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IIpeauciaonne

B y4ebHO-MeTOnHYECKOM MOCOGHH PACCMOTPEHBI OCHOBHBIE T10-
HATHS] TCH30PHOM aJIreGpBI B TPEXMEPHOM €BK/IMIOBOM TPOCTPAHCTBE,
KOTOPBIE UMEIOT MHOIOYMC/ICHHBIE MPHJIOXKEHHsI B TEOPETUYECKON
¢H3HKEe H MEXaHHKE CIUIOLIHOM CPe/Ibl, B YACTHOCTH B TEOPUHM YIIpY-
rOCTH M IUTACTHYHOCTH, MEXaHMKE TOHKOCTEHHBIX KOHCTYKILIMI, MeXa-
HHKe IUIACTHH, CTEepXHe! U 000/109eK, MEXaHUKE XMIKOCTH M rasa,
(u3HKe ropeHus ¥ B3pbiBa. TeH30DBI BBOMATCS KaK (TI0JH-) TMHEHHbBIE
oneparopbl, PAIMYHDBIC BHUIbI KOOPOUHAT TCH30pa pacCMaTpHMBaIOTCA
KaK pa3Hble BUIBI MaTPHII JIMHEHHOTO omeparopa. BKIOUeHBI TaKxke
BEKTOPHasl a/irebpa B KOBAapHAHTHBIX KOOPAMHATAX, MHBAPHAHTHI TEH-
30pOB 2-TO paHra u teopeMa lamuwisrona — Kaim, criekTpanbHas Te-
opHsi CHMMETPHYHBIX TEH30pOB 2-r0 paHra. Mmeercs o6mupHas -
TepaTypa 10 JaHHOW TEMAaTHKE U €€ NMPUIOXEHHMAM. 3axadyu I10
TEH30PHOM ameOpe MOXHO HalTH B [1], moagpoOHOe H3IIOXKEHNE TCOPUH
H ee IpWIoXeHui — B [2—10].

H310XeHHBIM MaTepHall COOTBETCTBYET BTOPOMY MOIYJIIO Kypca
«BapuanmmoHHOE MCYMCIIEHHE U TEH30pbI» U IPOrpaMMe IOATOTOBKH
CHELMATMCTOB MO crenuaibHOCTH «[IpuKiIagHas MexaHuKa» (pakyib-
TeTa «POGOTOTEXHHUKA M KOMIUIEKCHAsI aBTOMAaTH3aLIUsT».

Llenb yae6HO-METOAMIECKOTO IOCOOMA — CIIOCOOCTBOBATh MPHO6-
PETEHMIO CTYIEHTAMM M aCIIAPAHTaMH psifia KOMIIETCHLIMM, Heobxomu-
MBIX JUIsl pacdeTa M MCCIEeIOBaHMUs 3a1a4 JUHAMHMKH M IPOYHOCTH
MallIuH, a TAKXe MEXaHMKHU CIUIOLIHBIX CPeJ.

KpurepusiMu JOCTHMXXEHHSI YKa3aHHOM LIEJIH SIBJIAIOTCS YCBOCHHE
YY9AIIMMUCS ONpe/esIsIEMBIX B JaHHOM Kypce 0a3oBbIX MOHSATHH TCH-
30pHOIA aTeOpHI ¥ pelIeHHUE MPELIaraéMbIX B TOCOOHMH 331a4 THIIOBO-
ro pacyera.



1. Ba3uc H KOOpAMHATLI BeKTOpa B 6asmce,
ITepexon K HOBOMY Oa3ucy

PaccMOTPHM N€OMETPHYECKHUE BEKTOPbI B TPEXMEPHOM NPOCTPAHCT-
Be. HanoMHuM, YTO 6a3MCOM B 3TOM NPOCTPAHCTBE HA3BLIBAETCS YIIO-
pAIOYEHHDII HAGOP JIIOOBIX TPEX JIMHENHO HE3ABUCUMBIX, T. €, HEKOM-
IUIAaHAPHBIX BEKTOPOB. B OT/IM4HKE OT Kypca aHaATUTUYECKOI reoMeTpuu,
B KOTOPOM IVIaBHBIM 00pa3oM MCIIOJIb3YIOT OPTOHOPMUPOBAHHBIE Ga-
3MChbl, B TEH30PHOM ajirebpe paccMaTpuBaeTCsl NMPOU3BOJIbHBIN Ga3uc

e1, €2, e3 (puc. 1). byneM Ha3pIBaTh €ro OCHOBHBIM 0a3UCOM.
Pazy10XuM MPOM3BOJIBHBIN BEKTOP X IO 6a3ucy:

e - . e - 2
x=xle;+x%er +x3e3 =Zx‘e;.
=

Yucna (x', x%, x*) — koopauHars! BekTOpa X B Gasuce e, 2, €3.
B TeH30pHOM ayireOpe KOOpIUHATHI BEKTOPAa B OCHOBHOM 0a3uce 060-
3HAYal0TCsA BEPXHUMU MHIEKCAMU M Ha3bIBAIOTCSI KOHTPaBAPHUAHTHBIMM.
3aMEeTUM, YTO MHIEKC CYMMHUPOBAHUSA («IJIyXOM», «CJIENON», HE-
MO¥») MOXeET ObITh 0003HaYeH o060l OykBoii: I, j, K, ..., T. €. pa3-

JIOXKEHHME BEKTOpPAa X MOXKHO 3aITMCAaTh TaKXKE B BUIE

3

ANCTE L -
~ x=Yxlej=Yxker=....
j=1 k=1

ByneMm cinemoBaTh OOLIETIPUHATOMY U
yIOOHOMY B TEH30PHOM MCYHCICHUH U €ro
MTPWIOKEHHUSAX «COTIALICHUIO DHHIITEHHA»

2 0 cyMmMupoBaHHUHU. OHO COCTOMT B TOM, YTO
¢, €CIIM MHIEKC CyYMMHUPOBAHMSI ITOBTOPACTCA
—  nBaXIbl (CBEPXY M CHU3Y), TO 3HAK CYMMH-

Puc. 1 pOBaHUs Z onyckaercsi. MHIeKC cyMMH-




POBaHUS NPH 3TOM MeHsiercst ot | 1o 3 (WK 0 pasMEpHOCTH M TIpO-
CTPAHCTBA B CTy4ae MHOIOMEPHBIX  MPOCTPAHCTB, Ha MUIOCKOCTH OT |

1o 2). Torna pasnoxenue Bektopa X 1o Gasucy 3amMMCHIBACTCA B BHIE

x=xlei=xle;=xkey =

B Kypce mmei’moit anreGpsl nonpoﬁno PaccMaTpHBACTCH MePexos

or 6Gasuca ey, ez, es K HOBOMYy Ga3sucy €, €, ;. HanoMHuM ocCHOBHBIE
(baKThI, OTHOCSIIMECS] K 3TOMY BOIPOCY, IIPU 3TOM OyneM nons3oBaTh-
¢s1 0003HAYEHUSIMH, HECKOJILKO OTIMYAIOLIMMUCS OT 0603HAYCHUIT BO

MHOTHX KypCaX IMHEHHOI anreGpsl, HO Gosee ya06HBIMMU ISl TEH30D-
HOM anreOpEI.

Pasnoxum BekTOpHI HOBOTO Gasmca €, 1o crapoMy 6asucy:

e =aje1+aler +adles,

r
ajey +a§e2 +aes,
f

& =ale+aler+dle

=
< b

e; =) diei=dle;, j=1,2,3.

31ech MCMOIB30BAHO CYMMHUPOBAHUE IO IMOBTOPSIONIEMYCSI BHH3Y
U BBEpPXy MHAEKCY I.

3aMeTHM, 9TO yXe B 3THX IMPOCTEHMIIMX PABEHCTBAX BBIMIOJIHEHO
BaXHOE NMPaBWIO TEH30PHOM anreOpsl, Kacaiolleecss HEIOIBYKHEIX
HHIEKCOB, KOTOPEIE HE SIBJITIOTCS HHIEKCAMHA CYMMHMPOBAHHUS, T. €. HE
MIOBTOPSIIOTCS CBepXy M CHU3Yy. HermonBuKHbIE HHIEKCHI MOTYT IpH-
HMMaTh 3Ha9eHud oT | 10 3. DTO MpaBWIO MO3BOJISIET KOHTPOJIHUPOBATH
KOPPEKTHOCTD BBIITUCHIBaeMbIX (popmMyi1. ECiIM HENMOABYDKHEIN MHIEKC
B JIEBOM YaCTH PAaBEHCTBAa HAXOOUTCS CBepXy (CHM3Y), TO M B ITIPaBOM
YaCTH PaBEHCTBA OH JIOJDKEH OBITH CBEPXY (COOTBETCTBEHHO, CHH3Y).
B nanHbIX hopMysIax TAKMM HETTOABYDKHBIM HHIEKCOM SIBJISIETCS HYDK-

HUM MHIEKC J.

Marpuna
§b aliity
a a9 4q
i S R B T
A=@lha=|a & a
T
a; a4y @



Ha3bIBAETCS MaTPULIEH rmepexona oT cTaporo 6asuca K HoBoMy. OtMme-
THM, 4TO KOOPAMHATHI HOBbIX 6a3MCHBIX BEKTOPOB B CTapoM 6asmce
TPAaAULIMOHHO JUIsl TEH30PHOIi anre6Ophbl 3aMMCaHbl B MaTPUILE Mepe-
XOfa Mo CTPOKaM, a He Mo cToN61aM B OTIHYHE OT HEKOTOPBIX KYpCoB

JUHENHHOM anreGpsl. st aNeMeHTa MaTPHUBL @/ HYXKHUI MHzekc i

PaBEH HOMEPY CTPOKH 3/IEMEHTA, BEPXHUH MHIEKC / — HOMepy cTosi6-
1a. Jlerko BUAETH, YTO Pa3ioOXKEHUC HOBBLIX Oa3uCHBIX BEKTOPOB 1o
cTapoMy 6a31cy MOXHO 3arucaTb B MAaTPUUHOM BUJIE;

e al a® a')e el
wlaol 22 adllas |= 4l e
e |=|lay a; a;| e |=A|ez| (1.1)
3 1 2 1| R ”
e; . G G ) es e3

Marpuiia epexo/a sIBISIETCs: HEBBIPOKICHHOM, T. €. ee onpe/iesu-
rents ommuden ot Hywst | A|#0. st matpunesr A cymectsyer o6pat-

nast matpuua A~ = B = (b/)s,5. Io OIIPE/ICJICHUIO OOPaTHOM MaTPULILI
HMeeM

AB=BA=E~=

o O =
o o= O
_—e O

WIH B KOOPAMHATHOX (hOpMeE 110 ITPaBUITY «CTPOKA Ha CTOJIOEL», YMHO-
Xasi CTPOKY MaTpulibl A Ha cronGew Matpuusl B, momyaum
: A [ S ¥ |
afbl =8/ =<’ 7
0, i=#jJ.
Berrauner 8 HaspBaloTcs cuMBoIaMu Kponekepa; Takke 060-
3HAa4aloTCA 8.

W3 popmyner (1.1) BeIpaxkaeM BEKTOpHI CTAaporo Ga3mca 4epes
HOBBIMN:

el b! b b el e
e2 |=|bl b2 B3| e |=B|e (1.2)
es] \b b b) g e



e =biel, j=1,2,3,

ITpOM3BONBHBIN BEKTOP X MOXET ObITb PA3/IOKEH KAK 110 CTAPOMY,
TaK M 10 HOBOMY Ga3sucy:

x=x'e,=x"e|.

HoBble KOOpAHHATHI BEKTOPa BHIPAXAIOTCS Yepe3 CTapbie C IIOMO-
LIBIO 3JIEMEHTOB MaTpuLbl B, o6paTHOI MaTpule repexoaa,

x! x') (8 b bfx
x¥ |=BT|x2|=|862 & b}|x*| (1.3)
= 2\ 8 8 8L

rme BT — TpaHCIOHMpOBaHHAsI MaTpUIA.

B nOKOMITOHEHTHO# 3amucu x' =bix/, i=1,2,3.

HasBaHmMe «<KOHTpaBapHaHTHbBIEC» IS KOOPAMHAT BEKTOPa B OCHOB-
HOM 0a3mce OOBSICHAETCS TeM OOCTOATEIbCTBOM, YTO IIPH IEPEXOAC
K HOBOMY 6a3MCy OHM MEHSIOTCS C IIOMOLIBIO 3JIEMEHTOB OOpaTHOM
MAaTpHIIBI TIEPEXOIA. '

Crapblie KOOpIMHATHI BEKTOPa BHIPAXaIOTCsI YePe3 HOBBIE C IIOMO-
[BIO JIEMEHTOB CaMOM MaTpPHIIBI NTEPEXOaa.

x X o .a. &)
x2|=A4T|x? |=|a® & a} | x*|. (1.4)
X 5 @@ & a4)x

B nokoMIIOHeHTHo 3armcu x' =ajx/, i=1,2,3.
CumMBommdecky npeoGpa3opaHms 6a3uca 1 KOOpAWHAT (cooTHOLIE-
auA (1.1)—(1.4)) ¢ noMOLIbIO MAaTPHIIBI TICPEXO/IA H oOpaTHOM K HEH
MOXHO 3aIUCATh CJIEAYIOIINM 00pa3oM:
AR i L
ej—e), x> 2’
oty AT
e;—>ej, x" =»xl;
Ilpu xBOitHOM H3MEHCHUH Oazuca

g ety To
ej—>e;—e)




HMEEM

el e el

e; |=D|ey |=DA| ez |,

e; e; e3

T. €. MATPHIIA ABOIHOTO Mepexoa paBHa IPOU3BEAEHUIO MATPUIL nepe-
xoma DA
_ DA__
e; —>e}f.
B manbpHeimeM MBI OyfeM MCIOJIb30BaTh OMEPALMU BEKTOP-
HOM anre6phl: CKaISIPHOE MPOU3BEACHUE BEKTOPOB Xy, BEKTOPHOE
IIPOM3BEICHHE BEKTOPOB XXy, CMeImaHHOe IIPOM3BEOCHMUE TPEX BEK-

TOPOB X)Z.

2. Ckanspaoe mpoussenenue BekropoB. Marpuna Ipama

B KypcCE AaHAJIUTUYECKOU T€OMETPUH OIIPEOCIISIIIOCHh CKAJISIPDHOE
IIPO3BEACHHUEC BEKTOPOB

x- =1 %11 7| cos(x, ),

o

Ife X,y — BENMIMHA YITIa MEXIY BEKTOPaAMHU X u y CKaJIﬂpHOC IIpo-
U3BECHHE CHMMETPHIHO (x y =y x), ,uHCTpHGyTHBHo OTHOCHTEIIBHO
CJIOXEHMSI BEKTOPOB (x (y+z) x- y+x z), TaKke ox- y a(x y),
rae o€ R. Ksanpar wmmmst Bexropa |x[2=x-x.

s ocHoBHOro Oa3suca ei, €2, €3 BBEJIeM IIOMapHbIe CKaJISIpHBIC
TIPOM3BE/IEHUS] ETO BEKTOPOB g; = ¢;-€;. OUeBUIHO, UTO &; = &i>
i,j=1,2,3. Marpuuei Ipama 6a3uca el, Ez, €3 Ha3bIBAETCS MATPHIIA

NIONIAPHBIX CKAISIPHBIX NPOU3BENCHUNA g, KOTOPYIO TaKXe MOXHO
NPEACTAaBUTh KaK NPOU3BEIeHNE CTPOKM 0a3MCHBIX BEKTOPOB Ha CTOJI-
Ge1r 6a3MCHBIX BEKTOPOB:



g 82 &3 |©
G=(3:j)3x3= 81 8n 8 |=|ez|(e,eze3). (2.1)
831 832 81 33

Martpuua Ipama sinsiercs cummerpuunoit, . e. G=G 7,

Ilns BextopoB X =x'e;, y=y/e; cxanspHoe npousseseHme
MOXHO 3alMcaTh TaK:

;';=(x’§:)-(yfgj)=x"yf(E:-Ej)=g;,x’yf.

B 310ii hopMyJie npearionaraeTcsi CyMMMpPOBAHME 110 JIBYM IOBTO-
PSIOIMMCSI CBEPXY M CHH3Y MHAEKcaM /, . Taxum obpa3om, ckanspHoe
npoM3BeIeHHEe BEKTOPOB IPOCTPAHCTBA, 3aJaHHBIX KOOPAMHATAMHU
B MPOM3BOJIHOM 0a3uce, BBIPAXAETCS CYMMOM JEBATH CIATa€MBIX.

B 9aCTHOCTH, ULl IUTMHBI BekTopa nmeeM | x [2=x-x = g;x'x/.

Tak Kak [UIHHA MOJIOXKHUTEIbHA I JTI060ro HEHYJIEBOTO BEKTOPaA,
BHIpaXEHHE g;X' X/ SABNAETCA MONOXUTEIBHO ONMpEAETCHHOM KBl -
patuaHO# popmoit. CornacHo kpurepuio CIIbBECTpa IJIaBHBIC (mma-
TOHAIBHBIE) MUHOPBI MAaTpulbl G TIONOXHUTEIbHEI, B TOM YHCIIE €€
onpenenurens |G[>0. MoxHo mokasars, 4TO |G|=(e1e2e3)?, tne

e1€2€3 — CMEIIAHHOE IPOU3BEICHUE TPEX BEKTOPOB.
PaccMOTpHM M3MEHEHHe MarpHibl [paMa pH Mepexose K HOBOMY

RS
6asucy. Iycts € —>e), G u G' — marpunsl [pama craporo ¥ HOBOro

Gaswca, COOTBETCTBEHHO &j = €i*€j, 8j =€ -€j. s

Torma G — MaTpuIIa KBaIpaTHIHOM HOPMBEI [x]* B Gasuce ), T. €.
|xP=gyx'x/; G' — marpuia KBaIpaTHIHON (QOPMBI |x? B Gasuce
¢, T e |xPP=gjx"x/. B kypce TUHEHHOI anreGphl MOKa3aHo, YTO

e -
J
it opMBI ITPH MEpeXone K HOBOMY Gasucy Me-

MaTpuIa KBaJIpaTUIHO
HAETCS CNIEYIoIMM 00pasoM:

G'=AGAT. (2.2)



3. Baaummubiii 6a3uc. KoBapuaHTHbIe KOOPAMHATHI

IycTs e1, €2, €3 — ocHOBHOM 6a3uc B mpocTpauctse, [Tpoussoss-
HBIIl BEKTOp X MMeeT KOHTPaBapHaHTHbIE KOOPAMHATHL X', T. e.
x=x'e;.

