPEMYM

;ﬁn = J(y*) =0.
0. YnoBieTBoOpsIomIas rpaHUYHBIM YCIOBHUSIM IKCTPEMallb
6
yr=—=4T.
X
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Puc. 6

ITo ycrnoButo y(3) = 5 BhIAENIsAEM T10JI€ IKCTPEMAIICH, MPOXOISIIHAX
depe3 TouKy (3;5):

15 - 3C
y(x,C) = 72 +Cs

— SBJISTIOIIEECs TIEHTPabHBIM (puc. 6). [Tockombky
Fy/y/ = 21‘2 >0

npu x € [1; 3] He3aBuCHMO OT 3HaYeHHi y U y', TO Ha SKCTpeMand y*
(YHKIMOHAJ JOCTUTAeT CUIBHOIO MHHMMYMA.

4. OBOBIIEHUSA HgOCTEI?IHJEI?I 3AJTAYM.
YCJOBHBIN DKCTPEMYM

DOYHKIMOHAJ, 3aBUCALINI OT NMPOU3BOAHBIX BBICHIUX MOPSA-
KOB. PaccMarpuBaeTcs 3a1aqa HaXOKISHUS SKCTpeMyMa (pyHKITHOHATIA

/ F(z,y,y, ..., y™)de — extr, (10)

Ha KOHI[aX OTpe3ka [a;b] 3amaHbl ycnoBust y(a) = (()) y'(a) =

=y ,y(’"; D(a) = v Vs y) = o\ y') = o1, ...
v (b) = o,

Teopema 5. [Iycms dynxyus F(x,y, ..., y™) umeem nenpe-

puisHble uacnmuvie npouszsoonsvie 00 (n+ 1)-20 nopsioka eknouumensHo
no ecem apeymenmam. Ecnu na pynxyuu y(z) € C*[a; b] gynxyuonan
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(10) oocmueaem noxanrvrozo sxcmpemyma, mo gyuxkyus y(x) yoosie-
meopsiem ypagHenuro Jinepa—IIlyaccona
d d? d? dr

Fy d F +d 2F _d 3F///+ +( 1) dn y(n)—O (11)

BriBon ypaBHenus (11) ocHoBaH Ha TeopeMe 1 M aHAJOTHYCH BBIBO-
Iy ypaBHeHus Dinepa (2). Ypasaenue (11) umeer mopsnok 2n; oduiee
pEILICHUE COAECPKUT 21 KOHCTAHT, KOTOPBIE ONpPENENSIIOTCS U3 2n Tpa-
HUYHBIX yCIIOBUH.

[Ipuwmep 13. Haliti skcTpemManu QpyHKIHOHAIA

/2
T = [ W) da
0

Ipanmnunsie yenosus y(0) = 1, ¢/(0) = 0, y(1/2) = 0, y'(1/2) = —1.
PemeHI/Ie.3ILecr,F:y”2—y2+x2I/IF = -2y, F, =0,

Fyn = 2y"; ypasnenue Ditnepa—ITyaccona
y@ —y=o0.
XapaKTepUCTUUECKOE YpaBHEHUE M —1 = 0 umeer KOpHU

A2 = £1, A3 4 = +i; obuiee pemeHue
y=Che” + Cre* 4+ C3cosx + Cysinz.

U3 rpaHMYHBIX yClOBMH HaxomuM 3HaueHHs koHcTanT C7 = 0,
Cy =0, C3 =1, Cqy = 0 u 3xcTpeManb

Y = COS Z.

DYyHKIUOHAJ, 3aBUCAIIUI OT HecKOJbKUX (QyHkumid. [lycts
GbyHKIMOHAT 3aBUCHT OT N GyHKUMA y1(x),y2(x), ..., yn(z), 3aBU-
CAILLMX OT OJIHOW MEepeMEHHOU T,

J(ylayQa cey yn) =
b
:/ F(2,91,Y2, -y Yns Yy Yhy - Yh) dT — extr; (12)
a
rpaHHYHbIC yCIIoBus y;(a) = yi(o), yi(b) = yl(l), =1, ..., n.
Teopema 6. IIycmo ynxyus F(x,y1, ..y Yn, Yy -y Ub)

umeem HenpepvleHvle HYacniHbvle npou%‘odnble 00 emopoco nopﬂ()m
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BKIIOUUMENbHO NO 8cem apeymenmam. Gmobuvl gynxyuonan (12) oo-
cmuzan na gynyusx y1(x), ..., yu(z) € Clla;b] crabozo sxcmpe-
mMyma, Heobxooumo, ymobsvl MU GYHKYUU YO08IeMBOPAIU CUCmeMe
ouepenyuanvuvix ypasrenuii Jinepa

d
Fy1 - %Fyll - 0,
(13)
d
Fyn - %Fyil - 0

Oynkumonai (12) 3amuceBaOT TakkKe B BEKTOPHOI (opme

b
J(@)Z/ F(z,y,y)dz, = (Y1,92, -+, Un),

rpaumunbie yenosus (a) = (0, g(b) = gb.

