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duHaIbHOE pacIiipeeieHne JIJIs
MapxkoBckoro npomnecca snujgeMuu I'anu

A.B. Mactuxux

Paccmarpusatorcst ypasuenust KosiMoropoBa Jijisi TEPEXOIHBIX BEPOSITHOCTEH
TPEXMEPHOI0 MapKOBCKOI'O IIPOIIECCa CIIENaIbLHOro Bua. s cranoHapHoro mnep-
BOIO ypaBHeHHsI MeTO/IOM Prumana mosryueHo TodHOe perenne. HaiijeHbl acuMmTo-
TUKY JIJIsI MATEMATUIECKOrO OKUJIAHUSI U JUCIIEPCUN (PUHAJILHOTO PaCIpeie/IeHusl,
YCTaHOBJIEHA IIpEJIe/IbHAsT TEOPEMA.

Bubnnorpadus: 14 nHazBaHwmii.

1. IIpormecc stmaemun. Ha mMmoxecTBe COCTOSIHMIA
3 _ _ _
N° = {a = (a1,09,03), a1, 00,3 =0,1,2,...}
paccMaTpUBAETCSA OSHOPOAHBIN BO BPEMEHM MApPKOBCKMIA IIPOIIECC

(1) = (&1(1), &2(1),&3(),  t €[0,00),

C IepeXOaHBbIMU BEPOATHOCTAMU
Plgeeas) (1) = PLE(t) = (Br, Ba B3) | £(0) = (a1, 02, 05)}.

ITycrs pn t — 0+ mepexoHbIe BEPOSITHOCTH UMEIOT cieaytormuii Bu (A1 > 0, Ay > 0,
Az > 0):

Plonazas) oy Ao aot -+ oft),

(a1,02—1,03+1)

P(al,az,ag) (t) = Aaqasgt + O(t)7

(a1,02,03—1)

PLS200) = At + 0(0),

(a1—1,a2,a3

P(ahaz’as)(t) =1- ()\1&10[2 + )\20&10[3 + )\3041)?5 + O(t)

(al,Oéz 1a3)
Brenem npousBomsniue MOYHKINH T€PEXOIHBIX BEPOATHOCTE

oo

Foltisi,soss) = 3 PaseesdmslsPsl,  [si|<1, [sol <1, |sg| < 1.

B1,B2,83=0

@ A.B. Macrtuxun, 2007
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Bropas (npsimasi) cucrema auddepeHIuaabHbIx ypasHeHuit Kosmoroposa Jyist mie-
PEXOHBIX BeposiTHOCTEN mporecca &(t) paBHOCHIbHA YPABHEHUIO B YACTHBIX [POU3BOJI-
ubix [1], [2]

OF, 0?F, 0?F, oF,

5 = A1(s183 — 8182)631852 + Xa(s1 8183)8516‘33 + A3(1 —s1) 951

(1)

¢ HauasIbHbIM yestosueM Fy, (0; s1, 82, 83) = s77 592 55°. BBeneM KCIOHEHIMAIBHYIO ((BOi-

HYI0) IIPOM3BOJIAIILYI0 (DYHKIHIO EPEXOHBIX BEPOSITHOCTEI

= 2P 252253
G (+- . _ E 1 ~2 ~3 .
J(t’21722323581782783)* ] ] 'Fa(t,81732783)'
Qg (3.

a1,02,a3=0

Ieprasi (obparHas) cucrema muddepennmanababix ypasaernii Kosmoroposa jgist me-
PEXOJIHBIX BEPOSITHOCTEH IpuBoAnTCst K By [2], [3]