-1 -2 -3
Onpe,ueneune 1. Basuc e ,e , ¢ Ha3bIBACTCs B3IAUMHBIM K Gasucy
e1, €2, €3, eclii CKATSPHBIC MPOU3BEAEHUsSI BEKTOPOB OCHOBHOIO M
B3aMMHOTO 6a3mca CBsI3aHbI COOTHOLLIEHUSIMU
...-j -

e 'ei‘_—'a{, isj=1’2a 33 (3.1)

roe 8] — cumBoisl KpoHekepa.

=J
TaxkuMm oOpa3oM, BEKTOp B3aUMHOIO 0a3uca € OpTOroOHaleH Bek-
TOpaM OCHOBHOTO 0a3uca, MMEIOLIM HOMEpa, OTJIMYHBIE OT Jj, T. €. OH

OPTONOHAJICH IUIOCKOCTH 3TUX IBYX BEKTOPOB OCHOBHOro 6a3mca. Ha-

-1
MIPAMeEP, BEKTOP € OPTOTOHAIEH TUIOCKOCTH BEKTOPOB er v €3 uT II.

IIpumep 1. OueBUIHO, YTO OpTOHopMHPOBaHHHH 6a3nc i, ; k

B3aMMEH caMoMy cebe. PaccMotpuM 6asuc e = 21 ey =3j 7, ey = 4k.

=1 »l=i ]~ =22 o= jif~ i =83 L=in] -
TormaB3amMHbBLIIOA3NC e =—i=—¢€l, ¢ =—j=—e3, e =—k=—
2’ 3% 3. 9 4 16

Marpuua nepexoa OT OCHOBHOIr0 6a3uca K B3aMMHOMY B 3TOM CJTydae
MMEET BU

/1 \

- 0 0

41 4 0 0Y"

05{):090 s
I 0 0 16

0 0 —

¢ 16 )

T. €. ABJIsIeTCA 00paTHO#M K MaTpuie Ipama ocHoBHOro 6asuca, 410, Kak
Oyzer BUIHO M3 MOC/IEAYIOMUX PACCYXKIEHUIN, MMEET MECTO U B OOILEM

clIydae.

10



Marpuynas 3anucs popmynst (3.1) umeer Bua

(=1 f] = i om com) o)

e e ey e -e2 e -e3 100
-2 |- - - -2 - =2- =2 -

e |(er,e2,e3)=|e ey e e2 ¢ es|=|0 1 0
-3 -3 - =3 - =3

e e ey e e2 e -e3 001
\ / \ Y,

-1 -2 -3 -1

Haiinem BeKTOpBI € ,e ,e . Tak KaK BEKTOp € OpTOrOHaIeH
BEKTOPaM €2 M €3, TO OH NapajuleJIecH BEKTOPHOMY IPOU3BEIEHUIO

_l - -

e =aexxe3, rne a€R. INoacraBum 310 BBIpaXeHHE
- =1

B PaBEHCTBO €1-€¢ =1 u, yuuTsIBasi, YTO CKaNSIPHOE NPOU3BEIEHHUE

BEKTOPA Ha BEKTOPDHOE€ ITPOU3BEACHHE €CTh CMEIIAaHHOE MTPOU3BEACHHNE

TpeX BEKTOPOB, MONyIuM oe] -(e2 xe3) = aeje2ez =1. B cwry Toro, uto
BEKTOPHI 0a3uca HEeKOMIUIAaHAPHBI, MX CMEIIAHHOE TPOU3BEICHHUE HE

paBHO HymiO M o = (e1e2e3)7!.

e2Xe3, T. €.

-2 -3
AHQJIOTMYHO HAXOOUM BEKTOpHI € U € . Iloaydaem

-

e é2 xe3

e — =—=——
ei1ezes

-2 e3 xe]

Je ==, (3.2)

ejezes

-3 e1xey

e ===,
ejezes

=]:'=21 =3

ITokaxem, 4TO BEKTOpHI € , € , € HeKoMIulaHapHsl. [Ipeamnono-
X¥M, 9TO OHM KOMIUTAHAPHBI, TOLAA OJMH M3 HUX SBIISIETCS JINHEHHOH
KOMOMHanumeil IByX ApYyrux, HalpuMep:

2 -3
e =Pe +ye, B,yelR

= [e3 xe1 +ye) xe2.

VMHOXasi CKAIPHO Ha €1, ToJTydaeM e1e2e3 = Pejeser +yejere2 =0,
YTO MPOTMBOPEYUT HEKOMIUIAHAPHOCTH BEKTOPOB OCHOBHOIO Gasuca.

HUcnonw3ys popmyny (3.2), noirydyaem e2xe3

11



-1 =2 -3
Taxum o6pa3oM, BeKTOpHI € , € ,€ HEKOMIUIAHAPHBI U 00pa3yior
0asuc.

Onpenenenne 2. KoopauHatsl (Xj, X3, X3) BEKTOpa X BO B3aMMHOM
-1 -2 -3
Oasuce € ,e ,e Ha3bIBalOTCsI KOBADUAHTHBIMU KOOPAUHATAMM BEK-
TOpa.
KoBapuaHTHBIE KOOPAUHATHI 0003HAYAI0TCSl HWOKHUMU UHACKCAMMU.
- -1 -2 -3
PaznoxeHue BEKTOpa IO B3aUMHOMY 0a3ucy X =Xxje +xye +xze

MOXHO 3aIucaTh KaK M Pa3jIoXEHHUE 110 OCHOBHOMY Ga3ucy — 6e3
MCITOJIb30BaHUsI 3HaKa CyMMBL:

- ~i

X =x;e .

CkansapHO yMHOXas1 00€ 9aCTH pa3iokeHUS BEKTOpa IT0 OCHOBHO-
-1
My 0a3uCy Ha BEKTOp € , MOJy4aeM

— -1

- = .
x-e =(xlej+x

1 1

2es+x3e3)-e =xlej-e =xl.

— =i

2 x3, rorma x' =x-e,

AHaJIOTMYHO IIOJIy4a€M paBE€HCTBA IJIsI X :

1=1;2;3 1

s X

-— -— ..._..-—f_

x=x'e;=(x-e )ei.

AHamormyHo umeeM X; =x-ej, i=1,2,3 u

— - == =i
x=x;e =(x-er)e .

Taxum 06pa3oM, KOOpIUHATHI BEKTOPA B OCHOBHOM (COOTBETCTBEH-

HO B3aMMHOM) 0a3uce paBHbI CKASIPHBIM IIPOM3BEICHUSIM 3TOTO BEK-

TOpa Ha BEKTOPBI B3aMMHOI0O (COOTBETCTBEHHO OCHOBHOro) 6a3uca

C TEMH X€ HOMEpaMHU. DTU COOTHOIUECHUS IS KOHTpaBapHaHTHBIX
U KOBAPpUAHTHBIX KOOpAUHAT

i

; (3.3)

|

x=x.

X =X-€;

MHOrIa Ha3biBaloT (popmynamu [nb66ca. 3aech, KaK M B 1I€JIOM B TE€H-
30pHO# anreGpe, NMOMOXKEHUE HETOABUXKHOIO MHIEKCa (BEpXHEe WIN
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HIXHEE) JOJKHO GBITH OXMHAKOBBIM B 0GEHX YaCTSIX paBeHCTBa.
B naHHOM ciyyae 310 03Hauaer, yTo npw CKaJIIPHOM YMHOXEHUM

BEKTOpPa X Ha 0a3MCHBIH BEKTOP C BEPXHHUM (HMXHHUM) UHIEKCOM
TNIOTy9a€M KOOPAMHATY BEKTOPA C TEM XK€ IMOOXKEHHEM MHIeKca (Bepx-
HHM HMJTH HIDKHHM COOTBETCTBEHHO).

®Dopmyner Tu66ca (3.3) nMo3BoNSIIOT BHIPA3UTE KOOPAMHATHI BEKTO-
pa B OCHOBHOM (MJIM B3aUMHOM) Gasuce Yepes €ro OpToroHajibHbIE
TPOCKIMH Ha BEKTOPHI B3AUMHOIO (MJIM OCHOBHOTO) 6a3uca:

- =i

g - = == -] —_
x'=x-e =|x|e |cos(x,e;)=|e |Mp_,x;
[ 4
x; = x-e; =| x| e; | cos(x,er) =| e ITIp; x.
ITpoexumm l'Ip—en_c H l'[p;!.; Ha3BIBAIOTCS (PU3MYECKUMU KOMITO-

HCHTaMM BeKTOpa X. OHM He 3aBUCST OT JUIMH OAa3UCHBIX BEKTOPOB,
a TOJIBKO OT MX HaNPaBJICHUM (HE MEHSIOTCSI, B OTJIMYME OT KOOPIMHAT

x' ¥ X;, IDH M3MeHeHUHU MacIuTaba Ha KOODIUHATHOM OCH).

4. Onepauym ¢ BEKTOpPaMH ¢ HCIOIB30BAHHEM
KOBapHAHTHBIX KOOPIMHAT

Crkansproe npoussedenue. JIist IByX IPOU3BOBHBIX BEKTOPOB HMEEM
==

PAa3JIOXEHHUS 110 OCHOBHOMY M B3aMMHOMY Oasmcam: x=x'e; = x;e ,

- - —i
y=y'ei = y;e . Torma, C y4eTOM OPTOIOHAILHOCTH BEKTOPOB OCHOB-
HOTO ¥ B3aMMHOTO 0a3MCOB C Pa3HBIMH HOMEPAMH U C YIETOM YCJIOBHIA

ei-e =1, MOJTy4aeM
o P ot " % -1 -2 -3
x-y=(xler+x2e2 +x%e3)-(ye +ye +yze)=
=x1yl +x2y2 +x3y3 F x’yg-
AHaJIOTH9HO
;'._V-=x1yl +x0% +x3° = x5, (4.1)

Takum o6pa3oM, Ui CKAIAPHOrO MPOM3BEACHHUS MONYYCHEI BhI-
paXeHusl, AHAJIOTUIHBIE BBIPAXKEHUIO VIS CKAJISIPHOIO NMPOX3BENEHUS
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B OPTOHOPMMPOBAHHOM 0azuce, WM CyMMe TPOU3BEICHHIA COOTBeT-
CTBYIOILIMX KOOpAWHAT BeKTOpOB. [lJid OMHOr0 BEKTOpPa KOOPAHHATHI
HYXHO OpaTh KOHTpaBapHaHTHBIE, UL IPYTOTO — KOBADUAHTHEIE,
COOTBETCTBEHHO, KBaApaT [IUIMHBI BEKTOPa PABEH CyMMe «KBajipa-
TOB KOODIMHAT», €CJIM MO/ «KBAJIPaTOM KOOPANHATBI» IIOHUMATh NpPO-
M3BeleHHe KOHTPAaBAPMAHTHOM KOOPAMHATBI HA KOBAPUAHTHYIO:

|x 2= x-x = xx" + X3x2 + x3x3 = x;x".

Bexmoproe npouseedenue. B ucxonHoM Gasuce umeeM uisi AByX
pekTopoB X = x'e;, y=y'e;. [lomyyaeM, UCTIOJIB3YsI CBOWCTBA INHE-
HOCTH BEKTODHOTO MPOM3BEAEHHS U YUUThIBAsA UTO €; xe; =0,

xxys= (x'e +x%er +x3e3)><(yle1 +y262 +y3e3) =
= xly2e; xez + x'y e xe3 +x%ylea xer +
+x2ylerxes +x3ylesxel +x3y2es xen.

[MToncrasisisi cCOOTHOIIEHNS U3 Gopmyisl (3.2) B BUIE

e o  mlEmE. = & . - .= =B
e1xer =e (e1eze3), e1xes3=—e (eieze3), exxez=e (e1eze3),

AMEEM
ety O s 08 WG 1 et . o T (e R K. e O S . .
xxy=(ere2e3)(x'y*e —x'y’e —x*y'e +x°y’e +x’y'e —x’y‘e )=
U 4 1%, S |V % RS | PO ro s
=(e1e2e3)| [, e —|, sle t|, ¢
| SIS Y. ¥ Y ¥
OxoHYaTeNnBEHO
-1 -2 -3
e e e
xxy=(e1e2e3)lx! x2 x3|. (4.2)
I 43 &l
) S

Taxum obpasom, cnipaBemmuBa dopMyna, aHaorHdHas popmye
JUIs. BEKTOPHOTO TIPOU3BEACHUSA BEKTOPOB B OPTOHOPMHUPOBAHHOM
Gasuce, BRIpaXalollas BEKTOPHOE IMTPOU3BEICHHUE B BUJIE ONMPEACTUTENA
3-ro nopsaaka. KoopanHaTtel nepeMHoXaeMbIX BEKTOPOB 0epyTcCs
B OCHOBHOM 0a3suce, a Ha BBIXOJIE ITOJIy4aeTCsl pa3jioXKeHHUE BEKTOPHO-
ro NMPOMU3BEIECHUS 110 B3aUMHOMY Oa3ucy.
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AHAJIOTHYHO BbIBOAMTCS Pa3iOXEHHE MO OCHOBHOMY Gasucy BeK-

TOPHOT'O MPOM3BEACHUS BEKTOPOB, 3aJaHHBIX KOOPIAWHATAMH BO B3aNM-
HOM 0Oasmce:

1T e21 eé3

- -1-2-3
xxy—(eee)x. Xy X3l
h N »n

Cmewannoe npouseedenue. Ilo ONpPENCNIEHHUIO, XYZ = (xxy) z
B OCHOBHOM 6aance uMeeM pa:moxcennn 1o OCHOBHOMY Gasncy BEK-

TOpOB X = X' ei y=ye, z=z'e;. Obosmaunm w=xx y. Cornacrro
dopmyse (4.2), uMeeM KOBapHaHTHBIE KOOPAMHATHI BEKTOpA w:
x2

. I

x3 x! X3 1 2

oy

X
2

(wy, Wy, w3) = (e1€2€3) -

ITonb3ysice BbIpaxeHueM (4.1) sl CKaJISIPHOro NPOM3BEAEHHUS
BEKTOPOB, OIMH M3 KOTOPBIX 3aJaH KOBAPMAHTHBIMM, a IPYTOil — KOH-
TPaBapMAHTHBIMH KOOPIMHATAMM, ITOIyJaeM

xyz=w-z2=w +wmz2 +wmz’ =

x2 3

el ol et o)
y y iy yi Yy
x! x2 X3
=(e1e2e3))y! ¥ )| (4.3)
= i

TakuMm o6pa3oM, CMEIIaHHOE NTPOM3BEAEHHE BEKTOPOB B MPOM3-
BOJIBHOM 0azyce BHIPAaXaeTCsl Yepe3 ONpEeUTeNb 3-r0 mopsiika, co-
CTaBJICHHBIN M3 KOOPAMHAT 3THX BEKTOPOB B INPOM3BOJILHOM Oasmnce
(kak ¥ B ciyyae opTroHOpMupoBaHHOro 6asuca). B obuwem caydae

NOSIBJISIETCS HOPMUPYIOLIMIA MHOXMTEIb €1€2€3, 3aBHCSIIMA TONbKO
OT Ga3MCHBIX BEKTOPOB U HE 3aBUCALIMIA OT NEPEMHOXACMBIX BEKTOPOB

x! J’ ] Z
AHanorngHo dopmysie (4.3) BBIBOAUTCS BBIPAXEHUE UL CMEILAH-

HOro NMpoOM3BEACHMS] yepe3 KOBAPDMAHTHBIC KOOpPAHHATBI BEKTOPOB.
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X X2 X3
_——  =1-2-3
xyz=(ee)n » x|

5 L 13

5. Marpuua nepexoia OT OCHOBHOIO 06a3uca K B3aUMHOMYy.
[ToabeM M CIMYCK MHIEKCOB

IMycte C — maTpuua mepexoma oT OCHOBHOTO Ga3uca ei, ez, €3
-1 -2 -3
K B3aMMHOMY Oasucy € ,¢ ,e . Torma

(=1 -
_2 o

e |[=Cler|.
% e3

Niiov 1ol

YMHOXNM cIIpaBa Ha CTpOKy (e1, €2, €3):

€1

e |(e1,e2,e3)=C|e2 |(e1, e2, e3).

e €3
\ /

CornacHo ¢popmyne (3.1) u onpeneneHuio Mmarpuusl Ipama, mo-

cliefHee paBeHCTBO 3amuchiBaetcs Kak E = CG, 1. e. C =G~'. Marpu-
LIE# 1mepexoa OT OCHOBHOIO 0a3Kca K B3aMMHOMY SIBJISIETCS. MaTpULIA,
obparnasg marpuue Ipama ocHoBHOrO 6a3rica. CUMBOJIMYECKHM MOXHO
3aIMCaTh

-

e, »>e ,

-j G _

e —ey,

a -1 =2 -3
Ilycte G — matpuua Ipama B3aumHoro Gasmuca € , e , e . Torna

obpaTHasi K He¥ MaTpULa SBJISIETCS MAaTPULIEH TTEpeXoia OT B3aUMHOTO
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Y

Ga3nca K OCHOBHOMY ¢’ —¢;, T.e. G=G , G-' =G. Urak, MaTpuibI
= =9
Ipama 6a3ucoB €; u e oGpaTHBI APYT APYIY.