K cucreme ypapaenuit (13) nmpuBOIAT CIEAYIONIME PacCyKACHUS.
ITycTs sxcTpemyM yHKITMOHANA (12) MOCTHTAeTCs Ha BEKTOP-PYHKIINN
7 = (yf,v5, ..., y}). PaccMoTpum (yHKIMOHAT B 3aBUCHMOCTH OT
GyHkuuM y;, npu GUKCUPOBAHHBIX QYHKUHMAX YT, - -, Yi 15 Yiq1s- - -5
Y . DyHKIMOHAI, IO YCIIOBUIO, JOCTUTAET SKCTPEMYMa, KOrna (yHKIH
Y; IPUMET 3HA4YEHUE Y, U CIEA0BaTEIbHO, 3Ta QYHKIHS yIOBIETBOPSIET

ypaBHeHHIO Ditnepa

d
F Yi %F y'IL — 0
Takum 00pa3oM, OTHICKHBaEMble (QYHKIUU

* %k *
Y1,Y2, -+ Yp

SIBIITIOTCS pEIICHUEM CUCTeMBbI ypaBHeHHH (13).
Pemenne cucrems! (13) 13 n ypaBHEHHI BTOPOTO MOPSIAKA 3aBHCUT
OT 271 KOHCTAHT, KOTOPBIE OIPEIENSIOTCS U3 21 TPAaHUYHBIX YCIIOBUM.
IIpumep 14. Haiitu dyrkimu y;(x), y2(z), Ha KOTOPBIX MOXKET
JIOCTUTATBCS IKCTpeMyM (yHKIIMOHATIA

/2
J(y1,y2) =/ (Y2 + Y3 + 2y1y0)da.
0

I'pannunsie ycaosus y1(0) = 0, y1(11/2) = 1, y2(0) = 0, y2(1/2) =
=—1.
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Pewenue 3neck umeeM F = y2 + yf + 2y1y2 n F, = 20,
Fy, =2y, Fy, = 2y1, Fy = 2y;. Cucrema ypasHenuii Diinepa
TI0JTy4aeT BUJL

y{ —y2 =0,
vy —y1 =0.

[IpumenHseM MeToI UCKITIOUEHUS TIepeMeHHbIX ([2], m1. 9, § 3, 1. 2):

(4)

4
nBaxxpl A depeHnrpyeM nepBoe ypaBHEHHE, OACTABISIEM Yy = Y
BO BTOPOE ypaBHEHHE U IOTy4aeM

y§4) —y1=0.

Xapaxrepuctiaeckoe ypasrenne A* — 1 = 0, obuiee pemrenne
y1 = C1e” + Coe™® + C3cosx + Cysin .
3areM BBIYHCIIAEM
yo = 3 = C1e” + Coe™® — C3cosx — Cysinx.

W3 rpannunbix yciosuit umeem C; =0, Co =0, C3 =0, Cy =1
U SKCTpeMallb
Y1 =sinx, Yy = —sinz.
3agava Ha yCJOBHBIN 3KcTpemMyM. I1ycTh 3aman (GyHKIIMOHAT OT
n QYHKIUH NepeMeHHOH T,

b
J(yla RN} yn) = / F(':U:yla RN} ynay/b tety y;;,)d'r (14)

a
TpelbyeTcst OTBICKATh AKCTpeMyM (GYHKIIHOHATA, €CITH KPOME yCIIOBUI
Ha KOHI[aX MHTepBana yi(a) = ygo)’ y1(b) = ygl), oo Ynla) = y,(f)),

Yn(b) = yﬁll) Ha (YHKIIUM U WX TPOW3BOIHBIC HANOXKEHBI AuddepeH-

HUaJIbHBIC YCJIOBHA B BUJC ypaBHCHI/Iﬁ

b (2, Y1y oo Yo Yy -5 Y) =0, i=1,...,m, m<n. (15)

[Tomo6HO TOMY, KaKk HCHOIB3yeTcs METOA MHOuTenei Jlarpamxka
IPY PELICHUH 33/1a4d Ha YCJIOBHBIM 3KCTpeMyM (DYHKIIMHM HECKOJIBKHX
NepeMEHHBIX, NpH pemeHnn 3aaauu (14), (15) ucnonsyrorcs MHOXU-
Tenn — (GpyHKIIH

M (z), ..., An(z) € Cla; bl
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U PacCMaTpUBAETCSI BCIIOMOTATENbHBIA (yHKIMOHAI

b
J(yl: ERE} yn):/ L(w7y17 R ynvy/b R y7/17)\17 ) )\m)dxv
a
e
L(m’yla ey ynayllv ERE} yfln,v)\la ey )\m):
:F(:I"?ylv ceey ynvyia ) y;,)_‘_

m
+D M@0yt s Y, s U
=1

— yuryus Jlazcpanca.

Teopema 7.1ycmo ¢ynkyuu F, ¢, ..., ¢,, umerom nenpe-
PbLEHBLE YACHHbLE NPOU3BOOHbIE 00 MPEMbe20 NOPAOKA 6KIOUUMETbHO
no ecem apeymenmam u pamne mampuyst Axobu

g0 )
a(y17 R y;z)

Ecnu ¢ynrxyuu y1(x), ..., yn(x) docmasisiom crabulii sxcmpe-
mym pynyuonany (14) npu 3a0aHHbIX 2PAHUYHBIX YCLOGUAX U YCILOGUSAX
(15), mo cywecmsyrom muoocumenu Jlacpansca A (x), ..., Ap(z),
npuU KOMopwlx 3mu QyHKyuu y0osiemeopsarom cucmeme ougpepenyu-
anvublx ypasneHuu Jinepa

d
Ly1 - %Lyll - 0,
(16)
d
Ly, = 7Ly, =0,
sanucanmnbix 015 QynKkyuonana J.
B peutenne cucremst (16) Boitayt m dyskuuii A1(x), ..., An(z)

¥ 21 MPOU3BOJIBHBIC TOCTOSHHBIC, ISl OTMPEACICHHS KOTOPBIX HCIIOJb-
3yIOTCS ypaBHEHUsE CBsi3U (15) M rpaHUYHbBIC yCIIOBHSL.

ITpuwmep 15. Haittu dynkunn y;(x), y2(x), Ha KOTOPBIX MOXKET
JIOCTHTaThCsI OKCTPEMYM (DYHKIIHOHAIA

1
(g1, 2) = /0 (W2 + y2 + ) de
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IIPY JOIOJIHUTENBHOM YCIOBUU Y1 — 2Y2+3x = (. I'paHu4HbIE yCIOBUS

y1(0) = y2(1) = 2, y2(0) = (1) = 1.
P e m e H u e. DyHkuus Jlarpanxa

L=y? +y 4+ 2%+ Ny1 — 2y + 3).