%*)\zz e - 7 + Xoz12 0F 782? + A3z J—%
ot~ VY 02,023 02102 N\ 92, 02,023 31

C HaYaJIbHbIM YCJIOBHEM

T (0; 21, 29, 235 51, 52, 53) = €711 F2o2 2858,

Mapxkosekwmit mponiece (t) maTepnpernpyercs 1], [4], [5] xax momens pacmpocTpa-
HeHVsI MHMEKIUN B MOIYJISANUA ¢ TPEMsI TUIAMHU 0colbefi (JacTuIy) u AByMsl CTaUsIMU
saboseBanus. Jactumpl tuna 1) — 3apakeHHble 0cO0U (MCTOUHUKN UHQEKINN); TaCTH-
sl Tuna Ty — 3710poBbie 0cobu (BocupunMYNBbIe K HHGMEKIMN, He UMEBIINe KOHTAKTOB
¢ 3aparKeHHBIMHE); 9aCTUIBI TUIA T3 — 0cOOU, MMEBIIUE OJUH KOHTAKT C 3aPAKEHHLIMU.
3a0poBas 0cobb 1OC/IE ABYX KOHTAKTOB € 3apaskKeHHBIMU yaa/sgercs u3 nomysanuu. Co-
crogHue nponecca (aq, g, (r3) O3HAYAET HAJMYIKUE (v YacTuIL Tama T, g gactull Tuna To
u a3 gactun Tuna T3. Yepes cayqaitnoe spems 7.1, P{rl < ¢t} = 1 — e~ 122! mapa wa-
crur tuna 17 u Tuna T B3anMOJIeHCTBYET U IPEBPAIAETC B YACTUILY THUIIA 1) M 9aCTHUILY
tuna T3. IIporecc nepexoqur B cocTosinme, COOTBETCTBYOIIEe BeKTOpy (a, o —1, ag+1).
Yepes ciryuaitnoe spemst 72, P{72 < t} = 1 — e~ 122! yapa wacrun Tuma Ty u tamna T3
B3aMMOJICHCTBYeT M IpeBpamaercd B dactuiy tuma 1. TIpomece mepexoqur B COCTOod-
HUe, COOTBETCTBYIONIee BeKTOPY (a1, ag, iz —1). Kpome Toro, uepes ciyuaitnoe Bpems 7o,
P{r3 <t} =1— e ™! gacruma tuna T) yMmpaeT u MPOIECC TIEPEXOIUT B COCTOSTHEE,
cooTBercTByIomee BeKTopy (a1 — 1, g, a3). Ciyuaiinble BeMIUHBI 7., T2, T2 HE3ABUCH-
MBI, B COCTOAHUHU ((v1, (2, (¥3) MIPOIECC HAXOIUTCS CILyYARHOE BPEMS To = mm{r 72,73}
Jlasee aHAJIOTUYIHAS SBOJIONUS TIPOIECCA.

[Tepexommbie BeposiTHOCTH
{PE1 5o (1), (B, B2, s) € N*)

OTPENIEIISTIOT (-9acTUIHy0 (DYyHKIMIO pactnpesenerns [6]. st MapKOBCKAX TPOIECCOB
paccMaTprBaeMoro THIIA epBas cucTeMa AuddepeHalbHbIX ypaBHeHn 3aIChIBAETCs
B BUJIE Uenowku ypasrerud |7; rit. 5.
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2. Bagaya o puHaNBHBIX BeposTHOCTsAX. Mapkosckuii nponecc &(t) Beemen Ta-
H [1] u siBsIsteTCst 0600IIEHNEM MAPKOBCKOIO mporiecca snuaemun Beiica [3], [5]. B pabo-
Te [1] Bropoe ypasuenue Kosmoroposa (1) perreno meronom npeobpasosanus Jlamaca,
UpU 3HAYEHHUSAX HapaMeTpoB A1 = Ao. Tor ke Meron npumeHeH B [2]| mis perneHust
yDPaBHEHHW MapKOBCKOTO TIporiecca snumemnn Baprierra—Max-Kennpuka [4]. Onmako
BBIparKeHUs! Jyist pemennit B 1], [8] cocrosimue n3 HAGOPOB MHOTOKPATHBIX CYMM U ITPO-
U3BEJIEHNI, MAJIOIIPUTOJIHBI JIjIS UCCJIEJIOBAHUS ACUMIITOTUYECKUX CBOMICTB paccMaTpUBa-
eMBIX CJIyYailHBIX IPOIECCOB.

Hust mporecca &(t) onpenennm GUHAIBHBIE BEPOSTHOCTU JIIsi HOTVIOMIAIOIIUX COCTOSI-
auii (0,72,73), V2,73 =0,1,2,...,

o0
(041,042,03) _1: (al,az,w%) 3 (a1,042,043) _
90,72,73) _tli,HoloP(Oﬁzﬁz) (1), (a1,09,03) € N7, Z 90,72,73) =1
~Y2,¥3=0

Bamaga BeIYUCIEHAS (PUHATHHOTO PACIPEIEIEHNsT BEPOATHOCTEHR IJIsi MApKOBCKOTO
nporecca Ha N2 pemmasack B pabore 9] B creruagbHOM CTydae 6emeAUe20CA NPouecca,
KOTJIa [IEPEXO/THBIE BEPOSITHOCTH CBSI3aHBI HEJIMHEHHBIM COOTHOIIEHNEM M U3BECTHO yPaB-
HEHVe JIJIs1 OHOYACTUIHON TPOn3BosIeil (byHKIMH TepeXoHbIX BeposTHOCTel [10].