, =] -
OGosHaunm anementsr Matpuubl G~ uepes g7, 1.e. g/ =e -e

’

11 12 13

g 4 g
Gl=|g2 g2 g2
g g g%
Torma
[ =] e N
€ et] (g g2 gi3\[e
_2 i i
52 A gl g2 gz,
N/
T. €.
e’ =ghex. (5.1)
W3 dopmyisl (5.1) mosrygaem
L (=1 (=1
e
f‘ fz 8 &2 &3 i,
e2 |=Gle |=|81 8n 8&n|e |
e3 i I < B T
\ J i
T. €.
- —k
ej=8ke - (5.2)

KoopauHaTtsl X; BBIpaXaloTcs 4epe3 x! ¢ momompio o6paTHO¥

TPaHCIIOHMPOBAHHON MATPHLIBI IIEPEXO/Ia OT OCHOBHOTO Ga3mca K B3auM-
Homy ((G™)™")T =G7. Marpuust G u G~' CHMMETPHYHEL, I103TOMY
3HAK TPaHCIIOHUPOBAHMS TIPY HUX MOXHO OITYCKATh, HO OCTaBHM CO-
oTBeTCTBYyIOUME (DOPMYNIBI CO 3HAKOM TPAHCTIOHMPOBAHMS KaK Ha-
NOMMHAHME O TOM, YTO MPeo6Pa30BaHNHe KOOPAMHAT OCYIIECTBIISETCSI
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C MOMOIIBIO TPAHCIIOHUPOBAHHBIX MaTPHLL. TOraa nepexon or KoHTpa-
BapUAHTHBIX KOOPAMHAT K KOBAPMAHTHBIM MMEET CIEAYIOLUMHA By

1

1

X X 8 81 8 || X
Xy |=GT x2|=|gn &n 8&nl| x|
X3 x? g3 83 &)\ X’
WIM B KOOpAMHATHOM (hopme
X; = gux*. (5.3)
OGpatHbIii nepexon UMET BHI
x! x| gl g2 g3 X
X2 =GN | x, |=| g2 g2 g% x|
x3 X3 g2 g2 g%\ x
WIH B KOOPAWHATHOM (popme
o g (5.4)

ITomydeHHBIE BBINIE COOTHOIIECHUS MPHUHSATO HA3bIBATH CIIYCKOM
¥ TIOXBEMOM HMHJIEKCOB y BeKTOpPOB (dopmyisl (5.1), (5.2)) 1 koopmu-
Hat (dopmynsl (5.3), (5.4)). Cyck oCcylIeCTBIISIETCS C ITOMOIOBIO MaT-

puiibl Ipama ¢ HIDKHMMM MHIEKCAMH &j, TIOIBEM — C IIOMOIIBIO MaT-
PHUIIBI ¢ BepXHUMM MHIeKcaMu g£7. YTo6GBI BMECTO BepXHEro (COoT-
BETCTBEHHO HMKHEI0) MHIEKCAa K KOODIMHATHI BEKTOpPA MOJYIUTh
HUXHUMN (COOTBETCTBEHHO BEPXHHM) MHIEKC I, HYXHO YMHOXHTb
KOOPIMHATY C BEPXHUM (COOTBETCTBEHHO HIDKHMM) MHIEKCOM Kk Ha

3JIEMEHT MaTpulbl IpaMa ¢ 3TUMHU MHIeKcaMu kK u I, T. €. Ha & (co-

oTBercTBeHHO gX). ITopsimok MHAEKCOB | M K HECymEeCcTBEH B CHITY
CUMMETPUYHOCTH Matpull. IIpy 3TOM 1O MOBTOPSTIOLIEMYCS] MHIEKCY K
MPOBOAUTCA CymMmMHpoBaHue ot |1 mo 3.

Onepaumy nogbema M CIycKa MHIEKCOB TaKKe MHOIAA Ha3BIBAIOT
XKOHITIMPOBAHUEM MHICKCAMMU,

B nanpHeimeM ciyck M noapeM MHAEKCOB GYIET paclpoCTPaHEH
Ha OOBEKTHI C ABYMS, TPEMSI ¥ C IIPOU3BOJIBHBIM YMUCIIOM HHICKCOB.
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6. MameHenne B3auMHOro 6a3nca M KOBAPHAHTHBIX KOOPAMHAT
NPH H3MEHEHUM OCHOBHOIO 0asmca

[TycTb MMeIoTcst MexomHblit (CTaphlii) OCHOBHOM Ga3uC €/ U HOBBIA

OCHOBHOI 6asuc €, A — Mmarpuua nepexona or CTaporo OCHOBHOTO
Gasuca k HoBomy. Haitmem MaTpuily nmepexosa Mexiy COOTBETCTBYIO-
MMM B3aMMHBIMU Ga3caMH — CTapbiM, T. €. B3aUMHBIM K CTapoMy

o |
OCHOBHOMY 6331'-'10}’ € , 1 HOBBIM, T. €. B3AUMHBIM K HOBOMY OCHOBHO-

- j'
My 6asucy, e . Ilepexox oT OCHOBHOTO 6a3uca K B3aMMHOMY OCYILIECT-
BIISIETCS ¢ TIOMOIIBIO 06paTHO# Matpuisl Ipama G~ st crapwix 6asu-

cos 1 obpaTHoit MaTpuisl Ipama (G')~! wist HOBbIX 6a3ucoB, a oGpaTHbie
nepexoasl — C MOMOLIBIO NpsaMbIX MaTpull Ipama G u G'. Toraa nepe-
XOJIbl MEXIY JaHHBIMM YETHIPbMsI 0a3MCaMM OIMMCHIBAIOTCS CIIEAYIOMIEH
IMarpaMMoii, B KOTopoii uepe3 X 0603HaueHa MCKOMasl MaTpHIia repe-
X0Ja MeXIy B3aMMHBIMH 0a3zucamu (puc. 2).

CormacsHo dopmyrne (2.2), matprua Ipama HoBoro 6a3zuca UMeeT BUI

G' = AGAT,
Torma
(G') ' =(4GAT )1 =4 HT G4

af

-J ~] =
Ilepexon € —e saBnsAeTCsA MOCJIEA0BAaTEbHON KOMIIO3HIIHEH

Iepexona ¢ MOMOIIBIO MAaTPHIl COOTBETCTBEHHO U, 4, (G'Y"\. Torna
MaTpuIa 3Toro nepexoga X paBHa MPOU3BEIECHHUIO TPEX MAaTPHUIL nepe-
XOJIOB B IIPOTHBOIIOJIOKHOM IOPSIIKE:

X=(G) AG=(4") G4 4G=(4")" G'G=(4")T =BT,

Crapsiii 6a3uc ¢
(ocHOBHOIA)
¢'ite ¢ N@G)!

7 S5
- ¥y Hosnriii 6a3uc
(ocHOBHOIA)

11; B3auMHBI K HOBOMY

B = ! e/ ¢ (OCHOBHOMY)

(ocHOBHOMY) .
Puc. 2
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f

o ngl: . 2f
T.e. € —— e . Takum o6pa3om, MaTpHLIeH Mepexoa MexX/Iy B3anM-

HbiMu Gasucamu sBAAETCS TPAHCTIOHMPOBaHHasi obpaTHast MaTpuua
nepexona Mexay ocHoBHbiMH 6asucamu. B matpuuHoit ¢hopme aror

NCPexoa UMECT BUI

r’;l'\ EI\ I : r’;n
I
T ar| 9. blz bzz b; 2
e |=B'[e |=|H§ b bi|e (6.1)
;J’ 53 blj bg b; EJ
\ ) / . -

-— j‘ -k
wm e’ =ble .
TTepexon OT HOBOTO B3aMMHOTO Ga3uca K CTApOMy B3aUMHOMY 3a-
muchiBaeTcs ¢ momoupio Marpuisl X ' = AT

/=1 /=1 (=1

A ACERE)E

-2 -2 -

e |=AT|e" |=|a? a} a}| e (6.2)
_3 _31' 3 3 3 _3,

e e 4G % &l

\ / e o X

-j_ j_k'
WM e =aje

HoBsle KOBapMAHTHBIE KOODIMHATEI X; BBHIPAXAIOTCS YePe3 CTaphle
x; ¢ momomsio Matpuusl (X )T =(4T)T = 4,

X |=A|x |[=|d & a | x (6.3)
X3 x3) |\@ a} a | x

wiM X; =afx;. Takum 06pa3oM, KOBAPMAHTHBLIE KOOPAHHATHI Ipeos-
Pa3syloTca C MOMOLUBIO MAaTPMIIbI TIEPEX0Ja MEXIAY OCHOBHBIMH 6as3u-
camMM. OTUM M O0OBACHSETCA Ha3BAHUE «KOBAPHAHTHBIC» B IPOTHBOIO-
JIOXXHOCTh KOHTPaBapHaHTHBIM,

N3 dpopmynsl (6.3) crapeie KoBapMAHTHBIE KOOPAWHATHI BhIpaXa-

JOTCS Yepe3 HOBbIE C TIOMOIbIO 06paTHO# Matpuusl A~ = B,
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X x) (8 & B)(x
X |=B|x;|=|b b b | x (6.4)
X3 x3) \b b b )\ x5

o i ot
Wi X; = b x}. KpaTko BBILIEH3IOXEHHBIE NTPeoGpazoBaHus (6.1)—(6.4)
MOXHO 3aIlMCaTh CIEAYIOLIMM 00pa3oMm:

A_ ¥ L
ej—e X = x'
e ™ AT
r
e —ej, x' — x';
—;iBT _; A

[
e e, x-x
—pdty B
e —e, XX

7. JInnejinbie oneparopbl. Buasl MaTpHIbI
JIHHEHHOTO omepaTopa

Iyctes T — JMHENHBINA ONEpaTOp B TPEXMEPHOM IIPOCTAHCTBE, T. €.
oToOpaxeHue, CTaBsAIlee IPOM3BOJIBHOMY BEKTOPY X ero obpas —
sektop I'x: x — Tx, [uia KOTOPOro

T(x+y)=Tx+Ty, T(ax)=aTx, acR.

ITycts El, Ez, €3 — OCHOBHOI 6a3uc. MaTpHIieii THHEHHOTO ore-
paropa I’ B 6asuce e j B Kypce JIMHEHHOM anreOphl HA3BIBACTCSI MaT-
pu1ia, 1o cmnﬁua.m KOTOpOH 3anMCaHbl KOOPIUHATHI B Gasmce €1, €2, e3
obpa3oB Te, Te ez, Te3 Ga3MCHBIX BEKTOPOB €1, €2, €3:

o Y S g
T2, T?, T% |=(T")).
/i 1Rl &
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Marpuily TMHEHHOro OrepaTopa ¢ 3JIEeMEHTAMH Tj OyneMm o60-
3HavaTh B ckobkax (7)) u . 1. O6paTMM BHUMaHME Ha TO, YTO B OT/IH-
YHUE OT MHOTHX yqeﬁunxon 10 JIMHEHHOM anreOpe 3IEMEHTHI MaTPHLIbI
JIMHEIHOTO onepaTopa 0603HAYaI0TCsl BEPXHUM U HIDKHUM HHIEKCAMH.
[TpuyeM mepBbIi (NeBbIH) MHACKC MUIIETCA BBEPXY, a BTOPOH (Tpa-
BBI) — BHHU3Y. DTO MOXHO 0OBSICHUTH Clieayiolmm obpasom. Iepsorit
MHIEKC SIB/ISIETCSI HOMEPOM CTPOKM 3JIEMEHTa MAaTPHULIBI, T. €. HOMEPOM
KOHTpaBapHaTHOI KoopanHaThl 06pa3a 6asucHoro sekropa. [oaromy
3TOT MHIEKC MMHUILIETCS BBEPXY, KaK U Y KOHTPABapUAHHbIX KOOPAMHAT.
Bropoii HHAEeKC — HOMEP crosbua, T. €. Homep 6a3ucHOro BEKTOpa €,
KOOpAMHATH 00pa3a KOTOpOro o6pasyioT JaHHbIA cronbeu. Dror
MHIEKC, COOTBETCTBEHHO, HIDKHHMM, KaK ¥ MHJIEKCHI BEKTOPOB OCHOB-
Horo 6asmca.

PaccMorpuM 06pa3 w=TXx npou3BoibHOrO BekTopa X. W3 nu-
HEWHOM ameﬁpm M3BECTHO, 4TO €T0 (KOHTpaBapuMaHTHbIE) KOOPIHHA-

e (W', w2, w?) B 6Gasmuce e1, €2, €3 MOTYT GBITH BBIDAXCHBI Yepe3
KOHTpaBapHaHTHBIE KOOPIUHATHI BEKTOpa X C IOMOIIbIO MaTpuisl 7

wl ’ xl Tll le Tl3 xl
w2 |=(TH)| x2 |=|T% T?% T% | x?
W3 x3 T31 T32 T33 x3

wm W =T/, xk.
Haiinem MaTpuily JIMHEMHOIO oneparopa / BO B3aMMHOM 0a3uce.
Jlng 3TOro Hy>XHO IO CTOJI0LAM 3anMcaTh KOOPAWHATHI BO Baammou

-1 -2 -3 -
bazuce € ,e ,e 00pa3oB BEKTOPOB B3aUMHOTI0 O6a3uca Te Te Te .

Hony‘mm MaTpHUILLy

)

By |
(%]

g,
LS ]

1 2 3 |=(1J
I I} T =@
1 2 3
Iy Iy T
IlepBolit (JIeBBIM) MHACKC 3aITUCHIBACTCS B JAHHOM CIIydae CHH3Y,

TIOCKOJILKY OH YKa3bIBaeT HOMEP KOBapUAHTHOW KOOPIMHATHI 00pasa
6asycHoro BekTopa. Bropoii (npaBbiit) HHIEKC 3aIIHCHIBACTCS CBEPXY,

o< |
OH YKa3bIBaeT HOMep 6a3MCHOro BeKTopa € , KOOpAHHaThl 00pa3a
KOTOpOro obpa3yior JaHHBIH cTONOELI.
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COOTBETCTBEHHO C MOMOILBIO MaTpHLIbI (T‘f ) MOXHO BBIDA3UTh
KOBapMaHTHbIE KOOPAMHATEI 06paza W = T X BeKTOpa x Yyepe3 KoBa-
PHAHTHBIC KOOPAMHATEI CAMOTO BEKTOpa x:

" X ' I} T?\x
= (]:}' )| x ) (= Tgl T22 T23 X
ws x) \I T )\x

WIH W; = Y}kxk.

3aMeTHM, 9TO BO3MOXEH TaKXe CICAYIOLIMA TTOIXOA K TTOHSTHIO
MaTpHUILBI JMHEHHOro oneparopa. MoxHo B3sTh 06pa3bl BEKTOPOB
ogHoro b6asmca, a KOOpAMHATHI 3THX 00pa30B Gparh B ApyroM Gasuce
M 3amMcaTh 1O CToj6uaM Matpuubl. PaccMoTpes 06pa3sl BEKTOPOB
OCHOBHOIO (HJIHM, COOTBETCTBEHHO, B3aMMHOI0) 6a3uca M 3alHCaB UX
KOOPAMHATEI BO B3AMMHOM (COOTBETCTBEHHO OCHOBHOM) 06a3mce, momny-
YHM €II€ ABa BHIA MaTpULbI JIMHEHHOIO omeparopa. Pacnmonoxenue
HH/IEKCOB M B 3TOM CJIy4ae COOTBETCTBYET PACIIOIOXEHMIO MHIEKCOB
y KOOpPAMHAT 06pa30B (MEepPBIi MHAEKC) U Y 0a3MCHBIX BEKTOPOB (BTO-
POt MHIEKC).

Hrak, paccMoTpuM KOOpIUHATHI BeKTopoB 1 e1, Te2, T'e3 Bo B3auM-
HOM Dasmce M 3alMIIeM IT0 CTOJI0LAaM MaTpPHUIIBL:

In T, T
Ly T T |=(Ty).
Iy T Ty

O6a uMHIEeKCca BHU3Y, ITOCKOJIbKY M KOBapMAaHTHbIE KOOPAHHATHI, H
BEKTOPBI OCHOBHOIr0 6a3uca UMEIOT HIDKHUE WHICKCBI.

CoOTBETCTBEHHO KOBapMaHTHBIE KOOPAUHATHI 00pa3a MOXHO
¢ momompio MaTpuust (7;) BBIPa3UTh Yepe3 KOHTPABapPHAHTHBIE KO-
OpIMHATHI NMpoobpa3sa:

w x! T T, T
=T))| % |=|Ty T Ty |l
W )\ Ty T

wm w, = Tyxk.
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HakoHel, Bo3bMeM KOOpAMHATbI 06pa30B BEKTOPOB B3aUMHOTrO

-] =2 _=3 - - -
6asuca T'e ,Te ,Te B ocHoBHOM Da3suce e, €2, ej:

T TIZ T13
T2 T2 T8 |=(TV),
T T3 TH

O6a MHIEeKCa BEPXHUE, TOCKOIBKY M KOHTPaBapUAHTHBIE KOOPAMHATHI
06pa3oB, U BEKTOPbI B3aMMHOro 6a3uca MMEIOT BEPXHUE UHICKCHI.

COOTBETCTBEHHO HAXOAMM KOHTPaBapHaHTHbIE KOOPAMHATHI 06pa-
3a yepe3 KOBapHMaHTHbIE KOODAMHATHI MPpoobpasa:

w X Tll TIZ T13 x
w? =% |=| T2 T2 T3 ||x,
wJ X3 T3l T32 T33 X3

1

wm W =T*x, .

ITpumep 2. ITycte T = I — TOXIeCTBEHHBII ONEPATOp, T. €. Tx=x,
TOIJa €ro MaTpulia SIBJISATCS eMMHUIHOM B JI060M Oa3uce, OCHOBHOM
win B3aumuoM, (7 = (T}j )= E. B marpune (7};) o cron6uam momx-
HbI OBITh 3aNMCAaHbl KOOPAUHATHI BEKTOPOB Te § = e j BO B3aMMHOM
6a3mce, T. €. KOOpAMHATHI BEKTOPOB OCHOBHOro 06asuca BO B3aUMHOM.
Ho Torma (7j;) — mMarpuia mepexoaa oT B3aMMHOro 6asuca K OCHOB-
HOMY, T. e. MaTpuua Ipama ocHoBHoro 6asuca (7;) =G, T; =g;.
Ananorngso, Matpunia (77) o6pa3zoBaHa KOOPIMHATAMU B OCHOBHOM
Gasuce BeKTOPOB B3auMHOro Gasuca, T. e. (T7)=G!, TV =g7.

3ananms 1S CAaMOKOHTPOJIA K mn. 1—-7

1. daTe onpeneneHue B3auMHOro 0asuca ¥ KOBapHaHTHBIX KOOP-
JUHAT.

2. 3anucarh NpaBWiIa U3MEHEHWS] KOHTPaBapMAHTHBIX U KOBAPHAHT-
HBIX KOODAMHAT OCHOBHOIO ¥ B3aMMHOIro 0a3ucoB IpH Ilepexoae K
HOBOMY OCHOBHOMY 0asucy.

3. Ucnone3ys B3auMHBIH 6a3uc, 3amucaTh ornepauiy BeKTOPHOM
anreOpsl.
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4. 3amucatb npasuna criycka u mogbeMa HHAEKCOB WS KOOpAMHAT
¥ 0a3MCHBIX BEKTOpPOB.