Jist Haxoxmenust GyHkuuii y1 (), y2(z), A(z) cocraBusem cucre-
My U3 ypaBHEHUM Dilsiepa U ypaBHEHUS CBS3U

2y — A =0,
yy + A =0,
Y1 —2y2 + 3z = 0.

ITocne CIOXEHWsT TIEPBOr0 W BTOPOTO ypaBHEHMH mnoiayduMm 2y +
+ yé’ = 0, noacrasinsieM croga y; = 2y2 — 3z. [loaydaeM paBeHCTBO

vy = 0.
Ob6ree penicHue
y2 = Crz + Cy, y1 = (2C; — 3)x + 2Cs.

W3 rpannunbix yenouit €1 = 1, Co = 1 U 3KCTpEeMyM MOXKET
JIOCTUTATHCS Ha (QYHKIUAX

yy=—a+2, yp=z+1.
H3onepumerpudeckas 3agada. Haiitu sxkctpemann QyHKITMOHAIA
b
10 = [ Fag.9)ds (17)
a
eciu BeKTop §¥ = (Y1,Y2, ..., Yn) YAOBICTBOPSET TPAaHUYHBIM YCJIO-

susm (a) = 79, 7(b) = 7)) u cBA3AM, HATIOXKCHHBIM B BHC MHTE-
rpasioB (M30IEPUMETPHUECKUE YCIOBHS)

b
/ (I)i(x,gj,gj') dx = Cj, i=1, ..., m. (18)

B Bapuarnmonnoit 3amade (17), (18) mis monydeHHss HEOOXOTUMBIX
YCIIOBHIA 3KCTPEMyMa PacCMaTPUBAETCsl BCIIOMOTATEIbHBIA (YHKIIHO-

HaJ .
jz/ Ldz,
a
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e MoAbIHTerpaibHast QyHKIHS
5 m
L=F(z,5,7)+Y_ Aid;(2,5,7).
=1

Jlyis M30nepUMETPUYECKON 3a1aud MOXHO IOKa3aTh, YTO MHOXKH-
tenu Jlarpanxka A1, ..., Ay, ABIAIOTCS MOCTOSHHBIMH.

Teopema 8. Ilycmo pynkyuu F, ¢, ..., ¢, umerom nenpe-
PblBHble YacmHble NPOU3B0OHbIE 00 6MOPO20 NOPSOKA BKOUUMETbHO
no ecem apeymenmam. Eciu ¢ynxyuu yi(x), ..., yn(x) docmaens-
tom crabwiil skempemym Gynyuonany (17) npu 3adannvix epanuqnix
yenosusx u yenosusix (18), mo cywecmeyiom uucna Ny, ..., Ay, npu
KOMOPIX My QyHKYUU YO0BIEMEOPSIOM cucmeme ypasHeHutl Jiiepa

- d -
Ly, — %Ly’l =0,
(19)
- d -
Ly, — %Ly% =0.

Bxonsmme B obmee pemenune cuctembl (19) m mOCTOSHHBIX
A, ..., Ay M 2n KOHCTAHT OTpenensioTces u3 m ycinosuit (18) u
2n TpaHUYHBIX YCIOBUM.

I[Ipuwmep 16. Hailtu skcTpemanu B 3aj1ade

1
J(y) = /0 y? do

C U30TNIEPUMETPUIYCCKUM YCIIOBUEM

1
/ ydxr = 3.
0

I'pannunsie ycnosus y(0) = 1, y(1) = 6.
P e m1 e H u e. ®yHkuus Jlarpanyka UMeeT BUI

L=y"+ My
W3 ypaBHeHus Diinepa
2y —A=0
HaXoAUM

A
Yy = Z:L"2+C'1:E+C2-
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Hcnonb3yss rpaHUYHbIE YCJIOBUS U HAJIOKEHHYH) HHTEIPAIBHYIO
CBsI3b, COCTABIIIEM CHCTEMY

Cy =1,
A
Z+Cl+02:6,

4 12 2
Otciona C1 = 2, Co = 1 u A = 12. DkcTpemans

1
/ (Ax2+01w+02>dle+ﬁ+02:3.
0

y = 3z% 42z + 1.

Ipuwmep 17 (3amaua o nenHoit muanM). Haiitn popmy rubkoit
OTHOPOTHOW HEPACTSHKUMOK IENMU JUTMHOM [, TIOABEIICHHOW B KOHIIE-
BBIX TOYKaX.

’yl
(Ils ’yl)
(1?0; ’yo)
0 I
Puc.7

P e m e Hue. Lenb c IMHERHON TJIIOTHOCTBIO MacChl P 3aKpen-
eHa B Toukax (zo;yo) u (x1;y1) (puc. 7). @opMa 1enu B HOJOKSHUN
paBHOBecHs 3a1aeTcst QyHKIUEH

y=y(z).
Hcnonp3yemM MPUHIUI MEXaHUKH: CUCTeMa MaTepHalIbHBIX TOYEK
B CHJIOBOM TOTEHLUAIBHOM IOJIE HAaXOOUTCS B PaBHOBECHUH TOrna U
TOJBKO TOTZA, KOTJIa €€ MOTeHINaNIbHas SHeprusd MUHUManbHa. Creno-
BaTENIbHO, 3a/1ada CBOAMTCS K HAXOXACHHIO GopMmsbl emn y = y(z),
obecreunBaronieli MUHIMYM NOTCHIMAIBHOW SHEPTUH.
OJeMeHT AyTH Lenu ds UMEeeT Maccy

dm = pds = py/1+ y2dx
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U, HAXOJISICh B TOJIE TATOTEHHMsI, 00JIaaeT MOTEHIIUANBHON SHEPTUucit

dU = dm gh = pgy~\/1 + y%dz.
Jnsa Bceit nenu
1 1
Uy) = / dU = / pgyv/ 1+ y?dzx.
o o
3aja4a CBOAUTCS K HAXOKICHUIO GyHKIMH y(T), 1JIs KOTOPOi
1
/ yv/1+ y"2dr — min,
o