B nacrosmeii pabore npu paccMorpenuu ypasHenuii Kosimoroposa s mpomecca & (t)
UCIOJIb3YETCsI BBEJIEHHAS B [2] 9KCIIOHEHIMAIbHAST IPOU3BOSINAsT (DYHKIHSI II€PEXOHBIX
BEPOSITHOCTE M BBIYUCJIEHNE (PUHAILHOIO PACIpPEeesIeHHsl I MapKOBCKOIO IMPOIECca
CBOJMTCS K PEIEHUIO CTAIMOHAPHOTO IIEPBOrO ypaBHEeHus. Takoi MeTOI HaXOXKIeHUs
buHANBHBIX BEPOITHOCTE IPUMEHSJICS JJIsl IIPOIecca MuieMun [3] u Ipyrux MapKoB-
cknx miporieccos Ha N, N? (cum. r. 3 B 06z0pe [7]). Tlomydenmbie mpuMeps! peImentil cTa-
MOHAPHBIX ypaBHeHuit Kosmoroposa umeior nHTerpasbublil Buz (cM. Bbipazkenue (18)
HACTOsAMIEHR paboTHI), JIETKO UCIIOJIb3yEMBIil JJTsT BHIBOJIA TIPEIETBHBIX TEOPEM.

AcumvnroTryeckue cBoiicTBa (hbUHAILHOTO pacipeziesenns s nporecca &(t) pacemar-
PUBAIOTCH TIPU (i — 00, OCKOJILKY IIPeJICTaB/IsSIeT MHTepecC ciydaii, Korga npu ¢t = 0 auc-
J10 MHGMUIUPOBAHHBIX 0CO0el MaJIo, a He3apaXkKeHHbIX BeHKO [5]. IIpeenbHas Teopema 2
OTHOCHTCS K TeopeMaM “moporosoro” tuma [5], KOTopble IPUMEHSIIOTCST IS OIPEIeJICHHSsT
MOPOTOBOi YUCIEHHOCTH MH(DUIUPOBAHHBIX 0CO0EH, TPEBBIEHNe KOTOPOH O3HAYACT HAa-
YAJI0 SMUTEMUM.

B [11] ussioxkeHbl pe3ysbrarThl, aHAJOTHYHBIE [IOJYYEHHBIM B HACTOSIIIEH pabore, npu
3HAYEHUSX IMAPAMETPOB A1 = Ao.

3. CranmonapHoe 1nepBoe ypaBHenue KosimoropoBa. Bsejem mpousBozsiiyio
byHKIMO HUHATBHBIX BEPOSITHOCTEH

oo
_ (a1,02,03) v2 73
(I)(alﬁaz,ag)(s%sii) = Z 900,y2,v3) 52 53 lse] <1, [s3] <1,
Y2,¥3=0

7 9KCIOHEHITNATLHYIO TPOU3BOISIINYIO (DYHKITHIO

> 28 252 238
@(21,22723;52733) = Z W @(al,az,a3)(s2783)' (2)

ay,az,a3=0

Ouesnino, YK D (o, a0y a4)(52,53) 1 P(21, 22, 23; 52, 53) AHATUTHYHBI B O6JACTH
|sa| < 1, |s3| < 1 u, cooTBeTCTBEHHO, IPH JIOOBIX 21, 22, 23.
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Anasnornuno Teopeme 3.1 paborsl [9] mokaspiBaercs, 4To
D(21, 22, 235 89, 83) = Im F(E; 21, 20, 235 51, 52, 53)
-

u (21, 29, 23; S2, S3) YIOBJIETBOPSIET CTAIIMOHAPHOMY IIEPBOMY yDPABHEHUIO

0%® 0%® 0P 0%® 0P
- — d——— ) =o0.
)\122 <82182’3 821022) + )\223 (82’1 82’1323) + )\3 ( 82’1 ) 0 (3)

IMonyunm yenosust Ha dyHKm0O P(21, 29, 23; S2, 83). U3 paBeHCTB juist (DUHAIBHBIX

(0,a2,a3) __ (0,a2,a3) =0 mpu s ;é Yo WM Qi3 7& 73, CIIeLyer

BEPOATHOCTCH G o, oy) = lu 9(0,72,7s)

o
. _ 2" *3
00, 22, 233 82, 83) = ) 5 P(0,02,05) (52, 53)
Q9. (3!
Oéz,DLg,:(]
oo Qo (3
_ 29 %3 §&2g¥8 — 252712383
- ol aa! 2 °3 :
0427013_0 2 3
Jlnis naganbHbIx cocrosgumii (aq,0,0), aq = 0,1,2..., duHANIbHBIE BEPOSATHOCTH DABHBI
(a1,0,0) (a1,0,0)
0.00) = 1 (Or2008) = 0 pu 2 # 0 wu 3 # 0. CiienoBaTesbHO,
oo o0
Zill Zill zZ1
©(21,0,0;52,53) = » | == B(a, 00)(s2,53) = > 5 =e.
aq: Qaq:
a1=0 ag,a3=0

Takum 06pa30M, JINHETHOE YpaBHEHNE B YaCTHBIX ITPOU3BOIHBIX (3) paccMaTpUuBa€TCA
IIpU I'PaAaHUYIHBIX YCJIOBUAX

®(0, 22, 23; 51, 82, 83) = 725212853 ®(21,0,0; 51, 82, 83) = €. (4)

B pab6ote nosyueno pererne 3agadn (3), (4), yIOBIETBOPSIONIEE YCIOBUIO AHAJTUTHY-
HOCTH. PaccMoTpeHne BOIIPOCOB CYIIECTBOBAHUS U €MHCTBEHHOCTU PeIleHuil ypaBHeHn
BUsa (3) He sIBISIETCs eJIbI0 HACTOsIIIEl paboThI.