5. latb onpenenenus YETHIPEX BHUIOB MaTPHLIbI IMHENHOTO Orepa-
TOpAa.

8. lmannoe ymuoxenme Bekropos. Paznoxkenne mueiinoro
oneparopa no 6a3uCHbIM AUAJAM

JIJ1s1 BEKTOPOB X M ) MMeeM pa3ioKeHHs 110 OCHOBHOMY M B3aHUM-
- .= -i - = -
HOMY bOasucam x =x'ei =x;e , y=yle; =yjej.
Onpenenenne 3. Jlnanoit (auaxHasM Mpou3BeEHNEM) BEKTOPOB X
M Y Ha3bIBeTCS JIMHEWHBIN oneparop D =x® y, KoTophlil Ha M000iH
BEKTOP Z JEHMCTBYET CIEAYIOLIMM 00pa3oM:

Dz=(x®y)z=x(y-2),

rae (¥-Z) — cxansipHOE MPOM3BEIECHMUE.
Haiinem matpuny (D';) nuueitnoro omeparopa D B 0CHOBHOM

Gasmce e;. Jlna aroro HalimeM oOpa3bl BEKTOPOB €

DE[ =(;®;)El =x(y-e1)= ;'J’l o (xlyl, x2y1, x3y1).

3nech yka3aHbl KOODAMHATHI 00pa3a BEKTOpa € B OCHOBHOM 0Oa3suce
(ucnons3oBaHa dopmyna [u66ca y-e1 = y;). AHaJIOrHYHO:

Der =(x®@y)es = x(y-e2) =x-y, = (x'y3, X233, X*13),
Des = (x®y)es =x(y-e3)=x-y3 =(x'y3, x2y3, X’p3).

Takum ob6pa3oM MmoTydaeM MaTPHILLy (D' 7), KOTOPYIO MOXHO Ipe/cTa-
BHUTH B BHJIe TPOM3BEIeHNsI CTONOLA Ha CTPOKY:
1

le’I x'y, x‘y3 X
(D)=|x*n X2y, x2ys [=[ X% (01 Y2 3)
J!-’3J’1 J‘3.1’2 ij’3 x3
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wim D'; =x"y;.
Haitnem matpuuy (D;/) oneparopa D Bo B3anMHOM 6Ga3muce Ej.
O6pa3bl BEKTOPOB e’ ectb
-l = == =——-1 -
De =(x®y)e =x(y-e)=xy' =(xy', xy!, ;")
(yKazaHbl KOOPAMHATBI BO B3aHMHOM Oasuce),
-l = =—=2 ===2 -
De’ =(x®y)e =x(y-e)=x-y* =(x;3%, 9%, x39%),
-3 ==y e =3 =
De” =(x®y)e =x(y-e )=x-y’ =(x;3%, 0%, x;5%).
Hrak,
xlyl J'Cly2 x1y3 X
(D)= x0" x9* %97 |[=| % |V, 2, ¥)
x3yl x3y? x3y3 X3
wm D; 7 =x;y/.
AnanormgHo i oneparopa D Haiinem matpuny (Dj), mo cron6-

- =i
IaM KOTOpO#M 3amMcaHbl KOOPAMHATH BeKTopoB De; B Ga3uce e .
Haxomum

Der = x-y1 = (a0, X01, X3)1),
DEz = E-yz = (X1Y2, X2)2, X3¥3),

De3 =x-y, = (%153, X33, X3)3).

Torna
XN X1V2 ) X
(Dy)=|x:m %0, x93 |[=| %3 |15 Y2r 3)
X3 X3Y2 X33 X3

wm Dy =x;y;.
Haxkomnen, anemenrsr Matpuusr (DY) sensiorcss KOOpAMHATAMH

_j -
BekTopoB De” B Ga3uce e;
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-I p—

De =x-y' =(x'y', x2y!, x*y'),
-_2 iy

De =x-y?=(xly?, x2y?, x3y?),

-_.3 -_—
De” =x-y' =(x'y’, x2y*, x°y%),

T C.
xlyl x1y2 xlyfi xI
(DV)=|x*y! x%y? x2y* |=|x% |\, ¥% ¥)
x3yl x3y2 x3y3 x3

Takum o6pa3om 1mosry4aeM paBeHCTBa ISl YETHIPEX BUIOB KOOP/IH-
Hat muagsl D=x®y

D,=xy;, DJ=xy/, Dy=xy, DI=xy.

Ilpeob6pa3yeM MaTpuubl oneparopa nuaasl D) mpu mepexojne
o
K HOBOMY Gasucy e; —>ej. CorracHo ¢dopmynam (1.3) u (6.3), umeem
NpeACTaBICHUsI KOHTPAaBaPHAHTHBIX M KOBAapPHaHTHBIX KOOPAMHAT
B HOBOM 0a3suce COOTBETCTBEHHO:
it oA
X' =bx*, y'=bly";

LA r— m
Xi = Xg, Yj=ajVm:

Torna
ik m

N R — — K i — Nk B
D'/ =x"y; =bx“a}lyy = x"ymbeaj = Dpbiaj.
31ech UCIIOJIb30BAHO PABEHCTBO D, = x*y,, n nonpasymesaercst cym-
3
Ma Z v meyr B MATPHYHOM BHJIE TOJIy4acM M3BECTHOC M3 KYPCOB JIH-
HeilHOM anreGpsl MpaBWwIoO NMpeoOpa3soBaHHs MaTPHIILI JIMHEWHOTO

oreparopa IpH fepexo/ie K HoBoMy 6asucy (D' = BT(DX)AT.
AHanormyHo noxydaeM GhopMyJibl

D/ = D"atb}, D= Dynaka?, DV = D*pipi
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WIY TO Xe B MaTpuuyHOI popMe:
(D/")= A(D;")B, (D})= A(Dw)A, (D")=BT(D*™)B,

Kak BuauM, BepXHHe (HMXKHME) MHICKCHI AMabl peobpasyiorcs
C ITIOMOILLBLIO 0OpaTHOI (NMPsSIMON) MaTPULIbI EPEX0/a, T. €. TaK XKe, KaKk
BEpXHHE (HMXHHE) HHACKCHI Y KOOPAWHAT BEKTOPOB WK y CaMuX

0a3MCHBIX BEKTOPOB.
ITodsem u cnyck unoekcoé ouadvl. Kaxk 1 [jisi KOOPAMHAT BEKTOPOB,

OITyCKasl ¥ MOAHUMAasi HHACKCHI Y IUaabl, Mbl MOXEM II€EPEXOAUTH OT
OHOTO BHIA MaTPHULIbI AMabl (KOOPAMHAT AUAIBI) K Apyromy. Tak kak
IUIsE KOOPAUHAT BEKTOPOB
xi=x,84, x;=x*gu,
TO
- N — Dk
Dy =xy; =x"8uy; = D" ;guis

—nky —
D; =D/ g; = D™ gi;8mi
e
(3mech moxpasymeBaercs cymma 2, )

DV =DJgh, D/ =Dyg*, ..., urn

I[IpuHLMAI TOT X€, YTO M IJIsI KOOPAMHAT BEKTOPOB — IIOXBEM
(cIIycK) IMMpOBOOMTCS C ITOMOIIbIO MaTpuilbl Ipama ¢ BEpXHUMHU (HIXK-
HUMM) MHAEKCaMU. YTOOBI BMECTO MHIEKCA p IIOJIYYUTH UHIEKC ¢,
HYXHO YMHOXMTbD IIpeoOpa3yeMblii 3JIEMEHT AMAaIbl Ha 2JIEMEHT Ma-
tpuibl IpaMa ¢ uHOEKCaMu P M 4.

Ba3sucnwie duadwl. It muHeitHOro oneparopa D = e; ®e; ero mar-
PHWIIa BRIIVISIOUT CJIEAYIONIAM 0Opa3oM:

1 00
(D¥)=|0 0 0.
0 00
It D=e1 ®e2 umeem
010
(DVy=|0 0 0| urm,
0 0 0
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wisi D=e3®e3 ymeem

(DV)=

o C© O
o O O
—_—0 O

s moGoro mueitHoro oneparopa I' u ero MaTpuiIbI ¢ BEPXHUMH
MHICKCAMU

Tll T12 Tl3
Tiy=|T2' T2 T2 |=
T3l T32 T33

WIH, UCMOJb3YysA NBOWHOE CYMMHMPOBAHHUE MO /| U J, 3anuIIeM
T=T'j€;‘®e;‘.
[TonoGHBIM 06pa3oM IOTy4aeM pa3ioXeHUe JIMHEHHOIO OIepaTo-
pa I’ mo npyrum Ga3MCHBIM IHAIaM:
oy ML Y Sy =i SR Ly S
T=Tye ®e", T=T';ei®e”, T=T/e ®e;.

W3 storo ciuemyer, 4To 1000 TEH30p 2-r0 paHra MOXHO Npel-
CTaBHTH B BHAE CyMMBI Tpex nuan. Hanpumep,

T=p,8¢, p,=T'e. 8.1)

ITpumep 3. V310XuUM BaXHBIH IPUMED PA3IOXEHUS 110 Ga3HCHBIM
muanam. Paznoxum ToxaecTBeHHBIN oneparop I =/ mo nuanam Buna

_i —-—
e ®e ;. Tak KaK MaTpUlia Oreparopa B OCHOBHOM Gasuce — eAMHHY-
HAsl, COCTOSINASI M3 JIEMEHTOB 8/, TO MMeEeM
_‘l -
T=I=e ®e;. (8.2)

AHAJTOTMYHO, UCTIONB3Ys €IMHUYHOCTE MATPHIIBI TOXIECTBEHHOIO
omepaTopa Bo B3aMMHOM Oa3uce, MONMyIuM
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T=1=e;®e. (83)

PagenctBa (8.2) 1 (8.3) wist TOXIECTBCHHOTO OMEPAaTOpa nosmyye Hp;
HECKONBKO (OPMAILHBIM CIIOCOOOM — Pa3JIOKEHUEM eAMHUYHOH
MaTpHIIBI MO MaTpulaM 0asUCHBIX AHAL. Ho 31n pasenctBa umeror

M MPOCTOM reoMeTPHYECCKHI BbIBOL. Pa3noxus BEKTOpP X 1o ocHop-
HOMY 6a3Hcy, MOJy4MM €ro MpeACTaB/ICHHUC UCPC3 IPUMEHECHUE NTUHE] -
HOi KOMOMHALIMK 6a3MCHBIX AHal K HEMY CAMOMY:

e L
x=x'e;=(x-e)e =(e®e )x.

[TOoCKOIBKY BEKTOp X MOXET ObITh JIIOObIM, TO MoOJy4yaeMm ripes-
CTaRJIeHHe ToXIecTBeHHoro omepatopa (8.3). AHanoruyHo, pa3snaras

BEKTOP X I10 B3aHMHOMY 06a3HCy, MOXHO IOJIYYUTh BbipaxkeHue (8.2).

B paseHctBe (8.3) 3aMeHUM € CoMIacHO dopmyne (3.2):
T=1=(erere3) " (e1®(e2xe3)+e2 ®(e3xe)+e3 ®(erxez)). (8.4)

IIprMEHMM TOXIECTBEHHBIN OIEPAaTOP K IPOU3BOJIBHOMY BEKTODY

X, MCTIONIb3ysI paBEHCTBA BHAa (€2 xe3)x =e2e3X:

x=1Ix=(ere2e3)"\(e1(e2e3x) +ea(eze1 x) +e3(ere2x)).

ITonydeHHOE BBIpaXKeHHEe — HE 4TO MHOE, Kak mpaBwio Kpamepa
pelIeHUs CUCTEMBI TPEX IMHEWHBIX aNre0panyecKiX ypaBHEHUM C He-
BbIpOXAeHHOM MaTtpulei. KoaPUUMEHTEI pa3IoKeHUs IIPOU3BOIL-

HOIO BEKTOpa X IO IMPOM3BOJILHOMY 0a3uCy €1, €2, €3 BBhIPaXaloTCs
Yepe3 ONpEAeIUTENIb CUCTEMBI, PABHBIM CMEIIAHHOMY MPOM3BEACHHUIO

e1e2e3 (ecnu KOOpAMHATHI BEKTOPOB 3aJaHbl B HEKOTOPOM ITIPaBOM
OPTOHOPMMPOBAaHHOM 0a3uce), U NMPUCOEIUHEHHBIE ONPEACTIHUTEIH,
MOJTy4aeMbI€ U3 OCHOBHOTO 3aMEHOM I00YEePeIHO OJHOro cTo0la Ha

— e w— —— — e — — ——

CTONOELL IPaBOi YaCTH COOTBETCTBEHHO €2€3X = X€2€3, e3€1X = e1Xe3

H éjexx.

IMoyuum u3 popmyis (8.4) HEKOTOPEIE CJEACTBHS, KOTOPBIE OYIyT
HICIIOJIb30BaHbI B JaJibHeWIeM. 3anuiueM paBeHCTBO (8.4) B BUIE

(e1e2e3)] =1 O (e xe3)+er @ (e xe)+e3 ® (el xe2).
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OHo cnipasegmnso A5t moGoro BekTopa X ¥ moBbIX IMHEHHO He3a-
BHCHMbIX BEKTOPOB €1, €2, €3. [ToCKOJbKY 106YI0 TPOiiKy KOMIUTaHap-

HBIX BEKTOPOB @, b, ¢ MOXHO npeCcTaBUTh KaK Ipeie)l IoC/e10BaTe b
HOCTH HEKOMIUTAHAPHBIX BEKTOPOB, TO 10 HEMPEPLIBHOCTH MOTYYMM,

-— e s

4TO JIst MOOBIX BEKTOPOB @, b, ¢ CripaBeUINBO PaBEHCTBO

(abe)I = a®(b><c)+b®(c><a)+c®(axb) (8.5)

9. Tensopsi 2-ro paHra Kak JMHeHbIe ONepaTopbl

Onpenenenne 4. TeH30poM 2-r0 paHra Ha3bIBAETCS JIMHEHHBIN
oneparop 7.

Onpenenenne 5. TeH30pOM 2-ro paHra Ha3bIBa€TCs TNHEHHAS KOM-
OuHas mua.

Iycts I' — mo6oi TMHEHHBIH orepaTop, TOrIa WISl HETO UMEEM
MIPeICTaBICHHS

OTKYyJa CJIEAYeT SKBUBAJICHTHOCTDH OBYX OIPEIEC/IEHUMA TEH30POB 2-TO
paHra.

Ilpeobpasosanue Koopounam mensopos 2-20 panza. Tlpu mepexome
K HOBOMY OCHOBHOMY 6a3uCy ¢ MOMOINBIO MaTpMIbl nepexoma A
(obparHast marpuna B) 31eMeHTBI MaTPHILL (KOMIIOHEHTHI MJIX KOOP-
JAWHATHI) TEH30POB 2-T0 PaHTa KaK JJMHEHHBIX OIepaTopoB Mpeobpasy-
IOTCSI TaK Xe, KAK KOMIIOHEHTHI THa;

T% =T*"bib}, — xoHTpaBapMaHTHEIE KOOPAMHATHI (TAKXKE TIPH-
HSITO TOBOPUTB, YTO OHU oOpa3yior TeH3op tuna (0,2));

Tj = Tymafa] — xoBapuaHTHBIE KOOPIMHATHI (06PA3YIOT TEH30P
thna (2,0));

T"; =T*,b,a] — cmemaHHBIe KOOPAMHATEI (06PA3YIOT TEH3OP
tuna (1,1));

Tf =T"a; ¥b) — cMemaHHBIE KOOPAMHATHI (TAKXKe 00pa3sylioT TeH-
3op tuna (1,1), oTaIMYaOWMIACA OT NMPEABIIYIIETO T€M, YTO TEPBhIi
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MHJIEKC — KOBApHaHTHbIN, BTOPOH — KOHTPAaBAPHaHTHBbII; y npe ;-
ayuiero — Haobopor).

B MaTpuyHOM BHie 3TH COOTHOLLEHMSI TAKKE UMEIOT TOT Xe BUII,
4TO W WISl AMa:

(T";)=BT(I"')A", (T/)=AT)B,

()= A(Tim)AT, (TV')=BT(T*")B,

Cnyck u nodsem unoekcos men3opogé 2-2o0 panea. Iepexon or O/IHOTO
BHJIa KOMITOHEHT TCH30Pa K APYroMy TMPOBOAMTCSI € MOMOILBIO MaTpuiy |
Ipama 1o ToMy Xe IMpaBuJTy, YTO W WIS AUAL:

T;=T*gu, TV=T', gV, T)=TWg, 9.1)
MT A
IIpamep 4. Tensopom 2-ro paHra sIBJISIETCS B 3 YACTHOCTH TOXIECT-

BEHHBII JIMHEWHBIM onepatop 1T =1, T. e. Ix=x s moboro x. Ero
MaTpHlia B OCHOBHOM M BO B3aMMHOM 0a3yce — €IMHWYHAS MaTPHIA

=g = | A L
=0 0, i=j,
(tensopnl Tuna (1,1)), 1. e. (T';)=(T/)=E.

KoapuanThsle koopmuHatsel Tj; = g; (KOBApUAHTHBIN METPHIECKHIA

TeH30p), Tensop tumna (2,0). KoxrpasapnanThsie koopmusars: 17 = g7
(KOHTpaBapHMaHTHBIIA METPUIECKMIA TeH30p), TeH30p Tuma (0,2).

CxansipHoe NPOM3BE/IEHHE X - Y = 8;x'y/ — B KOHTpPaBapHaHTHBIX
KOOP/IMHATaX BEKTOPOB, X -y = gYx;y;, — B KOBapMaHTHBIX KOOPAUHA-
Tax BEKTOPOB (MOPa3yMeBaeTcsi CyMma Ef ;=1) . Takoke Xy = x;y* =x'y;.

Taxum 06pazom, KoopaMHaTHI TeH3opa I’ = I 3amaiorcsi MaTpHLIAMH
Ipama, g; — rensop (2,0), g/ — tensop (0,2), 8/ — rensop (1,1).

Tpumep 5. Knanparmamas popma ox'x/ (o =), tae (o) —
MaTpuua kBaapaTH4HOU (opmer B Gazuce e;. B HoBoM Oa3suce eJr
(xoopmuHatel x')

k'

SR ey '
a;x'x) = a;a,x¥alx" = o alalxF x" = oy x* x"
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Takum oBpaszom, B HOBOM Ga3uce KOOpAMHATHI MaTPHILI KBaJIpa-

THYHOM OpMBI GyayT O}y = 01;@a7, T. €. MaTpuua (0;) — TEH30p
tina (2,0).