IPH TPAHUYHBIX YCIOBHAX y(Zo) = Yo, Y(T1) = Y1 ¥ YCIOBUH

1
/ V1+y?2dz =1 (20)
o

CocraBnsieM BCIIOMOTaTeNIbHBIN (DYHKIIMOHAT

J(y) :/xl(yv1+y’2+7\\/1+y’2)dw-

(]

[MonpiHTerpanbHas GyHKIUS HE 3aBUCUT SBHO OT Z, TIO3TOMY, CO-
rmacHO cirydaio [ (eM. 1. 2), mMeeM ypaBHEeHHE Jilfiepa B BUIE
/
W+ MV =y (y+ N——~— =G,
1+y
50050

y+A=Cy1+y2

VpaBHeHue pemraeTcs BBeneHueM napamerpa y' = sht. Torna

Yy = Cicht — )\,
u nociie audQepeHnrpoBaHIs 3TOTO0 COOTHOIICHHUS MOIYYHM
dy dt dt
/
= —.— =(Cisht— =sht
Vo de T ’
orkyna xy = C1 u x = Cyt + Co. [lonmy4nin ceMeiicTBO 3KcTpeMaeit
xz — C.
y=Cqch 2 A

1
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s ompenenenus 3uaueHuii mapamerpoB A, C7, Cy cocraBmsiem
cucTeMy ypaBHEHHUH u3 ycioBus (20) u IByX TPaHUYHBIX YCIOBHIl:

CQ a?()—CQ
2 —_ p—
/ ,/1+ 2t 01 sh® c D ) l,

N R

C110 Clc Yo,
z1 —Co

TR B R

Cic o Y1

IIpumepbl pemieHus BapUallMOHHBIX 3a/1a9 C MOIBMKHBIMH T'PaHU-
uamu u 3aga4uu boibia mawel B [5, mi. 16, § 6]. B BapuanuoHHoMm uc-
YUCIICHUW PacCMaTPHUBAIOT TaKxke 3a7ady Maiiepa u apyrue 3agaqu [4].

5. IPSIMBIE METO/Ibl PELIEHUA
MNPOCTEUIIEU BAPUALIMOHHOMU 3ATAYN

AHaIMUTHYECKOE pelIeHUEe YpaBHEHUM Diiepa MOXHO MOJIYYUTh B
PEIOKHUX Cllydasix, I03TOMY pa3paboTaHbl NPHOIMKECHHBIE METOIBI pe-
IIeHNs] BapuannoHHBIX 3a1a4d [1 — 4]. IIpsMbiMu Ha3BIBAIOTCS METO-
JIbl, ¢ TIOMOIIBIO KOTOPBIX BapHaLMOHHYIO 3a/1adyy CBOJAT K PELICHUIO
3aJlauyd Ha HKCTPEeMyM (YHKIIMH HECKOJIbKUX TepeMeHHBIX. Jlanee us-
JararoTcs JBa MeTona — Jiniepa u Purtna. [Ipumepsr npubnmkeHHOTO
pelIeHrs BapualMoOHHbIX 3a1a4 MetogoM KanropoBuya u meronom ['a-
JEpKUHa JaHbl B [5, m1. 16, § 6].

KoneuHo-pa3HocTHbIli MeTox DJiijiepa. s mpuOmmkeHHOTO
OTBICKaHUS SKCTpeMali (yHKIIMOHAJIA

b
J(y) = / Fz,y.y)dz, (@)= ya y(b) =

3ameHsieM QYHKIHIO y(x) JTOMaHoi, n + 1 BeplirHa KOTOPOH HMEOT
(pukcHpoBaHHBIE A0CIIHCCHI

To=a, T1, T2, -+, Tn-1, Tn =D

(zi41 — x; = Ax), ee npousBoanyo y'(;) 3aMEHsIEM Pa3HOCTHBIM OT-
HomreHueM (Y;+1—y;)/ Az, a uHTErpan 3ameHseM cyMmMoi (1o Gpopmysre
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MPSIMOYTOJIHHHUKOB)

n—1
Yit1 — Ui
J(y) =~ ZF(xi,yi, HT>ALI? =

=0
= ¢(y17y25 ) ynfl) — extr, (21)
e
Yo = Yas Y15 Y25 -5 Yn—1, Yn = Yo

— HEU3BCCTHBIC OpAMHATBHI BEPIIUH .HOME[HOI?I, Ha KOTOPBIX MOXET 0-
CTUTaTbCsl SKCTPEMYM.

Heobxonnmoe ycnmoBue skctpemyma ¢yHkuun P(yi,y2, ...,
Yn—1) — OOpAILICHHE B HYJIb YaCTHBIX MPOU3BOJHBIX

oo

Oy
3ametuMm, 4TO B cymme (21) kaxmoe U3 MEPEeMEHHBIX Y; BXOTUT B
JIBa CJIaraéMBbIX, IIO3TOMY TIOCJI€ BBIYHCICHUS YaCTHBIX IPOU3BOIHBIX

0, i=1,2 ..., n—1.

CHUCTeMa ypaBHEHUU (OTHOCHUTEIBHO Y1, Y2, - - -, Yn—1) IPUHAMAET BH]T
oP Yi+1 — Yi Yi — Yi—1
00 _ o (e B ) p By (1, g, L) -
ayi y\ i Yi Az + Yy i—1, Yi—1 Az
Bz, 2L~ Y) — o) 4=1,2 1 (22
— Ly \ Ti,y Yy Az =V, 1=Ls4 ..., n— L ( )

Pemras cucremy (22), nmomy4aem npuOIMKeHHbIE 3HAYSHUS OpIHHAT
JKCTpeMaln
* * *
Y15Y25 -5 Yp—1-
3ameganue 2. JI. Diinep noxydw ypaBHeHue (2) CICTyOIIM
obpazom [1]. PaBencTBo (22) momenumM Ha mpuparierne Ax U 3amuieM
B BHJIE

-y 1 ——
Fy<xi7yiayl%xyl> - A_{L‘AFy/ (xi—layi—h%A—z’Ll) = 0)

i=1,2, ..., n—1.