4. WnTerpasbHOe mpejacTaBjienue i GYHKIIA D, o, q,)(52,53)-

TEOPEMA 1. Ionooicum p = Aa/A1 u p = Az/A1; nycmo p # 1. Dxcnonenyuaivhasn
nPou3sodAwas PYHKYUA GUHANLHBLT epoAMHOCMEl PaEHG

(21, 22, 23; 2, 53)

- /Oocexp{—[w 2 (1 +(s2—1)e — (55— 1)£) + (1 + (55 — 1)5*”)}

p—1

—pv v
X {u + Z2<(82 —1e " —(s3 — 1)%) + 23(s3 — 1)pe_p”]

x Jo(2v/—pz1v) dv, (5)

20e Jo(z) — dynryus Beccean nopsadka nyav.
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JIOKABATEJIbCTBO. @ynkiusa (5) Haxoqures Kak penienne ypasuenus (3),

I S .
2821822 2 pza 82’1623

od
— (pz3 — M)ale —pu®=0. (6)

Paccmorpum 3aMeny epeMeHHbIX & = 21, Y = Y(22, 23), ( = ((22, 23); BBOIUM bYyHK-
o U(x,y, (; s2, 83) Takyio, 4T0

(D(Zlv 22, %3552, 53) = \I’(xa y(ZQ, Z3)a 4(227 23)7 52, 53)'
Torya rnasHas yacTh ypaHeHus (6) mosyuaer Buj

(Y oy MY O (29— ps) O*v 9y | 9°¥ O¢
2\ 920y 9z, | 0xOC Dz 27 PZ)\ by D23 T 0xOC Dz

PV e EN 2 Y (L0 O ()
T 920C\ 82 V2T P ) T aroy\ oz 2T PR, )

ITepsoe citaraemoe B (7) UCKIIIOYAETCS [IPU BBIIOJIHEHUN PABEHCTBA,

a¢ ¢ _

st ypaBHEHUS TIEPBOTO MOPSAIKA HAXOIUM IEPBLIf MHTETPAJ XapaKTEePUCTUIECCKON CH-
CTEMBI U IOJIaracM

C(z2,23) = exp{(p — 1)z "23 — 2 "}

Kosdbdunuenr Bo BropoM ciaaraeMoM B (7) MOXKHO yOPOCTUTH BLIOGOPOM (DyHKIUU
y(22,23). B cBa3u co BropbiM u3 TpeGoBanmit (4), HA 3aMeHy NEPEMEHHbLIX HAJIOKUM
upeziesbHOe yesosue: u3 y — 0 caemyer, 1aro z2(y, () — 0, z3(y, () — 0. Orcrona ciemyer
paccmoTpenue ciydaeB p > 1 u 0 < p < 1, miist KOTOpbIX BBIOOD Y(22, 23) pasindeH.

(a) p > 1. Bropoe caaraemoe B (7) yupomaercsi, ecian dbyHKIus y(2a, 23) YIAOBIETBO-
pseT ypaBHEHHUIO

Haxomum obrriee pertierre moc/ieIHEr0 ypaBHEHUsI M BO3bMeM (DYHKIIUIO
Y(22,23) = exp{—(p — 1)z "23}.

Nmeem 3aMeny mepeMeHHBIX U 00paTHYIO K Heit

v=z, y=expl(l-pz’sn}, (=ep{(p—1zn"z—2 ") (8
1

a=w zm=(-hy"0, 25 = e (= Ingy)/ 00, 9)
—p

HauJioxxennoe Briize apeae/IbHOE YCJIOBUE BBIIIOJIHEHO.
ITocne npeoGpaszosanuii npu nojcranoske (9) B (6) u (4), nonyuaem ypasHeHHe

ru P ol 4 Y0¥ | g
(pfl)ylnCyaxayf (p_llny(lnéy) +u>ax+/~t‘1/0 (10)
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C TPaHUYIHBIMUA YCJIOBUAMA

\
V(0,y,G; 52, 83) = exp{( In Cy)!/ 1= — 2 (~InCy)/ “%},
=

W(J,‘, 07 C7 52, 53) = ex'