Hrak, TeH30pBI 2-T0 paHra — 3T0 JMHEHHbIE OrepaTopbl. BekTopsr
€CTECTBEHHO pacCMaTMBaTh KaK TEH30pbl 1-ro paHra, CKaasipHbIe Be-
JIMYHHBI — KaK TeH30pbl 0-ro paxra.

10. Onepauyu ¢ TeH30pamMM 2-ro paura

Onpenenenne 6. CymMa TEH30pOB 2-ro paHIa M UX NMPOU3BEACHHE
Ha YMCJIO ONMPEICISIIOTCS KaK COOBETCTBYIOIIHUE OTIEPALIMH IS IMHEH -
HBIX OITEPaTOpPOB:

(G+h)x=Tix+Tx, (aT)(x)=a(Tx), acR.

CyMMe TEH30pOB COOTBETCTBYET CYyMMa MX MaTPHII, TIPOU3BEICHUIO
TEH30pa Ha YHUC/IO — MPOU3BEIECHUE MATPUIILI HA YHCJIIO.

Onpenenenne 7. Kommo3umusa (YMHOXEHHE) TEH30pOB 2-TO paHra
OInpeAensieTcs KaK KOMITO3UIIMS IMHEHHBIX OIIEpPaTOPOB:

(ITy)x = T,(T,x).

- -j it
B Gasuce e; qmbo e i matpuu cootseTcTBeHHO (1)) nmbo

(7}') MaTpMiia OIeparopa KOMITO3UIIMY paBHA MPOM3BEICHHUIO MaTPHLL
JBYX TeH30poB. [JIs MaTpUIl KOBApUAHTHBIX TMOO KOHTpaBapUaHTHBIX
KOOPAMHAT 3TO yX€ HEBEPHO, ITOCKOJIBKY OHU He SIBJISTIOTCS MaTpHIia-
MU oneparopa B omgHOM Oasuce.

PaccMoTpyM KoMIo3uimio asyx auan D) = x ®} ub= v®w. Ha
IMPOM3BOJIbHBIN BEKTOP Z OHA AEHCTBYET CIEAyIOLIUM 00pa3oM:

(DDy)z=Di(Dy2) = (x @ Y)(v®W)(2)) = (x ® y)(W(W+2)) =

Takum o0Opa3oM, Ui ONepaTopa KOMITO3ULIMHU JIHal UMEEM

(x®y)(vOW)=(y - V)(x®W). (10.1)
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BexTopsl ¥ u v, crosiune psaaoM B cepeInHe 3alMCH KOMITO3ULIUH
JMal, CKaJIIpHO YMHOXAIOTCS. DTOT CKaIIp YMHOXAETCsl Ha AHany

KpaWHMX BEKTOPOB X M W.
[Ipumenum paserctso (10.1) Kk koMnosuumm aByx auan a®er u

e ®(bxo):
@®e1)-(e' ®(Bxe)=(e1-e Ya®(bxc)=a®(bxc).
AHATOrHYHO
(b®e2)-(e” ®(cxa)) = b®(cxa),
(c®e3)-(e° ®(axb))=c®(axb).
Mcronp3yst 5TH paBeHCTBa, MMoJIyJdaeM M3 paBeHCTBa (8.5)
(abc)l = a®(bxc)+b®(cxa)+c®(axb) =
-— S - - - — - i e — "t ..3 - ==
— (a®e +b®er+c®e3)-(e ®(bxc)+e ®(cxa)+e ®(axh)). (10.2)
IIpu pacKpHITHH cKOGOK B mpaBoii gacti ¢popmyisl (10.2) yureHo,

_— — _2 pald F—
9TO CyTaraeMble THNa KoMmmosuuuu quan (a®ep)-(e ®(cxa)) B cwny

pasexcTBa (10.1) o6pamaiorcss B HyJIb, TaK KaK €1 -62 =(0. HanomuHa-
eM, 94TO TOYKa MeXAy cKoOKaMu B mpaBo# JacTu Gopmy-
a1 (10.2) o3HagaeT Kommo3uuio oneparopoB. Pasercrso (10.2) Gyzer
MCIIOJTb30BaHO B JAJIbHEMIIEM ITPH T0Ka3aTeJIbCTBE BaXKHOM TEOPEMBI.

Onpenenenne 8. TpaHCIIOHMPOBAHHBINA TEH30p (COMPSIKEHHbBIA
JIMHEHHBINH ONepaTop) ONpeaelseTcs cieaylonuM obpazoM. TeH-
s3op TT HasbiBaeTcs TPaHCIOHMPOBAHHBIM K TeH30py I, €CIH

Tz-w=2z-TTw mia Bcex BEKTOPOB Z, W.
NHbIMM CTOBaMHU, TEH30p MOXHO «IepebpachiBaTh» ¢ OXHOTO BEK-
TOpa Ha IPYroil B CKAJISIPHOM IMPOU3BEICHUHU C IIOMOIIBIO TPAHCIIOHM -

POBaHHOrO TeH3opa. B Kypce JMHeHHOM anreOpbl onepaTop TT na-
3bIBACTCSA COTPSDKEHHBIM JIMHEHHBIM OIEPaTOPOM.

Paccmotpum muagy D =x®y. Haiimem DT:

Dz-w=((x®y)2)-w=(x(y-2))-w=(p-2)(x-w) =

34



=z-(x-W)=z-((y®x)w),
re. DT = ;®J_r. B xoBapmaHTHBIX KOOpAMHATAX

nx nx: nx XN Xy X))
(DS )=|»xi »xs »x|=|Xn X»m %Xy
y3sxp WXy )3X3 X3 X3y X3)3

T e. (DIJT)=(D;})T-
AHAJIOMMYHO B KOHTPABAPMAHTHBIX KOOPAMHATAX

yix! plx2  ylx3 Xyl xly? xlyd T
(DTi)=| y2x! yix2 y23 |=|x2pt x2y? x23| =(Di)T.
yx! px? 0 3y 3y x3y3

Taxmm 06pa3oM, MaTpHLIbl KOBAPHAHTHBIX WIM KOHTPaBapHAHTHBIX
KOMITOHEHT TPAHCMIOHMPOBAHHOM JTUAMBI MOMYYAIOTCS TPAHCIIOHUPO-
BaHMEM COOTBETCTBYIOLIMX MAaTPUII CaMOM IUAIbI.

Jnsi cMeIIaHHBIX KOMITOHEHT JUaIbl ITOTydaeM

T
y'xp Y'x,  ylx )t xy?r x?

D)=y yx yx|=|xny xn? x| =@D)T,
Ya y’n yx) (xmy xy? xy

aHaNOTWYHO (D'f*f )= ;)T . Taxum 06pa3oM, NMpH TPAHCITOHUPOBAHWUH
MaTpULBI CMEIAHHBIX KOOPAMHAT AMAIbI MOJTy9aeM MATPHUILY COMpsi-
XEHHOM JAuaasl B CMEIIAHHBIX KOOPAMHATaX APYroro BHIa, T. €. U3
MaTpMLELI B OCHOBHOM Ga3uce MojiyyaeM MaTPULy BO B3AUMHOM U Ha-
obopor.

Tax xax TeH30p 2-ro panra I’ siBisieTcst TMHEHHONH KOMOUMHaNMeH
OWal, TO VI HETr0 aHAJIOTHYHO TMOJIYYHM (T} )= (TI},()T , 4TO B KOOp-
IMHATaX 03Ha4aeT TJ =Ty

Ananormano (T'T¥)=(T¥"T, TTi=T#

Jns CMEIIaHHBIX KOOPAMHAT MOoJIydaeM

" )= () TV =T,/
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(TT)=T')", T{' =T,

Takxum 06pa3oMm, NpH TPAaHCTIOHMPOBAHMM MAaTPHLbI JIMHEHHOrO
omneparopa B 1000M 0CHOBHOM 6a3uce rnonyyaeM MaTpuily COMpsDKEH-
HOTO oreparopa BO B3auMHOM 6a3uce, MpH TPaHCMOHUPOBAHHH MarT-
PHLIBI KOBAPHAHTHBIX TMG0 KOHTPAaBapHUAHTHBIX KOOPIAWHAT — MaTPHILY
TeX Xe KOOPAMHAT CONMPSDKEHHOro (TPaHCNOHMPOBAHHOTO) oreparopa
(B Kypce MMHEHHOM anre6pbl Wist MATPHLIbI COMPSDKEHHOTO JIMHEHHOTO
oreparopa B HEKOTOpoM Gasuce, T. €. UIsi CMELUIAHHBIX KOOPAHHAT TEH-
30pa, 3TO BEPHO TONBLKO B CJIydae OPTOHOPMHPOBaHHOIO Ga3uca).

BuimenpuseaeHHbie GOPMYJIbI VIl KOOPAUHAT TPAHCTIOHHPOBAH-
HOTO TeH30pa 2-T0 paHra MOXHO KpParTkO ONMUCaThb OY€Hb MPOCTHIM

0o6pa3oM. DIEMEHT C JIEBBIM HHIEKCOM i ¥ nMpaBBIM MHAEKCOM j s
TPaHCIIOHHPOBAHHOTO TE€H30pa MOJYYaeTCsA, €CIIU VIS NIEMEHTA MC-

XOJTHOTO TEH30pa C MHAEKCAMH [ W j WHOEKC i CIenaTh IpaBbiM, a
wHaekc j — neBbIM. [IpM 3TOM KaXObli MHIEKC COXPaHSAET CBOE
BepXHee WIM HIDKHee mojioxenue. Insa koopauHar I; u T7 3t0
PaBHOCIIBHO TPAHCIIOHMPOBAHMIO — [BAa HIDKHUX (BEPXHMX) HHIEKCA
MPOCTO MEHSIOTCSI MecTaMu. [l cMeIaHHbIX KOOPOAUHAT IOoJIy9aeM
cMemaHHbIe KOOPAWHATHI APYroro BUIA.

Onpenenenne 9. Tensop 2-ro panra ' Ha3pIBaeTCs CHMMETPHYIHEBIM,

ecmu TT=T.
CyumMeTpHyYHBIN TeH30p I SIBNISIETCSI CAMOCONIPSDKEHHBIM JIMHEH-

HbIM oneparopoM. Tensop 7' sBIsieTCSI CAMMETPHUYHBIM, €CJIM MaTpH-
112 TPaHCIIOHMPOBAHHOTO (COIMPSIKEHHOr0) orneparopa B JIIOOOM U3

YeThIpeX €€ BUIOB — (T;, ), (T?), (7:Jr B (Tf j) — COBIMANAET C MAaTPULIEH
OIepaTopa 3TOro Xe BUJA, T. €.
T; =Ty, TR =TV, Tij =]}f, T,/ =T/,

(nocnexHMe nBa paBeHCTBA MOBTOPSIOT APYT Apyra). Ha mpakTuke 10-
CTaTOYHO NPOBEPUTH COBIMANEHUS MATPHIl TOJBHKO JUISl OJHOro BHIA,
OCTaNbHBIEC TPU OYAYT TAKXKE COBITANATH.

Onpenenenne 10. Tenzop 2-ro panra 7' Ha3sIBaeTCsl AaHTHCUMME-
TpuaHbM, ecou T ' =T,
AHTHCMMMETPUYHOCTb TEH30pa 03HAYaeT ISl MaTpHLI, YTO

T}"=_YE"’ Tﬁ:_TU’ T‘j':—Tjj, 7}}=—ij.
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Onpenenenne 11. CummerpupoBanueM TeH3opa I Ha3biBaeTcst
TEH30p

1
,=5(T+TT).

Onpenenenne 12. AnbrepHupoBaHueM TeHsopa I' HaspiBaeTCs
TEH30p

1
T - T_TT .
a 2( )

3mech BUAHO, 4TO Iy — CHMMETPHYHBIA TEH30p, a I, — aHTHCHMMe-
TPWYHBIN TeH30p. JleNCTBUTEIBLHO,

@7 =%(T+TT)T =%<TT +(TT)T)=%(TT +T)=T,
1
2

1

@) = @-T) =-;—(TT _TH)=1aqT-1)=-1,.

Ouesunno, I =T +1,. Takum oOpa3omM, M0060# TEH30p 2-r0 paHra
MOXET OBITh ITPECTaBIeH B BUIE CYMMBI CHMMETPHYHOIO M aHTUCHM-
METPHYHOIO TEH30DOB.

Onpenenenne 13. Cnegom TeH30pa 2-ro paHra Ha3bIBaeTCsl BEJIH-
YUHa

- =

Sp(T)=Tr(T)=Tei-¢ +Ter-e +Tes-¢ =Tei-e,

rae €1, €2, €3 — MPOU3BOJIbHBIN 6a3MC MPOCTPAaHCTBA.
TToxaxeM, 4TO onpee/ieHe KOPPEKTHO, T. €. CJIEX HE 3aBUCHT OT

- -1

BeiGopa Gasuca. ITo dpopmyne Tu66¢ca (3.3) monygyaem, uro T'ei-e —
nepsasi KOOpAMHaTa BekTopa 1€l B 6a3uce €, T. €. JIEMEHT NEpBOMH
cTpoxu u nepsoro cron6ua marpunsl (77;) Tensopa (omeparopa) T
- - -1 - =2 - =3
B6asuce ¢;: Ter-e =T'\. Ananornuro, Tez-e =T%, Tes-e =T3,
% &
SP(T) an Tll + Tzz +T33 st T!,r.

B HoBOM Gasuce €; umeem T/ = T, bia" =T*,, Tak xak B crwry
Toro, 9ro Marpuubl A u B — B3auMHO oOparHsIe,
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a’
bia" = (b}, b}, b)| ay |=8] =

{l, k=m,
m
ay

0, k#m.

Hrak, onpeneneHune ciena He 3aBucuT ot 6a3uca.
Cnen paBeH CyMMe JIMAaroHaJIbHbIX JIEMEHTOB MAaTpHLIbl TEH30pa

B POM3BOILHOM Gasuce, T. e. MaTpuubl cMewanubix (77;) koopmuuar

pe ;
TeH30pa. B 9aCTHOCTH, 3TO BEPHO M U1 6a3uca € , B3aUMHOIO K Ipo-
M3BOJIbHOMY Oasucy €j, T. €.

Sp(T)=T;'.

B KOBapHaHTHBIX WIM KOHTPaBapMaHTHBIX KOOpAWHATAX, UCITOIb-
3ys MOABEM MHIECKCOB Y KOBApDMAHTHBIX WIM CITYCK HHIOCKCOB Y KOH-

TpaBapHaHTHBIX KOOPAMHAT, MOTYYUM

Sp(T)=T'; =T;;84, Sp(T)=T"*gy.

3
3mech MoApa3yMeBaeTCsl ABOMHOE CYMMHPOBaHUE 2 k=t

Tl mmamer D=x®y umeem Sp(D)=D'; =x'y, =Xx-y, T e. cen
IMAIE] paBeH CKAISIPHOMY IIPO3BE/IEHHIO BEKTOPOB, 00Pa3yIONIHX JHATY.

Onpezeenne 14. IIIapoBoii YacThio TeH30pa 2-10 paHra I Hasbl-
BalOT TeH30p 1 = %Sp(T)I , tne / — TOXIEeCTBEHHBINA OIEepPaTop.

T, — nuHeHBIA OnepaTop pacTsDKeHHUs (CXaTtusi). B cMenaHHbIX
KOOpIMHATax

(1
3 Sp(T’) 0 0

(m‘;=(mﬂ=§3p<m= 0 %sm‘) 0

0 0 Llsp(r)
3 )

\

Takum obpazom, Sp(7}) = Sp(T).
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Onpenenenne 15. JleBnaropHoii yacTsio (1€BHaTOpOM) TEH30pa 2-T10
paura I' HaswiBalot TeHsop I; =71 -T;.
3mech BUIHO, 4TO CJIE/l IeBUATOPA PaBEH HYITIO:
Sp(T;) = Sp(T' - Ty) = Sp(T') -Sp(T) = 0.

Ouesnuano, yro I =71, +1,, 1. ¢. mobo# TEH30p 2-T0 paHra MOXHO
MPeICTaBUTh B BIIE CYMMBbI TEH30pa PacTsDKeHMs1 (CKaTHst) ¥ TeH30pa

C HYJIEBBIM CJIEIOM.
Dynxyuu om menzopos. Komnosuuus (MpousBeeHue) TEH30pOB

MO3BONSET ONMPENENUTh CTeNeH! TeH3opa 2-ro paura: 1T =72,
T?-T =73 urt a BxoopauHarax Tj- % T,-f CTEINMEHM TEH30pa COOBETCT-
BYEeT aHAJIOrWYHas cTeneHb MaTtpuubl. Eciu cymecTByer o6par-
HIii muHeitEst onepatop T, To Mox#o onpemenuts T2 =(T1)?,
T3=TY)-TH=T"Y urn

MOXHO ONpPEAEIUTs MHOTOWIEH OT TEH30pa

oT)=ayT" +a,T" ' +...+a, T +a,l.

B xoopmmHarax Tj " T,-f MHOTOWIEH OT TEH30pa COOTBETCTBYET

MHOTOWIEHY OT MaTPHIIBI.
Vicrnionbys NpeaeIbHbINA MEPEXO, MOXHO OTPE/Ie/TATh aHATUTHYE-

ckyio yHKIMIO OT TeH30pa I, HarmpuMep

— T" 7)1l b
= T= —— —_— —_— —_— —_—
exp[T]=e ,,Z I+11+2'+3!+ +n'+

CxoIMMOCTh MATPMYHOIO Psifia MOXHO ITOHMMATh KaK CYIIECTBO-
BaHME Ipeaeia Uil KaXIOoro M3 2JIEMEHTOB B INOCNIENOBATEIbHOCTH
MAaTpWII — YaCTHYHBIX CyMM psina. JUist SKCIIOHEHTHI (KaK M JUist o000
dyHKIMHA, aHATUTHYECKON Ha BCei KOMIUICKCHOM IUTIOCKOCTH) 3TOT

PsA CXOmUTCs JUIs o00i KBaapaTHOW MAaTPULIBI H, COOTBETCTBEHHO,
s mo6oro rensopa 7.