Yerpemmsiem Ax — 0 (n — 00), 1O ONPEAETICHUIO MTPOU3BOAHON TTO-
my4daem (2).
Metoa Putua. /lan ¢pyHKImoHan

b
J(y) =/ F(z,y,y)dz, y(a) = yo, y(b) = u1. (23)
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[IpeacraBum sKkcTpeManpb Kak JTUHEHHYIO0 KOMOMHALIMIO HEKOTOPBIX

¢Gynxmit ¢, (z), ..., ¢, (z) c HeonpeneneHHbIMU KO3 PULHEHTAME
O;, ..., Oy (TTOMIEXKAIUMH OIPEAEIICHHIO),
n
yn(2) = Go(x) + D _ i (). (24)
i=1

Ilpy 5TOM TpaHUYHBIE YCJIOBHS YIOBJIETBOPSIOTCS PaBEHCTBAMU
dola) = vo, o) = y15 ¢;(a) =0, ¢;(0) =0, ¢ =1, ..., n

DOyHKIUU
01 (2), -y 9,()
SBJISAIOTCS JIMHEHHO HE3aBUCUMBIMH M Ha3bIBAIOTCSI KOOPOUHAMHBIMU.

IMoncrasnss (24) B pyHKmonan (23), mocjiae HHTETPUPOBAHUS 110~
Jy4aeM 3a/iauyy Ha dKCTpeMyM (YHKIIUH HECKOJILKUX EPEMEHHBIX

b n n
Tam)= [ F (2, 00(0) + 3 @it (o), $4(a) + 3 o) o=
N i=1 i=1
=®(0yq, ..., Op) — extr.

st onpeneneHus 3KCTPEMAIIbHBIX 3HAUEHUH IEPEMEHHBIX IIPUPAB-
HUBAEM YaCTHbBIE IIPOU3BOJHBIC HYIIIO, IIOJIy4aeM CUCTEMY YPABHEHUM

oP ‘
o =0, =1, ..., n.
i
HaxozmuM u3 3Tol cucteMsl 3HadeHus OF, ..., O, TOACTABISEM HX B

(24) n momy4aeM npUOTHIKCHHE
yn(@) = bo(z) + ) of §;(2).
i=1

Bonpocsr cxopumoctu psimoB Buaa (24) mpu n — 0O SBISIOTCS
CJIOKHBIMU [2].
[Ipuwmep 18. Halitu nmpubnmkeHHOE pelIcHUE 3a1aud

1
J(y) = / (y? — y? — 2zy) de — extr. (25)
0
I'pannunsie yenosust y(0) = 0, y(1) = 0.
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Pemenue. A. Meton Diinepa.

Ilepsoe npubnuscenue. Ilomaraem n = 2, Ax = 0, 5. Anmpokcumu-
pyeMm sKcTpeMaib JiomaHoi ¢ koopaunaramu BepiuH (0;0), (0,5;y1),
(1;0), tme y1 — uckomasi opauHara (puc. 8, ciaydai a).

y]
Y1 “
0 0,5 1 =z
4 &
7 75 .
0 0,25 0,5 0,75 1 =z

Puc. 8
CoracHo dopmyste (21) dyakmms P(y;) umeer Bua

N 2 N2
D(y1) = ((%) — Y3 —2zoy0 + (y2A$y1) —y3 —2$1y1>A$,

W Tocie moacTaHoBku xg = 0, x1 = 0,5, o9 = 1; y9o = 0, yo = 0
nojy4yaeM

(v1) 0,5 + 0,5 Yi=4) 5 =¥ et

Brruuciasem IMPOHU3BOOHYIO

dod 1
dyl - 791 2 - 07
¥ ClIeZoBaTeNbHO, y; = 1/14 ~ 0,071428.

Bmopoe npubnuxcenue. Tlomaraem n = 4, Az = 0,25 u Ge-
pem somanyto ¢ koopaunaramu BepiuH (0;0), (0,25;y1), (0,5;y2),
(0,75;y1), (1;0), e yi1, Y2, y3 — HewsBecTHbIE (puc. 8, ciayyail 0).
Crenys (21), dyakmmonan (25) 3aMmeHseM QyHKIueH

Y1~ Y0)? Y2 —y1\?
¢(yl,y27y3) = ((T) - yg — 2xoyo + (T) — y%

Y3 —y2\2 o Ya —Y3\2 o
) +(—) 22 +<—) 22 )A -
T1Y1 A Yo T2Y2 Az Y3 r3Ys3 T

1
= (163/% +16(y2 —y1)> —yi — Syt 16(ys —y2)* —y3 — y2 + 16y3—
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1
Y3 — 8y1y2 — Syay3 — U1
1 3 — t
——yy— = r.
4y2 8y3 X

Juist uccnenoBanust Gynkunn P(y1, yo2, y3) HA IKCTPEMYM MIPUPAB-
HHUBAEM HYIIFO YaCTHBIC IPOU3BOHBIC, OIYYaeM CUCTEMY ypaBHEHHMIT

o 31 1

PN MATE T WO LI
Ys 23/3 4—4311 492 4

= 4 —8 ~ =0
o 5 Y1~ 8Y2 3 )
od 31 1
2~ =8+ Sy —8ys — - =0,
6y2 2 4
0P - 31 3 0
B Y2 5 Y3 3

Orcrona yj ~ 0,044274, y5 ~ 0,070156, y5 ~ 0,060403.

b. Meton Putna.