Hasee yupomenne ypasuernus (10) cBg3aHO €O cJaraeMbIM ¢ IPOU3BOJIHOI 1IEPBOrO II0-
psifika: JlesaeM CTaHgapTHyio sameny [12] W(z,y, (; se, s3) = u(z,y)g(y), rme g(y) — pe-
meHne 0OBIKHOBEHHOTO /b depeHInaaIbHOr0 YPaBHEHMS

d B
(p— 1)y1nCy£ - <pf o Iny(—InCy)?/ =7 +u)g:0~

Bepem uacTHoe perrenne

9(y) = (~Ingy) /=0 exp{(-mcy)““‘” - ey “‘p)}

U 1I0CJIe COOTBETCTBYIONIUX BBIYMCICHUN [T0JIydaeM ypaBHeHue Jyist GyHKmn u(x, y):
0%u 1

+ uw=0. (11)

9zdy  (p—1)yInCy

31ech HEOOXOAUMO OIPEESIUTh U PENTUThL BCIIOMOTATEIBHYIO IPAHIYHYIO 331y JJIs
ypasuenus (11). Ilycrs yo > 0. Beegem dynkuun

\I’(J?, 0; Cv 52, 83)
9(yo) ’

_ \II(O7y — Yo, Cy 52, 53)

O6osramm u’(r,y) pemenne rumnepbosmdeckoro ypasaenns (11) ¢ TPaHUIHBIME yCJIO-
BUSIMHU Ha, XapAKTEPUCTUKAX y = yo U x = 0,

u’(z,90) = p(z),  u’(0,y) = v(y). (12)

Breck ¢(0) = limy_,, ¥(yo) = 1/9(yo) (Tax xax limy_o ¥(0,y,(; s2, s3) = 1 10 npeeis-
HOMY YCJIOBHIO).

Bamaga T'ypca (11), (12) pemaercss merogom Pumana [12], [13]. Qymrxyus Puma-
na R(x,y;xo,yo) oupemessieTcst Kak pellleHne ypaBHeHUs!, conpsizkenHoro ¢ (11) (cos-
nazgaroniero ¢ (11) B paccMarpuBaeMoM cirydae),

0’R 1
+ R=0, (13)
9zdy  (p—1)yInCy
VJIOBJIETBOPSIOIIEE HA XapaKTEPUCTUKAX Y = Yo U & = T( YCJIOBUIM
x Y
R(x,y0; o, yo) = eXp/ 0dr =1, R(x0,y; 0, Y0) = eXp/ 0dt = 1. (14)
o

Yo

IMoncranoskoit B ypasaerne (13) n nposepkoii yemoswnii (14) ycranasmmsaercst, 9to GyHK-
nus Pumana paBHa

R(z,y;x0,y0) = Jo (2\/_;7” (x —x0)In lrrlfyo ) (15)
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Dynknus (15) HaxomUTCs W3JI0XKEHHBIM B [13] MeTo/I0M IpejicTaBiieHus: B BIJE psijia

i v (2, y; 20, Yo) (T — xo)j(y - Z/o)j ) (16)

R(mvy;x07y0) - j'j'

=0

Psz (16) moncrasisercst B ypasrenue (13), mis dynkmuit v;(x, y; To, Yo) permaercs pe-
KyppenTHoe muddepennnanbaoe cootromenne (cp. [11], mokazarenbeTBo gemMer 1).
Pemenne zanaun (11), (12) naerca dopmymnoit Pumana (z > 0, y > yo)

u’(z,y) = R(z,y0; 2, y)@(x) + R(0, y; 2,5)¢(y) — R(0,y0; 2, y)p(0)

_/ Mw)cﬁ_/ OR0.L2,y)
0 y

ar o vds

Yo

UHTErpupysd I10 4acTdaM, UMeeM

Y
O (z,y) = 20 o v) / R i y) ar+ | 20 jo, ey (7
Yo

Paccmorpum npesesibabii iepexof nupu yo — 0. 13 asroro suma dyuxuwmit (15) u g(y)
MOZKHO IIOJIYYUTH, YTO

lim R(07y0,x,y) :07 lim R(T,yo,l',y)e —0.
vo—0  g(yo) v—0  g(yo)

CootsercTBenHo, pu 4y — 0 u3 Berpazkenus (17) ama u®(x,y) nMeem pemmenwe ypasme-
mus (11)
Y 00(t)

u(z,y) = ot R(0,t; z,y) dt;

3/1eCh

6(t) = lim ¥(t) = (— 1ngt)“/<1*f’)exp{(52—1)(—1n<t)1/<1*p>—(53—1)phit1(—1n<t)ﬂ/“*ﬂ>}.

yo—0

Tlocse II0CTaHOBKHM NMEEeM

Y (—1pct)H/(t=p)—1 e -
u(:v,y):/0 %exp{(&—l)(—ln@) 1A= (s —1)p1 o (- In Ct)*/¢ P>}

X |1+ (s2 = 1) (=gt /O

7(3371)<( lnCt)l/(l p>+ plnt 1( In Ct)p/(l p)):|

Ingt
><J0<2 —p— zln ey >dt

(cxomMMOCTh HECOGCTBEHHOTO WHTErpaJsa odeBmana; p > 1). Ilpm 3amene mepemen-
noit mmrerpuposanmsa v = In(In¢t/InCy)/(p — 1) (re. In¢t = eP~VInly, dt/t =
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(p— 1)elP=1?n Cy dv), momydaem

u(z,y) = /0OO e M (—Ingy)/ P exp{(SQ —1)e (= In¢y)/=P

e~ n¢y —In¢ .