11. Ten3ops! BHICHIMX PAHIOB

W3 BHILIEH3IOXEHHOIO MaTepHaa BUAHO, 4To quany D=x®y
MOJXHO PacCMaTpHBaTh Kak COBOKYMHOCTh yucen DY =x'y’ (kourpa-
BapHaHTHBIC KoopauHaThl), Wik Dj; = X;y; (KOBapMaHTHBIE KOOD/IHU-
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Hatel), win D', =x'y,, yau D,/ = x;y’ (aBa Buaa cMeIIaHHBIX KOOD-
OWHAT).

AHaNOrMYHO MOXHO BBECTH MOHSATHE TEH30PHOIO NMPOHU3BEACHHMA
TPeX, YEThIpEX M 11060ro Yucaa BEKTOPOB.

Onpenenenne 16. Tpuanoit 1=x® y®z BeKTOpoB X, Y, Z Ha3bl-
BAIOT COBOKYMHOCTh YHCE

o i . x * -

-cb'k =x‘szk, tﬂk =xfyfzk, tfj — xfyjzk’ T‘-J = x‘yfz p
: : ; . o

T = X'V T.'jk =Xy 2 Ty = x;)’jZk, Tijk = XiV jZk -

Bcero nmeercs 2° =8 Bumos xoopauHat Tpuaabl. Kaxnbiit uz
8 BMIOB KOOPAMHAT TPHAIbl MOXET pacCMAaTPUBATBLCA KaK KyOudeckas

matpuua u3 3° =27 31eMeHTOB, e TPETHI MHAEKC 33[aeT HOMEp
VPOBHSI («3TaXa») JaHHOIO 3JIEMEHTa MaTPHIBI BHYTpH KyOa. [lepBoie
IBa MHIEKCA 33Jal0T HOMEP CTPOKU M CTOJIOLIA 3JIEMEHTA B KBAIpaTHOM
MaTpHIle, SBISIOMIENCS TOPU3OHTAIBHBIM CEYEHHEM («3TaXOM») Ky-
OMYECKOM MaTpHIILI.

Tpuagy MOXHO pacCMOTpPETHh KaK JUHEWHBIA OIeparTop, nencmy-

JOIIMI Ha Mapy BEKTOPOB (Gwnmem{bm oneparop). Tpuama Tt =x®y @z
NEWUCTBYET Ha Mapy BEKTOPOB ¥,V CJIEAYIONIMM 00pa3oMm:

WW,v) = (x®y®2)(,v) = - W)(x®)(v) = (z- W)y -¥)x.
MHEeMOHWYECKH pe3YJIBTaT ACHCTBUS TPUAABI HA Mapy BEKTOPOB
(x®y®2z)(4,v) serko 3aIIOMHUTH IO CIIEAYIOMIEMY ITPUHIIUITY: CHA-
Ja/ia TPeTHIA BEKTOP TPHAJhl Z CKAJISIPHO YMHOXeTCsl Ha OyKaIin

K HEMY BEKTOP ¥ M3 IIaphl U, V; TONY4CHHOE THCIO - u YMHOXA€eTCsI

Ha pe3yNbTaT NeUCTBUS MUAAIbI x® Y Ha BEKTOp V.

IIpeo6pasoBaHue KOOPAMHAT TPUAALI NIPHU MEPeXoNe K HOBOMY
Gasucy aHanormyHO npeoOpa3oBaHUIO KOOPAMHAT AMaxbl. BepxHue
MHEKChI Npeobpa3yioTcs ¢ MOMOIIbI0 00paTHOl MaTpuusl B =47,
HVKHHE — C NMOMOLIBIO NMPSAMOM MaTpULbI nepexona A, T. e.

<k =Tm"‘bf,,b§‘bf, Tﬁkr — t’"}'b,‘,,b,{ai, .

kt o .. _
Ty =Tmpalalbf, T = Tmuia"a}aj.



3nech noxpasymesaercs TpOHHas cymMmma Z

m,nl=1"
HOIE'bCM H CITYCK MHJEKCOB TpHalbl aHAJIOTUYCH 3aTOM npoueanype

IUIS BEKTOPOB U TEH30POB 2-I0 paHra

i — .ijm [ e mrk
Tk t 8Emk s t;‘ gm;s---

YT0GbI OmycTHTB BepXHMit MHIEKC 7 W NMPEBPaTUTh ero B K (win J),
YMHOXaeM TpeobpasyeMylo KOOpAMHATY Ha 2JIeMEHT MaTpulbl [pama
G ¢ HIDKHMMM MHIEKCAMU i (WIM &y COOOTBETCTBEHHO), CYMMH-
Pysl DU 3TOM IO MOBTOPSIIOILEMYCSI HHIEKCY .

AHaJIOTMYHO NMPH MOAHSTHH MHACKCa UCIIONb3YIoT MaTpuity Ipama

G~! ¢ BepxHMMH MHIEKCAMHE
| = i o —
Tk LY S T Tae ™ k0.

Onpenenenne 17. Teuzopom 3-ro paHra P Ha3pIBaeTCs JIMHEHHAS
KOMOMHaUMs TpHaL.
KoopouHaTel TEeH30pOB 3-T0 paHra: P _ xoHTpaBapHaHTHEIE,

RGN & : i
Py, P, B, Py, By, B;" —cvemannbie, B — KOBapHaHTHBIE.
[Ipeo6Gpa3oBaHue KOOPOMHAT TEH30pa 3-TO paHra MPOMCXOIUT IO

AHAJIOTMYHBIM JUIS TPUAIB! IIPABUIAM

P - . -kf e I s e 1
Pk = pmnipi pipk P =P, "a"bjbf, ..., Pu' =Puuaf"aja;.

i

3
3mech moapa3syMeBaeTCs cymMmma Zm ni=T

TMoaBseM ¥ CITYCK MHIEKCOB TaKKe IMPOBOJMTCS aHAIOTMYHO TPHaaM

Pﬁk':P:nkgmjy Rjk=}:’£gmj? see s

3
3mech MOAPa3yMEBAETCs CymMMa 2m=l'

Kak ¥ TpMana, TEH30p 3-TO paHra MOXeT ObITh ONpPENesIeH KaK
ﬁwmcﬁlmﬁ orneparop, nepeBo,uﬂumﬁ YTOPAIOYEHHYIO Mapy BEKTOPOB

4 © V B MX 00pa3 — BEKTOp W= P(u, v) KoopauHaTel TeH30pa
3-ro paHra npH 3TOM MOTYT ObITh onpe,nenenu KaK KOOpIMHAThI 00-

pa30B Map Ga3UCHBIX BEKTOPOB P(e ,e ), P(e ,ek) U T I IMpuaem

5T KOOPAMHATHI MOTYT GBITh NPE/ICTABJIEHBI 110 (hOpMyJIam Iu66ca (3.3)
KaK CKaJIApHbIe NMPOU3BeAeHUsI 6Ga3MCHBIX BEKTOPOB Ha 06pasnl
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. =5 -j —k " s o e -

pik =ef-P(eJ,e ), P% =e -P(e-’, ex)i v By, =e;.P(Eh Ek) s
XEHHe Ha € JaeT KOOpAMHATY 06pa3a B OCHOBHOM Gasuce, na ¢; __
B3aMMHOM Oasuce). Ilepsoiit (neBblit) MHIEKC TIPH 3TOM coorper,
BYET HOMEPY KOODWHATLI 00pa3a, BTOPOIt M TpeTHii Mimekcy; Ho;T .
paM Da3HCHBIX BEKTOPOB, 00pa3 KOTOpBIX paccMarpusaercs, 3ay -
4TO, KaK M paHee, PacroNOXCHNE MHIEKCA BBepXy (BHH3Y) B nenor;
4aCTH PaBEHCTB MOJTHOCTBIO COOTBETCTBYET MX PACTONOXeHUIG 5 MpaBoij
qacCTH, YTO IMO3BOJIACT JICITKO BBIIMMHCHLIBATH 3TU COOTHOIHCHHH,

Kax u B ciryyae TMHEHHBIX ONEPaTOPOB OT OMHOrO BEKTOpa — te.-
30pOB 2-T0 PaHra — KOOPAMHATHI 06pa3a mappl BEKTOPOB W = P(u, v)
MOTYT OBITH HaMACHBI C HCIIOJb30BAHUEM KOODAMHAT T€H30pa
3-ro paHra (3JICMEHTOB COOTBETCTBYIOIIUX KyOGHUYeCKux Marpury)
W =Py, w=Pluv", ..., W= Beubv" ¢ nomomsio CyMMHU-
POBaHWs 1O IBYM NapaM IOBTOPSIIOLIMXCS CBEPXY M CHHU3Y MHIIEKCOB,

IIpumep 6. PaccmoTpum ciienyronmmii TEH30p 3-r0 paHra &£ wuy

OwrmHeWHBIA onepaTop, KOTOpHIit TIEPCBOMUT Iapy BEKTOPOB 4,

B MX BEKTODHOE NPOM3BEACHUE, T. €. £(U,V)=uxv. Dror TEH30p Ha-
3bIBacTCs TeH30poM Jlesn — Yusuter. Haiinem, Hanpumep, KOBapH-
aHTHBIC KOODAMHATHI TeH30pa &

i =ei-E(ej, ex)=e; (ejxex)=eiejex.

TaxuM 0bpaszom, KOBapHaHTHEIC KOODIMHATEL TeH30pa Jlesu—Yu-
BHTbI PABHBI CMEIIAHHBIM IIPOM3BEIEHHSIM COOTBETCTBYIOIMX BEKTOPOB
OCHOBHOIrO Gasuca. OyeBHIHO, YTO & =0 B TOM ciygae, ecu XoTs
OBl B2 MHmeKkca i, j, kK copmanaior, Harpumep & 15 = 0 u ToMy mo-
no6Hoe. HeHynesble KOOpIMHATEL PaBHBI tejeze3, a UMEHHO, NPH
TNONapHO¥ NepecTaHOBKe ABYX MHIEKCOB B Tpoiike 123 momygaeM
3HaK MUHYC, Hanpumep &3 =-E&y; =—ele2e3. [Ipu UMKIHIECKON
IpecTaHOBKe MHAEKCOB 123 monyyaem 3HaK muIOC, HAIPHMED
&1z = &3 = e1e2e3. Bremem cumsons: JTesu—Uupurst Ejjk CITEIYIOLIMM
obpasom. Io onpenenenmio €,; = 1. Ipu monapHoii TEPECTAHOBKE

HHICKCOB MCHAETCS 3HAK CUMBOJIA: £33 = €3 = €31 = —1. [IpH
IHKIMIECKON NEPECTAHOBKE MHAEKCOB 3HAK OCTAETCSH MPEXHUM:

€312 = €231 = €123 = 1. Ecnu 1Ba MHIeKca cOBMAmaloT, TO CHMBOJ PaBeH
Hymo. Torna koBapuaHTHBIE KOOpAMHATHI TeH30pa JIeBu — YHBUTHI
BBIPAXAIOTCS C/IEAYIIAM 00pa3oMm:
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Eik = Egrereres.

OTMeTHM Taicke, YTo caMu cuMBOJibl JIeBH — YuBHTLI (Ha3bIBaeMBbIe
Takxke 06006ueHHsiMu cuMmBonaMu KpoHekepa mau cumponamu Be6-
JIeHa) He 00pa3yloT TeH30pa, NMOCKOJIbKY OHU HE MEHSIIOTCS NPH repe-
Xole K HoBoMy 6Gasucy. HeM3sMEHHBIMH NpHU nepexoe K obomy 6a-

3HUCY MOIYT TOJIbKO KOOPAMHATBI HYJIEBOrO T€H30pa.
BexTropHoe nmpou3BeneHHE JIOOBIX BEKTOPOB MOXET ObITh TOrIa
3anmmMcaHo Yepe3 KOOpAMHAThl TeH30pa JleBu — YMBUTHL U CUMBOJIBI

JleBn — YMBHTHI:
p— p— —— _!‘ _" - an
uxv=E(u,v)=Eguvke =(eyu/vke )(erezes).

AHaJIOTHYHO MOXHO PaCCMOTPETHh JAPYrue BUAbI KOOPAMHAT

| I s
reH3opa JleBu—YMUBUTH, HAIPpUMED 6',}- =ejeje , TOrga Uxv=
- - . =i
=&(u,v)= Eﬁkuka e.
AHAJTOTHYHO JWaJaM M TPHUAIaM BBOIOUTCS OIpPEHEJICHUE TEH30p-
HOTO MPOM3BEACHMS MTPOU3BOJIBHOIO KOJIMYECTBA BEKTOPOB.

Onpenenenne 18. [Tosmanon J_C(]) ®;(z) ®... ®;(r) Ha3bIBaIOT COBO-
KYIIHOCTb YHCeI

i i i
X(1) *@) "+ Xy

j i
x(l)q 'x(’%) *u ..'x(':,),
vey

Xy “X@)iy e+ X(rip *

31ech HIDKHUM HHIEKC B CKOOKaxX 03Ha4aeT HOMEp BeKTOpa, WHACK-
CHI BHH3Y WIH BBepXy 6€3 CKOOOK — KOBapMaHTHBIE WM KOHTPaBapH-

aHTHBIE KOOPIMHATHI COOTBETCTBYIonIero Bekropa. [lonuana umeer 2
BHJIOB KOODAMHAT, KaX/1asi KOOPAMHATA PABHA IIPOU3BEAEHHIO ' MHO-
xwuTeseii. Bcero KoopamHar JaHHOTO Buja (HarmpuMep, KOBapHaHTHBIX,

KO/ BCE MHIEKCHI Y KOOPAMHAT BEKTOPOB — HIDKHME) uMmeercst 3'.
MOXHO JaTh ONpeJesieHue Moauaabl Kak JMHEHHOro oneparopa,

JEeWCTBYIOIIEro Ha COBOKYITHOCTb, COCTOSIIIYIO U3 7' —1 BEKTOpOB.

Onpenenenne 19. JIuHeitHas KOMOMHALMST MOJIMAX Ha3bIBACTCs
TEH30pPOM paHra 7.
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[peobpazoBaHue KOOPAMHAT TECH30pa paHra ’ TpH nepexone
K HOBOMY 6a3ucy NMPOBOAMTCH TaK XK€, KAK M JUIsl TCH30POB HU3IIKX
paHroB. BepxHue HHACKCH MPeoOPasyloTcs ¢ MOMOLUILIO 3/IEMEHTOB
o6paTHOI MaTpHL nepexona B, HUXHUE — C MOMOLUBIO /1eMeHTOR

npsMoit MaTpuubl nepexona A.

Onpeneaenne 20. TensopHoe MPoM3BEACHHE TEH30POB paHra
W 7y ecTb TEH30p paHra / +7, 006pa3’oBaHHLIA MPOU3BEACHHAMYU KO-
OPAMHAT 3THX TEH30POB.

Ipumep 7. Iycts 7, S — tensopst 2-ro paura. Torna T®§ —
tensop 4-ro paHra. Ero KoopAMHaThl ONMPEReSIOTCs CIEAYIOMM 06-
pasoM:

Rk =Tigk Rtﬂ;:y‘iisf, ey Ry =T;Sy.

Ilpumep 8. Ilycts I — TeH30p 2-ro paHra, W BekrTop. Torma
P=T®w — teH3op 3-ro paHra, MMEIOIMIA KOOPAUHATHI

Pk =Tiwk PY =Tiw, .., Py =Tyw.

Onpenenenne 21. CBepTKa TeH30pa IO BEPXHEMY M HWUDKHEMY MH-
NEKCY ONpENEIseTCs CIEAYIONUM 00pa3oM: GUKCUpYyeM OIXUH BEPXHUIMA
¥ OJMH HIDKHMI MHIEKC M 3alaéM MM OJJMHAKOBOE 3HauyeHMe K; CyM-
MMpYEM II0 IIOBTOPSIIOLIEMYCSI MHIEKCY K.

Takum 06pa3oM, paHT IOJYYEHHOIO TeH30pa OyaeT Ha JaBa HHXeE,
9eM Y MCXOQHOI0 TeH30pa.

IIpumep 9. CeepTka TeH30pa 4-r0 paHra JaeT TEH30p 2-T0 paHra

- - 3
R”, =0, rne B NeBOIl YaCTH MOZPA3YMEBAETCS CYMMA ), -

ITpumep 10. Ceeprka TeH3opa 2-ro panra I'; =Sp(T’) — paBHa
cneny TeH3opa (ckaispy, TeH3opy 0-ro paHra).



12. hasnbie 3na4enns (coOCcTBeHHbIE 3HAYEHHSA) H [VIABHbIE
Hanpasjienns (coOCTBeHHbIE BEKTOPbI) TeH30pa 2-10 paHra.
Nusapuantsi. Teopema [ammwisrona — Kam

[ycts T — TeH3op 2-ro paHra (JimHeHHbIi oneparop). Ero mar-
pula B ocHOBHOM 6asuce €, T. €. MAaTPULIA CMCLUAHHBIX KOOPIMHAT:

™, T, T,
(T')=|T% T* T%|
T31 T32 T33

Onpenenenne 22. Yucno A € R uBexrop x # 0 HasbIBaloTCsA, COOT-
BETCTBEHHO, COOCTBEHHBIM 3HAaYeHHEM M COOCTBEHHBIM BEKTOPOM

tensopa I, ecim T'x =2Ax.

W3 xypca JTMHEHHOM anreOpbl U3BECTHO, YTO YHCIO A sBNAETCA
CcOBCTBEHHBIM 3HAYEHUEM TOTAA M TOJBKO TOIMa, KOrna A — KOpeHb
xapaktepuctudeckoro ypasHenuss P(A) =0, rme P(A) — xapaktepu-
CTHYECKUI MHOTOWIEH TeH30pa I, paBHBIA OMpeAeNUTeNio 3-T0 Io-
psAIKa: |

Th,-A» T\, T,
PA)=|(T";)-AE|= T2 - T4H—A-. Tk
T T3, T3%-A

XapakTepuCTHYECKHIi MHOTOWICH HE 3aBUCHT OT BhIOOpaA Gasuca.
Beraucnsss onpenenureinb, MoJy4acM

PO) =2+ (T, +T% +T%)-

/i R o R i

Tl Tl TI Tl T2 TZ 1 B 3
—l[T; Tz’ +T3‘ T; +T:,,2 T33 +T% T? T3
1 2 1 3 2 3 731 T32 T33

PA)=-AM+JA2-JoA+J5,
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rne koapdbuumnentst Jy, J5, J3 — HHBapHaHTHI TeH3opa T (me 3.
BUCAT OT Da3uca, TaK KaK XapaKTepUCTHYECHIT MHOTOWIEH MHBapHaHTey
OTHOCHMTENILHO nepexona K apyromy 6asucy), J; =T/, = Sp(T) = T

Tll le TII T|3 T22 T23
cnen TeHsopa, J; = T, T, I, 1 e, 1| — cyMma go-
MOJIHUTEJIBHBLIX MHHOPOB JHATNOHAIBHBIX 3JIEMEHTOB MaTPHLIbLI TEH30pa,
T Ty
Jy=|r? 1% T%|=|(T";)| — onpenenurens Marpuupbi oneparopa p
N 1
Ga3suce t-?j-

Bripasum uHBapuaHtel Ji, Jy, J3 depe3 GasucHbie BeKTOphI € j
| u ux obpassl T'e;. Mcnone3yeM TOT (paKT, YTO KOOPAUHATHI BEKTOPOB
T'ej, 3amucaHHBIe 110 cTONGUAM, o6pasyior Marpuiyy (77)).