B kadectBe mpuOMmKaONMX (QYHKIHHA I SKCTPEMaIA BO3BMEM
MHOTOYJICHBI

Yn(z) = (1 — ) (01 + doz + ... + 0z™ L),
3nech §g(x) = 0 u koopanHATHBIC (YHKIINH HMEIOT BH]
b () =2 —2% ..., ¢,(x) =2" — 2"

Ilepsoe npubnusicenue: yy(x) = ad1z(1l — z). [Tocne moacTaHOBKU
y1(x) B (25) ¥ MHTETPUPOBaAHUS TOTydYacM 3aady

1
®(aq) = /0 (a2(1 —2x)% — a?2?(1 — z)? — 2012°(1 — z)) dz =

3 a2 1O( — extr
=—0] — = Xtr.
0 ' 6!
aJice
A a® _3 1 _,
da, 5 ° 6
5
n CJICO0BAaTCIbHO, GT = 1_8 HpI/I6J'II/I}KeHI/IC JUJIA 3KCTpCMaﬂI/I HUMEECT
BUJ 5
yi(z) = 1—830(1 — )~ 0,2777772(1 — ).

Bmopoe npubnudicenue: yo(x) = x(1—x)(01+ o). [logcrasnsem
y2(x) B (25) ¥ BBIYKCIISIEM HHTETPAT
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®(aq, 09) = /01((0(1(1—2211)+02(2$2—3$3))2—$2(1—.T)2(G1+

3 3 13

+ az)? — 22%(1 — z) (0 + Ogz)) da = 10a1+ 100102+ 755 03—
1 1

—Eal—ﬁag—)extr

B BBIYHCICHUAX KCIIOIH30BAH TAOIUYHBIN HHTErpal

1 Im)!
/ x”(l—w)mdw:L, n,m=0,1,2...

Juis ompeneneHust BOZMOXKHOTO JKCTpPEMyMa HCCIEAYEM CHCTEMY
ypaBHEHUU

0P 3 L3y
g0, 5Tt p%T5=5
oD 3 26 1

—0] — —0y — — =

=_—qa
80(2 10 105 10

N 71 . 7
Orcrona 0] = 369" a5 = i U TIPUOIVKEHUE IS SKCTPEMAaITH

ys(z) = z(1 — z)(0,192411 + 0,170731z).

B. TouHoe pelenue.
YpaBHeHue Diinepa s 3amadn (25) UMeeT BUI

y//+y:_

DKCTpemaib, yAOBIETBOPAIOIIAS TPAHUYHBIM YCIOBUSAM,

sinz

y=-c+__—.
sin 1
Pe3ynbrarhl, mojydeHHBIC Pa3HBIMH METOIAMH, MPEICTaBICHBI B
TabnuIe.
CpasHenue 3HaueHuit opauHat mpu x = 0, 25; 0, 50; 0, 75 11 BTO-
PBIX TPUOIMKEHHBIX PEIICHUI M TOYHOTO PEIICHHs MOKAa3bIBACT, YTO
OHU COBITQIAIOT C TOYHOCTHIO 10 € = 0, 001.
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Tabnuya

Merton perienus i
0 0,25 0,50 0,75 1
IlepBoe mpubIWKEHHE METOMA 0 0.071428 0

Oiinepa, y;

Bropoe mpubmmkenne merona

r P 0 |0,044274 | 0,070156 | 0,060403 | 0
Oilnepa, y;
Iepoe npubmukenne metona| | g 55083 | 0069444 | 0,052083 | 0
PuTia, y;(x)

Bropoe npubimkenne Mmerozna
Purtna, y;(x)

TouHoe perenue, y(x) 0 |0,044014 | 0,069746 | 0,060056 | 0

0 | 0,044080 | 0,069444 | 0,060086 | 0

3amMeuganue 3.][n1g paccMaTpuBaeMbIX B NPHIOKEHHUAX
BapUALIMOHHBIX 33/1a4 TOYHOE PEIICHHE HEU3BECTHO, H IIPU OLCHKE 110~
IPEIIHOCTH HPHUOIKECHHOTO PELICHNUS MCIIONB3YIOT CIICAYIOIUH pH-
€M, BO3HHKIIHI B IIPAKTUKE IPUOIMKCHHBIX BBIYHCIICHHI. Boraucisor
npubmKenne yy, (x) u npubmmkenue y;; (), u ecu

Y i1(@) —yn(z)] <€
JUTA BCEX paccMaTpuBaeMbIXx x (€ — BBIOpaHHOE Majoe YHCIIO), TO

TpeOyemasi TOUHOCTh CUHUTAETCs JOCTUTHYTOH. B mpoTtnBHOM cityuae
BBIUMCIIAIOT ¥y (%), paCCMaTPUBAIOT HEPABEHCTBO

Ynt2(@) =y (@) < €

AT I
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THUITOBOM PACUET

Tpunoorcenue

3axaua 1. Haiitu Bce axcTpemanu ¢yHkumonana J(y), yIoBIeTBO-
pAIOIINE yKa3aHHBIM TPAaHUYHBIM YCIIOBHSM.

/2
L J(y) = /0 (y"* — y* + 8zy cos z) du;

2 4
/2
2. J(y) = (y"? +y? — dwysinz) dx;
0
Tt Tt
=1, 4(I) -1
y(0) u3)=73

/2
3. J(y) = / (y'2 + 4y + 2ye®® sin 2x) dx;
0

v0) =1 v(5) =5

1
4. J(y) = / y? + 42 + 2zye”) du;
0
y(0) =0, y(1)=0.
/6
5. J(y) = / (y'2 — 9y? + 4zysin x) dz;
0

y(0) = : y(5> "

_1_6’1 ;N6 W
6. J(y) = /0 (y"? — 9y* + 2zye®®) da;
1 1
y(O) = _ﬁ’ Z/(g) =0.