—(s3—1) -1

~%(Z1n Cy)p/u—p)}

X |4 (s2 = De " (= In¢y) 7 — (s3— 1) (e‘”(—lngy)l/(l‘f’)

(p—1)v _
AL oy, gy)p/u-p))} Jo 23/ ) do.

Haunee, U(x,y,(; s2,83) = u(z,y)g(y) u, BO3Bpamasch OT IepeMeHHbIX &, Y, ( K Hepe-
MEHHBIM 21, 22, z3 110 dopmyam (8), npuxoaum K Boipaxkenuto (5).

CoBepIIeHHBI BBIIIe IpeJe/bHbIN mepexol nph g — 0 HyKIaeTcs B 0GOCHOBAHUM;
OJIHAKO HEIIOCPEJICTBEHHO I0JICTaHOBKOl Bbhipaxkenus (5) B ypasuenue (6) u npoBepKoit
yenosnit (4) ybexkmaemcs, aro (5) siBistercs perenueM 3agaqn (6), (4). Boimosnneno
TpebOBaHNE AHAJIUTHYHOCTH PENICHU 110 IIEPEMEHHBIM 21, 22, 23; €IUHCTBEHHOCTD pelle-
Hust (5) yCTaHABIUBAETCS, NCXOJs U3 aHAIUTHIHOCTH pemenust (cp. [13], [3]).

(6) 0 < p < 1. Hcnosnp3yercst 3aMeHa IEPEMEHHBIX

_ _ -1 _ _ -
z=21, y—exp{(pl)zzp23+25 p+pp22”}, ¢=expl(p— 1)z 2z — 2 "}

p —1/p 1 p (p—1)/p
21 =2, 29= ( 1n§y> , 23 = <1n§+ < 1n§y> )
p—1 plnCy p—1

BrimosineHo npejienbHoe yeiaoBue, casannoe ¢ (4): uzy — 0 caemnyer, uro z2(y, () — 0,
z3(y, () — 0. Ilocse moncranosku B (6) u (4), moaydaem ypashenue st (DyHKIAU
\I}(xﬂyvé-;‘stSS):

82\11 1 ) (p=1)/p ov
i~ (g (me+ (Fopmer) ) -n) 55 —me =

C TPaAaHUYHBIMU YCJIOBUAMMN

—1/p (p=1)/p
#0Giszosn) =ep{ (£28) Tsat (et (S mey) fiomensal,
\Ij(x, 0> Cv 52, 53) =e".

Iasiee BoiBOg, pemenns (5) anajoruden ciy4daio (a). Boipaxenue mis dyuxiyu Pumana
coenajaer ¢ (15) (Bmecro p — 1 Gyzer p). Teopema 1 noKa3zaHa.

CJHIEACTBUE 1. /Jlas maproscrozo npouecca &(t) npouseodawan Gyrkyus GunaivHvix
sepoamnocmets (p # 1, aq # 0) maxosa:

(I)(Otl,ama?,) (52’ 53)

_ Mal Oovalflefuv
(a1 =1 Jo

X (1 +(s2—=1De ¥ —(s3—1)

—pv _ ,—V a2

(18)
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JIOKABATEJIbCTBO. IIpoussousuyio dynkiuumio (2) npeacraBum B BUJIE

0o 0o 00 o

Z Z{
. _ 1 1 <2
@(2172272&52733) = E 1 (I)(ozl,O O)(82753)+ E § | 1 (D(al 04270)(52783)
a1 [eARNCDHY
011—0 al:O 04271
) 0o s _as

+ Z Z Z le Z2 23 (I)(Oé170t27043)(82753) (19)

Tag! aig!
041—1042 00{3 1 2 3

u cBejieM BbipaxkeHue (5) K aHAJOTUYHON cyMMe. Bocosb3yemces pasiiozKeHusIMu

= i (2/2 > azs (7 iy oai—1
Jo(z) = zZ;(—l) (Z/'Z?) u e (b+ cz3) = b+;(j‘;’)(ba +jea’ ™),

torga u3 (5)

‘I)(Zl,ZQ,Zg; 82,83)

o a1 Dé1 0o —pv _ —v
= r / vl exp{—;w + 22 (1 +(s2—1)e”" — (83 — 1)%)}
0

= a1!a1! p—1
v pe PV —e"
X |p+ 22| (s2 —1)e —(53—1)71 dv
;L‘“z 25
K2 23" 3
Py Y e
a;=0a3z=1

0o B e PV _ g7V
X / vt exp{—;w—}—zz (1—|—(32 —1e " —(s3 — ”ﬁ)}
o _

(M N ((52 —De "~ (ss - 1)@%))

X (1 + (53 - 1)670’0)063 + 063(83 _ 1)pe*P’U(1 + (83 _ l)epv)a31:| dv.