Ilnsa cnema J; uMeeM
f = =l = =2 = =3
J1=Sp(T)=T;=Te1-e +Tez-e +Tez-e =
- exxe = ' e3xe ~ g1 ke
=Tel-_2_ - +Tez-_3_ = +Te3 =—=—=—=
ejezes eijezes eiezes

_Teieres +e1Tezrez +erexTes

elere;
Paccmorpum unBapuant J;:
_|Th Th| T TY| 1% T
27 | 2 | ¥ AN -
T4 T 1% Tl 1T T

Tax kax cormacHo dopmyre (4.2) BekTopHOE TpoM3BeIcHHE 06pa-
30B BEKTOPOB €] U €2

-] =2 ' =3
e e e
TeixTey=[T", T?% T3 | eeres=

|
™ 1% T4,




= - ejezes,
T22 T32 le T32 le T22 il
Tll le i TII Tzl
TO MUHOp o — TPEThsI KOOPpAMHATA BEKTOpA
T:!] TZ le T2 p

TeixTe> B Gazuce e’ , meneHHasi Ha ei1ez2e3. CornacHo dopmynam
I166ca (3.3), mony4yaeM
T‘l

& T2

(Tel xTey)- e3 TelTeges

eezes eiexes

AHaJIOTMYHO PACCMOTPEB IBAa APYIMX MUHOPA B BBIDAXKEHUH UL
J,, momyaum
TeiTere; + TeiexTes + elTezTes

J, = il
epeaes

IInist TPETHErO MHBapHAHTa, UCTIONB3ysl hopmyay (4.3):

By g talis s 1 _TeTeTe
L=(T)I=T4 T2 Thleaees=—s LB Bl N
ei|ezées e|eaes
T T3, T3

Teopema Iamuasrona — Kamm. TeH3op 2-ro paHra yaoBJICTBOPSET
CBOEMY XapaKTEePHUCTHIECKOMY YPaBHEHUIO

P(T)=-T?+J,T?-J,T+J;I =0,

rne I — ToxnmecrBeHHsbIt onepatop; 0 — HyJleBOH JTHHEHHBIN one-
parop.

Jloka3arenscTBO. Bocronbsyemcst HpC.IlCTaBJICHHeM TEH30pa B BUIE
cymmnl Tpex auan (dopmyna (8.1)): T'= pj®e , THe pj =T ei.
Jlns mpoussoasHoro A€R paccMOTpUM BEKTODH a= pl-—kel,
b= pz —)\e2, ¢ = p3 ~\es u npuMeHUM K HUM opmyny (10.2), B xo-

TOpO#i OCHOBHO# 6a3uC 3aMEHEH Ha B3AHMHBIH,
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- = =1, - - -2 - - -3
(pl—ke1)®e‘+(p2—kez)®e +(p3—Ae3)®e )x (12.1)

x (Ko + ALK, +A2K;) = (p; —Ae1)(p, —Ae2)(p; —Ae3)],

rne Ky, K, K; — HekoTOpbIE TEH30PbI 2-I'0 paHra, IBHOE BbIPAXECHUE
IS KOTOPBIX HE MMEET 3HAUYCHMS B JaHHOM ciydae. OTMETUM, 4YTO
MepBbIii MHOXHTEIb B CKOOKax B JieBoi yacTu ¢opmysnsi (12.1)

p;®e ~\e;®e’ =T-AL

Tak KaK KOOPIHHATHI BEKTOPOB p; B OCHOBHOM 6a3uce paBHbI Tj, TO
CMeIIaHHOe MPOoM3BeNeHUE B ITpaBoit yacTu ¢opmyisi (12.1), cornacuo

dopmyrne (4.3),
|(T%)-AE | (e1e2€3) = P(LYV,

rne V =eie2e3. Torma popmyna (12.1) npumer BUL
(T -AD)-(Ky +AK; +A2K,) = P(AVI
¥, pa3nesuB Ha V', moJyduM paBeHCTBO TOTO Xe BHIA

(T -AM)-(Kg + 0Ky +A2K,) = PO = (A3 + JA2 —Joa+ J3)1, (12.2)

rne Ky, K;,K, — Taxke HEKOTOpBIE TEH30DHI, 32 KOTOPBIMHA MBI CO-
XpaHWIH NpexHue obo3HaueHusaA. [IpupaBHUBasS K03(pPUIHAECHTH

npu > B bopmyine (12.2), monygaem —IK, =-I, 1.e. K, =1.
Ipupasuusas B Gpopmyse (12.2) xosddumumenTs: mpu A%, momy-

qaeM 7K, - K, =J\I, 1. e. K, =TK,-J I =TI -1 =T -J1.
INpupaBuuBasa B dopmyie (12.2) Koo UIUEHTH IpH A, TOTy-

vaem TK, - Ky =-J,I, 1. e. Koy =TK; +J,I =T?-J,T +J,1.
IlpupaBHuBas B (12.2) cBo6ogHBIE KOADDUUMEHTHI, NMONydaeM

TKy=J31, 1.e.T?> - J,T? +J,T =3I wu T3 +J,T* - J,T +J31 =0.
Teopema mokasaHa.

Teopema IlamunbsroHa — Ka/i 1o3BoJISIeT BBIPA3UTH TPETHIO CTENEHD
TeH30pa Yepe3 MIIA/IIINE CTCTICHHU:

T3 = J,T2 - J,T+J,l.
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[Mpumensst oneparop 7', nosydum npejcTaBieHue YeTBEPTOi cTe-
IEHW TEH30pa Yepe3 MIaALIHE CTENeHH

T4 = 1,13 -J,T? + JyT.

Bripaxasi B 5TOM paBeHCTBE T? no reopeme Iammisrona — Kamu,
TIOJIYIMM, YTO YEBEPTAsi CTeneHb TeH30pa Bhipaxaercs yepes 772, T,
I. AuanormyHo, mobasi HaTypaJibHasi CTeneHb TeH3opa 1" Bbipa-

xaercs wepes T2, T, 1.
Buipasum npu J3 #0 u3 reopemsr Tamunsrona — Kanu toxze-
CTBEHHBIM OINeparop
T2 -JT+J,1
J3

I= -T.

Taxkum obpasom, mpu J3 #0 cymecrByer obGparHslii oneparop

T2-J,T+J,1
FA ;

7=

AnanorwgHo, npu J3 #0 cymectByer omeparop 12 =(T?%)\.
ITockombKy

) T—JII'I‘JzT_l 'T2
J3 ’
TOIroa
2 L T=S I+ 1,1
FA t

npmaem T2 moxer 6biTh BoIpaxeH yepes 12, T, 1.
Ananormyno, T™" =(T")"' seipaxaercst wepes T2, T, I mnpm
J3; #0.

IIycte T — cUMMeTpUYHBIA TeH30p 2-T0 paHra, T. e. I’ T=T U3
Kypca JIMHEMHOH! anreOpbl U3BECTHO, YTO CYLIECTBYET OPTOHOPMHPO-

BaHHbBIN 6a3Mc U3 ero COOCTBEHHBIX BEKTOPOB d1, @2, @3, COOTBETCT-
BYIOLIIMX COOCTBEHHBIM 3HAYEHUSAM ll, A3, A3. Tak xaxk Ta = =\, a1,

Taz —-lzaz, Tas -Mas, B Gasuce a; Marpuua teH3opa I umeer
JUArOHANbHBIA BUJ
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A 00
@)={0 A, 0O
0 0 A

CJreqoBaTe/IbHO, MHBAPMAHTBHI CUMMETPUYHOIO TEH30pa UMEIOT BUJ

Ji =4 +Ay +A3, J) =\ 1A2 +AgAs +AjAg, J3 =ll;\,2l3,

Bbipa3uM KOMIIOHEHTHI TeH30pa I° yepe3 COBCTBEHHbIC 3HAYCHMS A,.
Marpuua 7 B OCHOBHOM basuce (T‘) u marpuua (77/ /) B 6a3uce us
COGCTBEHHBIX BEKTOPOB @i CBSI3aHbI COOTHOLICHHEM T, =Tk, by,
rme A= B~' marpuua nepexona ot 6asuca e; K Gasucy a,. Tak Kak

0, k#m
Tk != ? b
e {lks k=m,

3

| i pk

I, zxkakbf

k=1
(TOCKOJIBKY MHIEKCHI Y COOCTBEHHBIX 3HAYCHUM IIPUHATO ITMCATh BHU-
3y, TO B 3T0i (hopMyJie 3HAK CyMMUPOBaHHUS II0 HHIEKCY K HamucaH
B IBHOM BHIE).

Ec/v MCXOIHBIIM 6a3Kc € — OPTOHOPMUPOBAHHBII, TO MaTpuLa A
nepexoia K OPTOHOPMHMPOBAaHHOMY 0a3UCy U3 COOCTBEHHBIX BEKTOPOB

aBnseTcsa oproroHabHOM, T. 6. B=A"1=AT u bf =a]. Orciona

_—

Zlkakak = Zlk cos(ak, ei)cos(ak, e;).
k=1 k=1

3mech y4TeH TOT (DaKT, 4TO KOODIMHATBI CAMHUIHOTO BEKTOPA ak B
OPTOHOPMHPOBAHHOM 0a3uce e; paBHBI HANPaB/ITIOUM KOCHHYCaM
BEKTOpA dk, T. €. i-s1 U j-s1 KOOPAMHATBI BEKTOpa @k B Gasuce e OyayT

—

a}‘ = cos(ak, ei) n aj =cos(ak, e;).
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3azanus Qs CaMOKOHTPOAS K mn. 8—12

1. laTh onpeneneHue MaaHoro yMHOXeHus BeKTopos. s ogHo-
'O M3 YETBIPEX BHUOOB MATPHIILI JIMHEWHOTO ornepaTropa BbBIBECTH MaT-

PMILy IUanbl BEKTOPOB X M ).

2. lats onpeneneHune 6a3sMCHBIX auan. Pa3ioXuTs TeH30p BTOPOro
paHra 1mo 6a3uCHBIM aHaLaM.

3. Jlath onpeesieHHe TEH30pa BTOPOro paHra. 3anucarh 3aKOHBI
npeoOpa3oBaHKsi KOMIIOHEHT TEH30pa MPHU Mnepexoe K HoBoMy 6a3ucy
U IpaBWiIa CITyCKa ¥ NMOAbEMAa HHIEKCOB.

4. laTh onpenesieHUst TpHaabl M TEH30pa TpeThero panra. Hanucars
dbopMyaBI M3MEHEHHUsI KOOPAWHAT, MOJbEMa U CIYCKa UHAEKCOB [UIA
TEH30pa TPETHEINO paHra.

5. 3anmcarh WHBAPHAHTHI TEH30pa BTOPOIO paHra.

6. JlaTb onpeeieHHe XapaKTepUCTUYECKOTO MHOTOWIEHA TEH30pa
Broporo panra. Cdopmynuposats TeopeMy lammwisrona—Kamu.

7. ChopMyTMpoOBaTh TEOPEMY O IIPUBEICHUA CUMMETPUYHOIO TEH-
30pa BTOPOIO paHra K auaroHaibHoMmy Bumy. [IpencraBurb dopmysnsr
IUIsL €10 WHBapUAHTOB.

13. Ilpumep penieHus 3aJa9¥ THIIOBOIO pacyera

BeKTOpE! OCHOBHOTO 6a3Mca 3aJJaHbI CBOMMYU KOOPIHHATAMH B He-
KOTOPOM OpPTHOpMHpoBaHHOM Gasuce e1 = (2; —1; —1), e2 =(-5; 3; - 4),
e3=(-3;1;2).

1. Marprua Ipama ocHOBHOro 6a3nca HaXOOUTCS IO OIpeHelie-
a0 (2.1). CHavasia BEINMCISTIOTCS ITONAPHBIC CKAISIPHBIE ITPON3BEICHHS:

g11=21‘31=4+1+1=6, 812=51‘22=—10—3+4=“'93
gz=e-e3=—6-1-2=-9, gy =er-e2=25+9+16=50,
gz3=52‘53=15+3—-8=10, g33=53-53=9+1+4=14.

Marpuna Ipama (MaTpuLia KOBApMAHTHOIO METPHYECKOr0 TEH30pa)
MMEET BUI
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g1 &2 813 B
G=|gn 8&» &3 |=|-9 30 10|
8 83 833 -9, 10 .14

CocrapisieM TIPUCOEIMHEHHYIO MAaTPHLLY (MaTpuLly anrebpanyeckux
JTOTIOJIHEHMIA, B CHJIYy CHMMETPHYHOCTH MaTpHLIbI G TpaHcnoHuposa-

HUE M3ITHILHE):

600 36 360
36 3 21
360 21 219

Brrascisiem onpenenutess | G |, HampuMmep, ¢ MOMOLIBIO Pa3NoXeHus
o 2-it crpoke: | G|=—324+150+210=36. O6parHas Marpuua (mar-
pHIIa KOHTPABAPHAHTHOTO METPUYECKOTO TEH30pa) paBHa

600 36 360

G“=§% 6 3 21

360 21 219

a 3JIeMEeHThl MaTPHIIBI

gll=__53_0’ g12=1, g13=10,
1 7

- WRSTIRRY TN e . JERE N
gl g =™ e,
7 73
=10, g2=—, g’=—.
g Y o3

-1 -2 -3
2. B3aumublit 6a3uc ¢ , € , ¢ MoXeT ObITh HalneH o Gopmy-
nam (3.2) ¢ ucrnonb30BaHMEM BEKTOPHOIO ¥ CMEIIIAHHOTIO ITPOU3BEae-
HHM# BEKTOPOB.
Ilpu npyrom croco6e HaxoXIeHUs B3aUMHOTO 0a3uca HCIOJIb3YeT-
¢ Matpuua Ipama, T. e. mogHsATHE UHIEKCOB Yy GA3MCHBIX BEKTOPOB.
ITo dopmyne (5.1):

(-1 x

: el g g2 gi3\[e
e |=G'ex|=|g g2 gB|e|=
=3 ot 31 o

e es| (&' &2 &%) e
/
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50/3 1 10 Ve
= 1 1/12 7/12 [l e2 .
10 7712 78/12) &

Torma
el-g ek=-53251+52+1053=
gy 9= fl=' D=
=—-(2l-] k)+1(-—51+3_1 —4k)+10(=3i + j +2k) = —51——5-_;—--3-15
g P i S Sl A
e =g ek e1+12e2+12e3
d= k="]=
=12 —j- k)+—( 5i+3j - 4k)+-—-(~—31+j+2k)=—gl—gj—gk
53=g ek—1031+—7—5 +Ee =
Al

=10(2}—}—E)+112(—52+3J 4k)+———( 3i+ j+2k)= —%E—?}—%E

B3auMmubni 6a3muc

of i85 13 2% =3 L] ] 7 I . R |

e e e o P M M g | (. ] S e s ¢
[333] (666] [666]

3. dna BCICI‘OpE:l J_C, 3aJITaHHOI'0 KOHTPaBapMaHTHBIMUA KOOpAUHATa-
vu (X!, x2, x*)=(-7; 1; 6), HaiimeM ero KOBApHAHTHbIE KOOPIWHATHI
(x1, X, X3). Boconesyemca popmyuroit (5.3):

1Y) 1
X X 81 81 83| X
E L L R 31
X |=G"|x° =82 &2 &n|Xx°|=
3
X3 X" ) \813 83 &n x?

6 -9 -9\ x' 6 =9 =9\ =7
=9 50 10{[x2|=/-9 50 10 1|

-9 10 14 \x3 -9 10 14 )( 6
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T. €., MPOBOAS BbIYMCIEHUS B KoopauHaTHo (hopMme, momyyaem
x; = gxk =6x! -9x2 -9x? = -42-9-54 = -105;
Xy = gryx* =-9x' +50x2 +10x> = 63+50+60 = 173;
X3 = graxk =-9x' +10x? +14x’ = 63+10+84 = 157,

KoBapHaHTHBI KOOPIMHATHI (X1, X2, X3) = (-105, 173, 157).
Jlns BeKTOpa Y, 3aJaHHOIO KOBapMaHTHBIMM KOOPAMHATaMu
O y2, Y3) =15 15 2), Hal@eM ero KOHTpaBapUaHTHBIE KOOPAMHATHI

(', »%, ). Bocrionsayemcsi popmynoii (5.4):

»! (n) (&% &' &'\ »n

Y I=@GH |y, |=|8? g2 g% |»n|=

y ) (&2 &2 &)\ »

600 36 360)(1 600 +36+720 1356
=% 36 3 21 1=3—16- 36+3+42 =% 81

360 21 219)(2 360 +21+438 819

113 1
KoOHTpaBapHaHTHbIE KOOPAUHATHI ( yly? ¥ = (T’ %, 24—)

4. Tensop 2-ro panra T’ 3aman cBoeit Marpuueir T';,

1 2 -4
3 6 5
0:02-:41

Bocnomssyemcs popmynamu (9.1) mist HaxoXIeHUsI KOOpAUHAT h
n T3,
JUts HaxoXIeHus KOBapUaHTHOM KoopauHatsl Ij; TEH30Pa, eciH

M3BECTHBI €10 CMEIAHHBIE KOOPAMHAThI 1 ;, HYXXHO OIyCTHTb BEPXHHI
MHIIEKC /, [I0JIy9UB BMECTO Hero HypkHuii muaekc 1. TTpu aToM HIDKHH

uHIekC j duxkcupoBaH (Jj = 2). YMHOXaeM T', Ha 371eMEHT MaTpULbI
Ipama G ¢ HUXKHUMM UHICKCAMHU &j; '
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T =T,8; =T,81+T%8+T83 =
= 2.6+ (=6)-(-9)+2-(-9) =12+ 5418 = 48,

Jlist TOro 4To6bl MOJMYYMTh KOHTPABAPUAHTHYIO KoopauHaty 17

[P M3BECTHBIX CMELIAHHBIX KOOpAMHaTax TeH3opa I”;, HyxHo mpwu
¢bukcupoBaHHOM MHAeKce | (i =3) MOAHATH HYXKHUI MHAEKC | U

TIO/y4MTh BMECTO HEro BepxHMil uHuexc 3. Ymuoxaem T} ma g/°:

T3 =T3,g/3 =T%gB +T%g» +T,g» =0-10+2-%+ La2

29
Wtak, koopauHatsl 1}, =48, T = = AHaJOrMYHBIM 06pazoM

MOXHO HaWTH OCTaJIbHbIE KOOPIMHATHI TEH30Pa.