Tt
7. J(y) = / (y"* + 2y* + dzye”(cosx — sinz)) dw
0

y(0) =1, ye(T[) = —e™
8. J(y) = /0 (:zzgy'2 — myQ) dz;

)



X
3
y(1) =0, y(2) = 7
2 wa/2 + 3y2
10. J(y) = d
)= [
15
y(1) =0, y(2)= 5
/4 9

y(1) =1, y(e) =1
2
12. J(y) = / (3z 4+ 2)7/3y? du;

2,2, /2 2
2
13. J(y) = / TYTE

y(1) =0, y(2)=1.
e2 92 12 2

H
8
%)

[y
=
=
N
1
)\
8
<
|
<
Q.
B

26
y()=5, y(2)=5
e 2,12 42 23
- [ B2
1 x




e™/2

19. J(y) = 222y — 59°) du;
1

y(1) =0, y(e™?)=eC.

In3 2
4ye”
20. J(y) = (’2 2 )d;
(v) /m Yoy ) de
81In2
y(In2) = -1, y(ln3):Tn—1.
1
21. J(y) = / (y? + 2% + 8:1:2yel’2) dx;
0

y(0) =1, y(1)=e.

(1/2)In3
22. J(y) = / (y? + 3 + 2y thz) dz;

0
T (ln3) _4m
/ . 38

/2
23. J(y) = / (y’2 —y? + 2_y> de;

6

sinz

cos T
T In2
¥0) =0, w(z) =7
/6
25. J(y) = / (v — v + 2y tg x) dz;
0
T V31In3
y(©0) =0, y() =
211/3
26. J(y) :/ (y? — y* — 2¢/ Insin ) dz;
/3
(I_T)__\/gln?) (2_1'[)_\/§ln3
)T BT T

27. J(y) = / (v + dy(z + 1))e” da;
0



1
29. J(y) = / (v + y? — 4ychz) da;
0
el o T
y(0)=0, y(1)=—

30. J /\/ (1+y'?) dx;

y(O) =1, y(2) =1

3agaua 2. Haiitu Bce skcTpemanu dyHkunonana J(y), yIoBIeTBO-
PpSIOINE YKAa3aHHBIM TPAHUIHBIM YCIIOBUSM.

e 2ue®
1. J(y) = / <y/2 — y2 + ye )e—Qm dil?,
1 X
y(1) =0, yle) =ete,
In4 2
1+y

v =2, y(na)=>.
3. J(y) = /0 e(wy'Q +yy') dz
y(1) =0, ny/eg) = 1. ,
4. J(y) = /0 <y'2 —y’+ —y> da;

cos3/2 2z
1
y(0) = -1, y(1)=—-==.
oD
5.J(y) = /_ 1(?/2 — 2zy) da;
y(=1)=0, y(0)=2.

/4

6. J(y)Z/ (2 + Tyy — 4y°) d;

=1, Oy<1—T) =0
(l‘+y

7. J(y) = ; ) dz

y0) =1, Y1) =

8. J(y):/o (y? 4+ y? — 2y cos x) du;
y0) =0, y(m =0
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/2
9. J(y) = / (¥ — y* + 2y ctgx) da;
Iy

/3
Tt v31In3 Tt
(5) - ) o
1 12
10. J( ):/ VY g
y1) =3, y(b)=5
1. J(y) = | @ +y*—2¢€")d;
0
y(0) =0, y(2)=¢
/6
12 J(y)Z/ y? — y* + 2y tg° x) da;
0
L In3
v0) =2 o(5) =
T[/4 2y
13. J(y) = v -yt ————) du;
(®) /6 ( \/sin5a:cosa:)
(M= 2, y(I)=22
W)~ \4) ™ 3+
1
14. J(y :/ yy’zdw,
0

)
1
)

y(0) =0, y(1)=0.
)
y(0) =0
)

0
17. J(y :/ (12zy — y'?) dz;
~1
W-)=1" 40 =0.
18.J(y) = [ (¥* - v?) da;



20. J(y) = / 1(y’2 — 2zy) da;
y(-1)=-1, y(1)=1

1
L e
24. J(y) :/o (y? + v?) da;
y(0) =0, y(1)=1.
3
25. J(y) = / zy' (6 4 22%y') da;
1
y(1) =5, y(3)=3.
2
26. J(y) = / (62°y’ + y') da;
0
y(0) =1, y(2)=1.
)

y(0) =0, y(7)=3.

y? —y? — 2y sinz) dx;
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Tt
30. J(y) = / (v +y* — 4ysinz) da;
0

y(0) =0, y(m =

33Ila‘la 3. I/ICHOHLBYH H€O6XO,Z[I/IMI>I€ U JOCTATOYHBIC YCIOBHA SKC-

TpeMyMma (yHKIHOHANA, uccienoBarh GyHkunonan J(y). Ecmu gyHk-
[IUOHAJT UMEeT CIa0BIii MM CHIIBHBIN 3KCTPEMYM, TO BBIYHCIHUTH JKC-
TpeMajbHOe 3HaueHue J*.
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2
L. J(y)Z/ (zy + ) da;

y(0) = 1, 0@/2(2) 0.
2. J(y) =/1 y (1+ 2%y dz;
y(1) =3, 112(2) =5.
3. J(y) = /_ (1 aty) da

y(-1) =1, y(2)=1.

/4 ) )
4. J(y)—/o (4y* — y'* + 8y) du;
TTU

y(0) = —1, 2y<z) ~0.

5. J(y) = /1 (%Y + 12y%) dz;
y(1) =1, 111(2) =38.

6. J(y) = /O (v + y* + 2ye**) du;

7. J(y) = / (y? — 4% + 6y sin 2z) du;

(D) -1

21
8. J(y) = /0 de;
y(0) =0, y(2)=5



y(1) =1
/0 (y+y')* dz;
y(1)= 1.