(20)
B nepBom caaraeMoMm MOJICTABIAEM PA3JIOKEHUE
oo
eaZQ(b-ﬂ,-czQ) = b—‘,—z ol (ba +k‘0a );
k=1
3aTeM B IOJIYIUBIIEMCs BBIPAXKEHUI HHTErPAI pasOuBaeM Ha CyMMY JBYX HHTETDAJIOB
BTODOIl M3 HUX MHTErpupyeM 10 4acTaM. Bo BropoMm ciaraemMoMm B (20) mHTerpas pasbu-
BAEM Ha CYMMY JBYX MHTEIPAJIOB U BTOPON U3 HAX MHTErPUPYEM IO 4acTAM (C y<IeTOM
ciaydaes a; = 01 ap > 0); 3aTe€M B [OJLy IUBIIEECsT BBIPAYKEHHE TIO/ICTAB/ISAEM PA3JIOKEHUE
e®2 =Y (25 /k!)a*. B pesynsrare npeoGpasosanuii us (20) nosydaem

O (21, 22, 235 52, 83)

= e? 2282+2383 __ /’LZZZ
o PhemE 1+Z Zal al—l)!agl

10(2

o eV — e\
></ v e (1 4 (sp — e ™ — (s3 — 1) ————— ) dv
0 p—1
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DI I I

—1)! | |
a1=1a2=0az= Oél 012 a3

[e’e} —pv _ v X2
X / v leTH (1 +(s2—1)e " —(s3 — 1)66)
0 p—1

X (14 (s3—1)e™")* do.

[TpupaBuuBas B mosydeHHoM psijie u psaie (19) koadduimeHTs 1pU OIUHAKOBBIX CTele-
HSIX 21, 22, 23, IIOJy4aeM MHTerpajbHoe npeicrasienue (18). Ciuencrsue 1 mokazano.

5. AcuMmnroTuveckKkue cBoiicTBa GUHAJILHOTO pacupenejgeHusa. B paccMmarpu-

BAEMOM CIEIUATBHOM CJIydae JacTunsl Tumnos 1o u T3 HasbBaoTes dunaavrowmy [10].
ai,an,a " a,0n,0 o

O6o3naunM depes 775 1,02,03) ciIydaifHOe 4HMCJI0 YacTull Tuna 1h u né 1,02,03) ciayJaiiHoe

YHCI0 YacTull Tuia T, KOTOpble OCTaHYTCs IIOCTIe TOTO, KaK IIPOIECcC SMUIeMUN OCTaHO-

o . a1,02,0 1,02,
BUTCH, T.e. He ocTaHeTcsi yacturl tuna T;. CirydaiiHblii BEKTOD (né e 3), né Dz 3))

(a1,a2,a3)
(0,72,73)
ercst npousBogseit dyrkme (18). lius MaTeMaTHUECKUX OKUJAHUN MOIydaeM MpU

Qg — OO

UMeeT BEPOATHOCTHOE DACIpejiesieHne {¢ , (72,73) € N2}, xoropoe ompemens-

En(a17(127a3) _ 6(1)(0417(12,043)(1’ 1) — M “
2 0s2 w+1 ’

En(al,QQ,ag) _ a¢(a1,ag,&3)(1’ 1) ~ Q2 1% “ _ 1Y o
3 0s3 p—1\\p+1 p+p ’

Brruncienue ;mcnepcnﬁ OpuUBOAUT K CJACAYIONIUM aCUMIITOTUYIECCKUM Cl)OpMyJIaM npu
Qg — OQ:

2
Dn(al,ag,ag) _ 82(I)(a1,0427a3)(1’ 1) + 6(1)((11@2,063)(17 1) . 6(1)(a170t2,063)(1a 1)
2 0s3 082 0so

a1 201
() -G) )
ay| | ——= — | — ,
o+ 2 pw+1
o (o) ) ()
? (p—1)2\\p+2 p+p+1 [+ 2p
2a [ 2a
() lee) -G )
w1 (n+1)(p+p) pwtp

Hcnonb3ys siHOe Boipazkenue (18) mist mponssojsineil pyHKIMI BePOSITHOCTHOTO PAC-
npesenenns na N2, mpUMeHNB cTaHJAPTHLIM 06pa30oM MeToj mpeobpasosanus Jlamnaca