Tunosoii pacyer

B marHOM pasznene npeacrasiieHa 3aJada TUIIOBOIO pacyera, IS
KoTopoii 1aHo 30 BApUAHTOB YCIIOBUH.

3anava. 3a1aH OCHOBHOM 6a3ucC €1, €2, €3 KOOpAMHATaMH B OPTO-
HOPMMpOBaHHOM Oasuce.
1. Haittn marpuusl Ipama: koBapuantHylo G ¥ KOHTpaBapHaHT-
Hyio G |
3 » -1 -2 -3
2. Haittu B3auMHBIMA 0a3uC € , € , € IOBYyMS Crioco0aMHu: Haxonsa

BEKTOPDHOE M CMEIIaHHOE IPOM3BEJECHUE WJIM MCIIOJIb3ysl MaTPHILY
Ipama, T. €. nOgHATHE UHJEKCOB Y 0Oa3UMCHBIX BEKTOPOB.

3. Haiitu: is BekTopa X, 3aJaHHOIO KOHTPaBapUMAHTHBIMU KOOP-
muHatamu (x', x2, x*), ero KoBapMaHTHBIE KOOPIUHATHI (X), X3, X3),
a TaKxKe Ul BEKTOpa ), 3aJlaHHOTO KOBapMAHTHBIMM KOOpIMHATaMHU

(1, ¥2» ¥3), €ro KOHTpaBapuaHTHbIe KoopmuHatsl (V', ¥2, »°).
4. Tensop 2-ro padra I' 3amaH marpuiei

4 -5 4
=2:0 i rQ
w3 L2
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(onna u3 marpunt (Ty), (T%), (T), (T”) cornaco Bapuanty). Hajiry,
KOODMHATHI TCH30pa YKa3aHHBIX BUIOB.

1. OcHoBHoit Gaswic e =(-2;3;-1), e2=(1;-2;2), e3 =(1;-2; 4),

BekTop X 3aIaH KOHTPABapHAHTHLIMH KOODIHHATAMHU !, 32, 23) =
=(1; 0; —10), BexTOp ¥ — KOBapHaHTHBIMH KOODIMHATAMH (3}, ¥,, y;) =
=(-1;0; 3).

Tensop T 3anan Matpuueii Tj, HalTH KOOpIMHATHI TeH3opa T2,
ul}.

2. OcHoBHoit GasHc a=(1;3;2), e2=(2;2;3), e3=(3; -1;3)

Bexrop x 3aMaH KOHTpaBapUaHTHBIMU KOOpIMHATAMU 4, 22, ) =
=(4; 8; 7), BexTOp y — KOBapHMaHTHBIMM KOOPIAMHATAMM (Y, ,, y;) =
=(0;152).

Tensop I 3amaH MaTpuuen T j» HaWTH KOOPAMHATHI T€H30pa Ty
" TlZ

3. OcrosHoit Gazuc &1 =(-6;3; -4), e2=(1;-2;1), e3=(2;3;0).

BexTop X 3aaH KOHTpaBapHaHTHLIMA KOOPMHATAMHU o, 2, x%) =
—521:) 19) —8), BeKTOp Y KOBAPHAHTHBIMM KOOPIUHATAMH (Y1, V2, ¥3) =

Tersop T 3aman marpuueii 7}/, HaiiTi KoopmuHaTh TeH30pa 12
m T

4. OcHoBHoM 6asuc &1 =(-2;2;-1), e2=(3;-1;-3), e3=
={—13-3;3).

BexTop X 3amaH KOHTPABAPUAHTHHIME KOOPIHHATaMH (x', X%, x°) =
=(-1;7; 4), BexTop ;e KOBapHAHTHBIMM KOODIMHATAMH (¥, V2, V3) =
=(3;0;1).

'i‘eusop T 3aman vatpuneit 77, Haiitn koopmuHats! Tensopa 11
- @Y K

5. OcHoBHO# 6asuc e1=(1;4;-4), ex=(3;-1;-3), &=
= (-1; -3; 3).
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BeKTOp X 3aJ1aH KOHTPABAPHAHTHBIMH KOODIMHATAMMU (!, x%, x%) =

=(-2;4;0), BekrOp ¥ — KOBapHMaHTHBIMH KOOpOMHATaMH (¥, 5, ¥3) =
=(1; 1; 1).

Tensop 7 3aman mMarpuueit T, HaiiT KoopauHatel TeH3opa 1,
m T

6. OcuoBHolM 6azuc e1=(-1;-4;-3), e2=(1;-2;-2), e3=
= (=2; 3; 3).

BexTop X 3aiaH KOHTpaBapMaHTHBIMU KoopmuHaTamu (x', x2, x3) =
=(7; 2; 0), BexTOp ; — KOBapHMaHTHBIMH KOOpAMHATAMH (Y|, Vs, V3) =
=(0; 0; 5).

Tenzop I’ 3aman matpuueit 7° j» HAWTH KOOpIMHATHI TeH30pa 133
a T2 '

7.OcHosHoMGasnc e1 = (I; 0; 0), ez =(-5; —4; —6), e3 =(~1; 3; -1).

BeKkTop X 3a71aH KOHTPaBapHaHTHBIMA KOOPIMHATaMH (x', X, x°) =
=(~8;1; —9), BeKTOp ¥ — KOBAPUAHTHBIMH KOOPIUHATAMH (¥}, 2, 3) =
=(=2;0;2).

Tenszop 1’ 3amaH maTpuuei T}j , HaWiTM KOOpAMHATHI TEH30pa T

u 1.

8. OcronHoii Gasuc &1 = (5; 4; 2), €2 =(1; -4;4), e3=(-1;3;-3).

BekTop X 3aaH KOHTPaBapHAHTHBIMU KOOPIMHaTaMu (x', X, x°) =
=(6;1; 5), BexTOp ; — KOBAapMaHTHBIMH KOOpIUHATAMU (¥, V2, V3) =
=(-1;-1;2).

Tensop T 3aman marpuueit 77, Haitru koopmuHatsl TeH3sopa T
uly. |

9. OcHoBHOK 6asuc e =(1;—-4;3), ex=(-1;5-4), e3=
= (—4; 6; —5).

BexTop X 3a/aH KOHTpaBapHAHTHBIMHA KOOpIMHaTamu (x', X2, X°) =

= (-8; —3; 2), BEKTOp y — KOBAPUAHTHBIMU KOODIMHATAMH (Y|, V,, 3) =
=(-4;0; -1).

Tensop T 3aman mMarpuneii T, HallTh KOODAMHATHI TeH30pa T
3
ul;.
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10. OcHoBHO} 6a3uc e =(=1;3;4), e2=(-2;1;1), e3 =(-3; 4; 6).
Bextop X 3a/1aH KOHTPABapHAHTHBIMH KOOpAMHATAMH (', %, %) =
=(4; —7;—7), BexTOop Y — KOBapHaHTHbIMH KOOpIMHATAMH (Y, y,, y3) =

=(2; 2; 2). .

Tensop I’ 3aman Matpuueit 7' ;, HaTM KOOPAMHATEI TeH30pa 7j
a T

11. OcHoBHOM 6asmuc e1=(—6;-2;3), e2=(-5;-3;3), e3=

-1 1)
Bekrop X 3amaH KOHTPABapHaHTHBIMHA KoopauHaTamu (x', x2, x3) =

= (8; —3; —2), BeKTOp Y — KOBapHAHTHBIMU KOOPIMHATAMHU (3, ,, y3) =
=(-2; 3;1).
Tensop T 3amaH MaTpHLCH T/, HaiiTu KOODIMHATHI TeH3opa T2
u I3
12. OcHoBHoi Gasuc e1 = (1; 5; —1), e2 =(4; 6; -5), e3 =(3; 6; - 4).
BexTop X 3alaH KOHTpaBapHAHTHBIMM KOOpAMHaTaMM (x', X%, x°) =
=(6; 7; —8), BekTOp ¥ == KOBapHAHTHBIMHU KOOPIWHATAMHU (Y1, ¥y, V3) =
=(0; -1; 3).
Tersop T 3aman Matpuueit 77, HaiiTu KOOpIMHATHI TEH30pa T
13. OcHoBHoi 6asuc e1 =(1;2;1), e2 =(5; —1;3), 3 =(0; 0; -2).
BekTop X 3aIaH KOHTPaBapPMAHTHBIMA KoopmuHatamu (x!, 2, x°) =

=(-10; 3; —5), BeKkTOp ¥ — KOBapHAHTHBIMM KOODIMHATAMH (J), V3, V3) =
=(1; 4;-1).

Tenszop T 3aman marpuueit T;;, HaiiTH KOOPOMHATHI TEH30Pa T,
ulj.

14. OcHoBHO# 0Ga3muc El=(3; 2 2), Ez=(—2; 0; -1), es =
=(-3; 1; -1).

Bekrop x sanan xontpasapmanTHEIMU KOOpmUMHATaMu (x', X%, X)) =

= 81 05 11)5 BEKTOpP Y — KOBapMAaHTHBIMM KOOpIMHATAMH (Y, V2 ») =

EZCHBOP T saman marpuuein 7' j» HAWTH KOOpAWHATLI TCH30pPa I
ul
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15. OcuoBHoit 6asnc e =(-1;-24), e2=(-1;2;-1), e3=
= (=6; 3; 5).
BekTop X 3a/laH KOHTpaBapMaHTHBIMH KoopauHaramu (x!, x2, x%) =

=(-7;2; 8), BeKTOp J — KOBapHaHTHBLIMM KOOpIMHATaMH (¥, y;, V3) =
=(0; 5; -2).

Tensop T 3amaH Marpuuen T/, waittu koopauHats TeH3opa T2
u Th. _

16. OcroBroii6asuc e1 = (-2; —3; 0), e2 =(0; -2; 3), e3 =(1;5; -5).

BekTop X 3aaH KOHTPaBapHAHTHBIMU KOOpIMHATaMH (X, x2, x%) =

=(-3;-7; 4), BeKTOp ¥ — KOBapHaHTHBIMHU KOOPAWHATAMHU (|, 2, V3) =
=(1;-4;0).

Tersop T 3aman marpuueit 77, HaiiThm KOOpAMHATHI TEH30pa T
nT;.

17. OcHoBHO¥M 6a3uc E|=(—3; 2; =2), e2 =(-6; 4; -3), ez =
=(—4; 1; 2).

BexTop X 3alaH KOHTDABAPHAHTHBIMM KOOpXUHATaMH (x', X%, x°) =

=(10; —5; 3), BeKTOp ¥ — KOBapHAHTHBIMK KOOPIUHATAMH (Y1, V2, V3) =
=(1;2; 3).

Tenzop T 3aman marpuueit 7j;, HalTH KOOPAWHATEI TCH30pa T3,
uTj.

18. OcHOBHOM 6Gaszuc e1 =(4; 3; 3), er =(=5; -3; -1), ey =
= (=5; =2; 2). __

BexTop X 3aaH KOHTPABADHAHTHBIMH KOOPIMHATaMH (x', X%, X°) =

=(3;4; 8), BeKTOp ¥ — KOBapHAHTHBIMH KOOpIMHATaMu (Y1, Y2, V3) =
=3; 1; 2).

Tensop I 3amaH MaTrpuLel g j» HaWTH KOOPIWHATBI TEH30pa 15
23
Y g

19. OcHoBHo# 6asuc e =(0;—1;-2), e2=(—4;-3;1), es=
= (=5; =3; 4).

BeKTOp X 3aJaH KOHTPaBapMaHTHBIMH KoopauHatamu (x!, x2, x%) =

=(5; 2; —6), BeKTOp ¥ — KOBapMaHTHBIMH KOOPIMHATAMH (Y|, 3, V3) =
=(-2; 4, 0).
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Tenzop 7 3amaH MaTpUUEH T/, HaifTu KOOpAMHATHI TeH30pa T2
u I. B B .

20. OcHoBHoOit 6azuc e1=(2;-2;-5), e2=(5-3;-3), e3=
= (—6; 4; 5).

BexTop X 3aIaH KOHTPaBapPUAHTHBIMM KoOpmMHaTaMu (x', x2, x%) =
=(1;1; 7), BexTop ) — KOBAPMAHTHBIMM KOODIMHATAMH 0Ly, ys) =
=(-3;1;3) )

Tenzop T 3aman matpuueit 77, HaliTH KOOpIMHATHI TeH30pa T2,
Y 3 _

21. OcrosHoi 6asuc e1 =(-6; 0; 1), e2=(2;2; -3), e3 =(5; -1 1).

BekTop X 3aJaH KOHTPABAPHAHTHBIMU KOODTHHATAMHU (x!, 22, ) =

=(5; 5; —8), BeKTOp ¥ — KOBapHAHTHBIMU KOOPIMHATAMH (Y|, Yy, J3) =
=(-2;-2;-2).

Tensop T 3aman marpuueit Tj;, HaliTH KOOpAMHATHI TeH3opa T,
u T2

22.OcHosHo#Gasuc e1 = (1; - 15 -2), e2 =(3; —1;-3), e3 =(3; 3; 5).

BeKTOp X 3alaH KOHTPaBaPMAHTHBIMU KOODIMHATAMMU (X', X2, ) =

=(-1;1; 4), BexTOp ¥ —KOBapMaHTHBLIMH KOODIMHATaMH (Y, J», ¥;) =
=(5;0; 1).

Tensop T 3aman matpuueit T';, Haittu KoopauHaTs! Tenzopa T
32
). B Aol

23. OCHOBHOU 6a3uc e =(6;-2;1), e =(-1; -1, 4), e3=
= (4; =2; 3).
Bekrop X 3anaH KOHTpaBapuaHTHBIMI KoopmuHaTamu (x!, X2, X°) =

E—;; 0; 3), BexTOp ¥ — KOBapHAHTHBIMU KoOpIUHATAMY (Vy, Vs, V3) =
=11

. j : 2
Tensop 7' 3aman matpuneit 7/, waittu KoopauHaThl TeH3opa T
H ]33.

24. OcHoBHoI! Gasnc e1=(2;-6;3), e2=(0; -5: —1), e3 =(1;1;2).
Bekrop x 3aman koHTpaBapmaHTHBIMYU KoopmuHaTamu (X', X2, X°) =

TE—;; —(-)3; 62); BEKTOp ¥ — KOBAPUAHTHBIMHU KOOpIuHaTamMu (yy, Vs, V3) =
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Tensop T’ 3aman marpuueit 77, naittu koopaunarsi Tensopa 1
" T1'.

25. OcHoBHO# 6a3zuc e =(-3; 2; -4), ;.z=(—3; I; -3) e3 =
= (4; -3; 5).

BekTop X 3aaH KOHTPaBapHAHTHBIMM KOOpIHHaTaMut (x', ¥, x°) =
=(—4;7; -9), sexrop ; — KOBapHaHTHBIMH KOOpAMHATaMH (Y, V3, ¥3) =
=(4;1;0).

Tensop T 3aman marpuueit T, HaiiTi KoopauHatst Tensopa T2
" 7]2.

26.OcHoBHoit6asuc 1 = (4; —4; 1), e2 =(=1;3; - 1), e3 =(4; -5; 2).

BekTop X 3a7aH KOHTPaBaPHAHTHBIMH KoopIWHaTamy (x', x7, x’) =

=(~5; 8; —3), BeKTOp ¥ — KOBapHAHTHBIMM KOOpIMHATAMH (Y|, V5, y) =
=(1; -4, 0).

Tensop T 3aman marpuueit 7', Haittu KoopamHats Ten3opa T3
u T3,

27. OcHOBHOU 6a3uc el =(—4; -35; 3), Ez=(1;—2; 2), e =
= (-35; -2, 0).

BekTop X 3aJaH KOHTpaBapMaHTHBIMM KoopauHatamu (x!, x%, x°) =
=(-1; 3;-3), BeXTOp ¥ — KOBapHAHTHBIMH KOOpAMHATAMH (¥}, V3, V3) =
=(3; 2;1).

Tensop T 3amam matpuueit T/, Haiitn KoopmuHaTst Tensopa 7'
M Té].

28. OcuosHoit 6asuc e =(5; -5;-6), e2=(-3;0;1), e3=
= (3; =2; =3).

BekTop X 3aJaH KOHTPaBapHAHTHBIMM KoopauHatam (x', X%, x*) =
=(5; —3; —4), pexTOp ¥ — KOBAPHAHTHBIMU KOOPIMHATAMM (Y, Y2, 3) =
=(-2;1; 2).

Tensop T saman marpuueii 77, uaiitn koopmuuats! Tensopa 1)
nT).

29. OcroBHo# Gasuc €1 = (3; -2; 3), €2 =(4; —1; 0), e3 =(=5; 2; - 1).

BexTop X 3a1aH KOHTPaBapHAHTHBIMH KoopauHatamu (x', 12, x°) =
=(2; -5;10), pexTOp ) — KOBAPHAHTHLIMH KOOPAHHATAMH (¥}, V), V3) =
=(0; -3;2).
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Teusop 7' 3aman matpuueit Tj;, HaiiTh KoopanHaTel TeH3opa T,
nly. . )

30. Ocxosroit6asuc e = (~1; 4; 0), e2 =(-2;5; -1), e3 =(~1;6; 2)

Bekrop X 3a1aH KOHTPaBapMAHTHBIMM KoopauHatamu (x', x2, x) =

=(=2; 0; —4), pexTOop Y — KOBapHAHTHBLIMH KOOPAMHATAMHU (¥, y,, y;) =
=(2; -3; 1)
Tensop T 3anan marpuueit 7', HaitTu KoopauHaThl TeHsopa T3,

u TS,
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