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IIpenuciosune

HanHoe nocobue BKIIOYaeT pasgen Kypca «MapKOBCKHME MOAENH
CHCTEM C B3aMMONECHCTBHEM», MOCBSILIEHHBIA NMPUOIMKEHHBIM YHC-
JIEHHBIM pacyeTaM, U COOTBETCTBYET MpOrpaMMe NMoAroTOBKM MarucTpoB
no cneumansioctn «[IpukianHas matematuka» dakyasrera «PyHaa-
MEHTAJIbHBIE HAYKH».

[lens METOAMYECKMUX YKA3aHUH — CrOCOOCTBOBATH JOCTHXEHHUIO
CTYJEHTaMM M acClMpaHTaMM psila KOMIETEHLMH, HEOOXOAUMBIX JUIS
WCCEIOBAHMS M MOCIENYIOIIEro CTaTUCTUIECKOTO MOEIMPOBAHUS Ha
9BM CIOXHBIX QU3HYECKUX U TEXHUYECKUX CUCTEM C IUCKPETHBIMHU
COCTOSTHUSIMH.

KpurepusiMu TOCTVDKEHUSI YKa3aHHBIX LeJIEN SIBJISIOTCSA YCBOCHUE
06Yy4arOIMMHCST OTIPEAEIsIEMbIX B JAHHOM Kypce 6a30BBIX MOHSTHMA
TEOPHM MapPKOBCKMX IPOLIECCOB CO CYETHBIM MHOXECTBOM COCTOSTHHH
U pellleHMe TMpelaraeMbiX B MocobuM 3anay TUIOBOrO pacyera Kak
aHATMTHYECKUMH METOAMHM, TaK M C MIPUMEHEHUEM BBIYUCIUTEIbHBIX
KOMITBIOTEPHBIX TEXHOJOTHIA. VICIIOIB3YIOTCS IPOrPaMMHBIE NTAaKEThI
Matlab, Maple, Mathematica ¢ BU3yanu3aluei J1aHHBIX.



1. Kunernyeckue CXeMbl H IHCKpETHbIe
MapKOBCKHE MOJEJIH

B pasiHyHbIX 0GJACTSIX €CTECTBO3HAHMS M TEXHUKH AUCKPETHble
CHCTEMBI C B3AHMOEHCTBHEM COCTABIISIIOLUMX X 2/IEMEHTOB 3ajal0Tcy
KHHETHYECKMMH cXxeMaMH. B nepBom cemecTpoBoM Kypcee «/1onosimu-
TeJIbHbIE TIaBbl TEOPHH CIYYaHHBIX TpOLeccoB» [1] M3nokeHb 0CHOBL
AHATMTHYECKOTO METO/Ia [Usi MAPKOBCKHX MPOLIECCOB C AUCKPETHBIMY
COCTOSHUSIMH. PaccMaTpuBaIOTCst OXHOMEPHBIE M MHOTOMEPHEIE fpo-
LecChl POXACHUS M THOEIM JIMHEHHOTO THIa, COOTBETCTBYIOLME CXeMam

npespaieHuit [2—4]:

T, > T, (opauHapHas),

T, > T,—>...» T, (nocnenoparenbHas);

T, > T,, T, (napauienbHas);

I,->T; T,->T, T, (nocnenoBatelbHO-MapaJUIeNbHas);

I,->T,>...»T,—> T (npocras uMKInYecKas);

T - 2T (aBTOKaTain3);

T—kT, k=0,1,2,... (uenHasa ¢ BETBICHHEM);

0—>T; T -0 (cucTema MaccoBoro 06CITyKMBAHHUSI M/M /) u npy-
THE.

Bo BTOpOM cemMecTpoBOM Kypce «MapKOBCKHE MOIEIHA CHCTEM
C B3auMOJeNCTBHEM» [5] pacCMaTpUBAIOTCS MPOLIECCHl POXIACHUS U

rubenu KBaJIJpaTUYHOI'0 THIIA, COOTBETCTBYIOIIIME CXEMaM C NMAapHBIMH
B3aUMOJICHCTBUSAMM.

2T > T (6uHapHas);

T,+T, > T, (GunapHas);

L +T,->T,; T,+T, > T, (napauiensHas);
L+T,->T,; T, > T +T, (uBycropoHHss);
TI,+T, > T,+T, (xatanus) u npyrue.