JUTsT BBIBOJIA TIpeJesbHbIX TeopeM [14], [10] mosywaem coemyromee yTepKIeHne.
TEOPEMA 2. ITyemw 1,22 € [0,1]. To2da (p # 1, oy #0)
n(al,az,ag) 77(0417042,043)
lim P{2<x1, 2 } / / f(y1,y2) dyr dyz,
Qg —00 (6] (%)

npuuem deymeproe npeobpasosarue JIanaaca 0As NAOMHOCIU PACTIPEICAEHUS GEPOAN-
nocmed f(xy1,x2) umeemn eud (A =0, Ay = 0)

F()\1, )\2) = / / e—)\19€1—>\2962f(x17 .’172) dry drs
0 0
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_ ( ,U,all)' /OO ,Ul)él7167;1/117/\16_“4*)\2(6_‘”}7€_v)/(p71) dv. (21)
aq — :

3AMEYAHUE. JIBymepHas IJIOTHOCTH PACIPEIEJICHIS TPEICTABISAETCS B BUJIE

f(1171,2172) —e (z1+x2)/2 Z Z anm L (:]Cg), I 2 O, ) Z 0, (22)
n=0m= O
rae L,(x), n=0,1,2,..., — mHorousens! Jlareppa u
- cici
o = 5 S G /
1=0 j=0

(e —e” 1/2)e=Y+4(1/2)(e=P" —e~" 1

i ()i [T e/ /2 e ) g,
p—1

Pazsoxkennue o MuorodienaM Jlareppa sfBIfeTCa CTANIAPTHBIM B OIEPAIOHHOM HC-

gnciennn. CrpaBeyIMBOCTh NpeJcTaBaeHus (22) yCTAHABINBAETCA NPSAMBIM BbIYHC/IE-
HueM npeobpasosanus Jlamaca or (22), ¢ ucnosb3opanneM papeHcTsa (A = 0)

o0 Uo/a—1/2\"
Y22 p Ay = —0,1,2,. ..
/0 € n(@) dx /\+1/2(>\+1/2> o =052,

u pana Teiinopa (|p1| <1, [p2| <1)

F((1/2)1+p1)/(1 = p1), (1/2)(1 +p2)/(1 = p2))
(I—-p1)1—p2) nz;)mzjoanmpﬂ?g )

. ZZ CiCI, OHIF(1/2,1/2)
" ilj! oxioN,

1=0 j=0

C . (a1,a2,03) (a1,02,03)
ﬂyan/IHbIe BE€JINYNHBI 772 n n3 UMEnT paCHpe,ILEHeHI/IH, OHpeILeJIHeMbIe

pou3BoaaImME GYHKIAAME P (0, as,04)(52,1) 1 Lo, ay.a4)(1, 53). CoorBercrsenno, mo-
garas B (21) A2 = 0 wim Ay = 0, uMeeM CJIeICTBHSL JJIsl OMHOMEDPHBIX PACIIPEIEICHNUI.
CHEJACTBUE 2 [3]. IIyemo x € [0,1]. Tozda

(a1,02,03) a1 )
lim P{772 < x}: A / Yy e Y dy.

az—00 o (a1 =) s

Paccmorpum dyukuumio z(y)=—(e Y —e Y)/(p — 1), y€[0,00). Pyukuua x(y) Bo3-
pacraer Ha [0, yo] 1 ybbiBaeT Ha [yo, 00); Yo — TOUKa MakcuMyMa u X = Z(yo) < 1. Ha or-
peske [0, zg] onpenesenst obparuble GyHKIMA Y1 (), y1(0) =0, 1 yo(x), lim,_, y2(z) = oo;
upudeM Y1 (xo) = y2(xo)-

CHEACTBUE 3. ITycmw x € [0, x¢]. Toezda

n(ahf’mas) pe y1(x) o
lim p{3 < :c} </ yarlefuy dy+/ yal—lefuy dy).
as—00 Qs (a1 =)'\ Jo y2(x)

PacemorpuM citydait corsacoBAaHHOTO CTPEMJIEHUS (g U (3 K Oeckoneunoctu. 13 (18)
cJiejlyeT mpejesibHas TeopeMa.
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TEOPEMA 3. ITycmv g — 00, a3 — 00, NPUHEM OTVHOWLEHUE (l3/Qlz CIMPEMUTNCA
K 2, 2de 0 < 3¢ < oo . ITyemov x1,29 € [0,1]. Toeda (p # 1, an #0)

,'7(061,042’03) n(al,az,as) x1  pxo
lim P{ 2 < xp, 2 < 562} =/ / f(y1,y2) dy dys,
0 0

ap—00
a3 —00 Q2 Q2

npusem npeobpasosanue Jlanaaca 0Af8 NAOMHOCIU PACHPEIeNeHUs 6EPOAMNOCTET uMme-
em 6ud (A1 =0, Ao > 0)

F(A, X)) = / / e~ MTL=A2 (o) diy dag

:7/ =1 gmhv—Are™ " Aa(e " (1=se(p—1)=e~")/(p=1) g
(1 —1)!
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