(y +y) da;

Y= —2ysinz) dz;

y* —y? + 2yshz) dz;

2 _ efrr/2

(
|
(
(5 -
(
|

47



48

12



3amaua 4. Haiitu skctpemanu QpyHKIMOHAJIOB: CO cTapiueil mpo-
n3BOMHON (BapmaHTHI 1-8); oT BekTOp-(hyHKIMHU (BapmaHTHl 9-11);
nuddepeHIMaTbHBIME CBI3IMH (BapHaHTHl 12—16); B M30IEpUMETPH-
YyecKuX 3afadax (BapuanTsl 17-24). Haiitu nepBoe u BTOpoe mpuomu-
JKEHUS IS SKCTpEeMalId: MeTooM Ditiepa (BapuaHTH 25-27; yKka3aHo
YHCII0 1 3BEHbEB JIOMaHoil); MeTooM Putna (Bapuantsl 28-30; ykazaH

Bua Y1 () 1 y2(7)).
/2
1. J(y) = / (163/2 — y”2 + a:2) dx;
0

y(0) =0, ¥'(0) =0, y(g) =shT, y’(g) =2(ch m+1).
2. J(y) = /e(x + 1)y du;

1
y(1) =0, y’(ll) =1, yle) =e, y'(e) =2.

3. J(y) = /O (24zy — y'"?) dz;
y(0) =0, ¢/(0) =0, y(1) =0, ¥/(1) = —.
4. J(y) = /O n(y”z — 2y"? — 16y sinz) dx;
y(0) =0, y/(f)) =0, y(m) =0, y(m) = 2.
5.0 = [ 0" + 17
y(0) =0, ¥'(0) =1, ¥”(0) = 0, y(1) = sh1,
y'(1) = ch1, y"(1) =sh1.

! 2. 12
6. J(y) :/0 (z + 1)%y" du;
y(0) =0, 5/ (0) =1, y(1) =In2, y/(1) = %

I
7. J(y) = / (y"? + 4y?) da;
0
y(0) =0, ¥'(0) =0, y(T) =0, ¥ (1) =ch T
/2
8. J(y) = / (y"* — 2y” + y* + 16y cos z) dx;
0

v0) =0,y =0, y(F) =0, y(F) = - T
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T

9. J(y1,y2) = /O (2y1y2 — 295 + ¥ — v5) dw;
yl(o) = 17 yl(T[) = _172 y?(o) = _17 y2(T[) =1
TT,

10. J(y1,y2,y3) = / (y'l2 + y§,2 + 2y1y2 + 2y2y3) dx;
0

n®=1u(3) =2, 20 =1, 1(3) =0 1O =1,

2
(lT)__I[
B\3) = o )
11. J(y1,92) = / (i +y3 + 2v4y5) da;

0

e+el e+el
y1(0) =1, y1(1) = — y2(0) =1, y2(1) = 5
1

12. T(y1, ) = / (W2 + 42 — 2pny) do
0
i (0) =1, 11 = 14 €, 92(0) = —1, (1) =1 — e
Yy + yh — 4z = 0.
s

13. J(y1,92) 2/ (y? — y5) da;

0
yl(o) = _17 yl(T[) = 17 yQ(O) = 07 y?(n) = —Tg
Y] —y2 — 2sinz = 0.
/2

14. J(y1,y2) = / (2 + y5 — 2y3) da;

Q
Tt Tt Tt Tt
== *4, <—) - ——, = s <—) g —’
y1(0) n(3 5 y2(0) =0, y2 5 5
Y1 +y2 +4cosx = 0.
1

15. J(y1,y2) =/ (v + 295 + y3) da;

0
yl(o) = 17 yl(l) = 267 y2(0) = Oa y2(1) =€
y1 — vy = 0.

/2
16. J(y1,92) = / (v — 2y5 +y3) da;
0

ft i s

0) =0, (_):1, 0) =0, <_>:_;
yl( ) , 1 B yz( ) Y2 B 5
yl_y2:0-

1
17. J(y) = /0 Y dz; y(0) =0, y(1) = 1;

1 1
3 1
/ ydxr = —, / zydr = —.
0 4 Jo 2

2 2




18. J(y) = /()T[/Q(y’2 —y*)dz;  y(0) =0, y(g) =T

/T[/Z e
ycosxdr = —.
0 2

1
19. J(y) = /0 y?dz;  y(0) =2, y(1) =2e+1;

1
/ ye* Ldr =e.
0

In2
mezf (2 +v)dz; y(0) = -3, y(in2) = 0;
In2 0
/ ydr =1—31n2.
0

zLﬂw=Am%w%m;mm=mmn:m

1
/ v de = 2.
0

1

22. J(y1,92) = / (W7 + o — zyh — o) da;
0

y1(0) =0, y1(1) =1, y2(0) =0, y2(1) = 1;

1

1

/ (zyh — Y2 + %) dz = 3
0

1
23. J(y) :/0 (v —y?)de; y(0) =0, y(1) = ;

1
1
12
dz = —.
/oy EED)

1
zmﬂw:A@%w%m;mm=mmn:m

1
/ v de = 1.
0

1
25. J(y) = / (y* +2y)dz;  y(0) =0, y(1) = 0;
n=2n= 40.

2 2
26. J(y) :/ (my'2 vl

1
y(2)=0; n=2 n=3.

" T 2w2y> dz; y(1) =0,



2
27. J(y) = / (y* + 2zy +y?)dz;  y(0) =0, y(2) = 0;
n=2 n= 30.
1
28. J(y) = / (y* +2y)dz;  y(0) =0, y(1) = 0;
0
y1 = o1z(1 — z),
Yo = arz(l — x) + doz?(1 — ).
1
20, 9(0) = [ (02 + 20y~ 5P)dai 9(0) =0, y(1) = 0
0
Y1 = Glili'(l - J;)a
yo = arz(l — x) + doz?(1 — ).

1
0.J0) = [ 7= (e~ 2)dss (-1 =0, y(1) =0,

Y1 = Gl(l — .T2),
Y = 01(1 — 562) + 02(1 — ac4).
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