B obmem cnyyae cucrema ¢ B3aMMONEHCTBUAMM M TIPEBpAILICHUSA-
MM COCTaBJISIIOLIMX UX 3JIEMEHTOB TUIIOB T,,...,7, 3amaeTcs KHHETHYE-
CKo# cxemoii [1, 4, 6]:

8:7] +&:’2T2 +...+5L7; _’7:7:+Y;?;+---+YL?:;
(1.1)
8:7;+8';7'1+...+B:7; _y-y;';ﬁ "'Y;Tz +---+T:.T:.§

I
el +el,+...+e T, >y +y5T, +...+7,T,,



i’ ! ’ i - E—
rae €, Y, — ueible HeoTpuuarteabHbie uncna, i =1,....1, j =1,...,n

Cxema (1.1) MoxeT yunThiBaTh NOCTYNIEHHE IEMEHTOB H3BHE
(oTKpbITasi cucteMa) m obpa3oBaHMe KOHEYHBIX IIeMEHTOB (PHHATB-
HOTO TIPOZIYKTa).

1.1. /leTepMHHHPOBAHHbIH W CTOXACTHYECKHIl NMOIXO0ABI
NPpH MOAECIHPOBAHHH CXEM B3aHMOJEHCTBHH

JleTepMHHUPOBAHHBII MOAXOA K MOAEIMPOBAHUIO KHHETHYECKOH
cxemsl (1.1) cocrout B crenytouem. Beoasat konuyectso X,(f) anemen-
toB TMna 7, B MomeHT Bpemenn f€[0,), rae i=1,...,n. OyHKUHH
x,(1), ..., X,(!) yAOBNETBOPSIOT CHCTEME HEJIMHENHBIX OOBIKHOBEH -

HbIX anddepeHUNANbHBIX YPABHEHHM, WM KUHETHYECKHX YpaBHeE-
Huii [4]:

EXGE 1 €T %
1 = (%) X,); (1.2)
%, = £, er X,)

¢ HayanbHBIMM ycaoBusiMu x,(0)=x, ..., x,(0)=x,. Bun dyHnkunii
fis---» f, onpenensiercs cxemoii (1.1) no 3akoHaM poOpMaTbHONH KHHE-
TMKH [4]:

JUIS OpAMHApHO# cxembl npespawuenuii 1) = T, nonaraior

J.‘1 =_“1; ’.‘2 ® A-"1;
st GuHapHo# cxembl B3aumoneiicrsuii 7, +7, = 7, nonaraior

X, =-AXX Xy =-AxX,; Xy = AXX,

(Tak Ha3bIBaEMBblii «3aKOH JCHCTBYIOILMX MAcc»), rae A >0 — KoHcCTaH-
Ta. B nmpuxnaaHeix 3anayax GyHKUMH f,..., f, ABASIOTCSA MHOroOwIe-
HaMM CTENEHM He BbILIE TPEThEH.

CToXacTHYEeCKHii MOAXO/J OCHOBAaH Ha BEPOSATHOCTHON MOJAENIH
[1, 7] nnsa cxemsl B3aumoneiicTeuii (1.1) B Buae 0ONHOPOAHOTO BO Bpe-



MEHH MHOTOMEPHOTO MapKOBCKOTo mpowecca (&,(f), ..., £, (1)), rae
t €[0,00), Ha IMCKPETHOM (Ha30BOM MPOCTPaHCTBE

N" ={a=(a]"“’a‘n)’ C(.., =0’1)25"" [-__'1,...,”}.
Cocrosiuue (a,...,0,) COOTBETCTBYET HAIMYMIO O, 3JEMEHTOB
tana 7;, o, anemeHTOB TMNA T, ..., O, 2NEMEHTOB TUMa T.; crpoke

€T +...46'T 2T +...+¢'T, COOTBETCTBYET CKa4y0K Ciay4aitHoro
TpoLecca U3 COCTOsIHUS (Q,...,0,) B COCTOSIHHE (al-a‘,'+y{,...,a i
~€,+7,). B cocrosiHuu (a,,...,0,) NPOLECC HAXOLUTCS cyyaithoe
BpeMsl T, C MOKA3ATCJLHBIM PACMIPENEICHUEM, 3aBUCAILMM OT napa-
METPOB TaKMM 00pa3oM, YTO CTOXAaCTHYECKas W NETEPMUHUPOBAHHAS
(1.2) Monmenu CBSI3aHbI «TEPMOAMHAMMUYECKUM NPEAC/IbHBIM NEpeXoaom»
8, 9].

Hanee st o, B, y € N npuHATEI cenyiorme 0603HaueHust: y = o — B,
ecmn Y, =, —By,...,y, =, —B,; a>p, ecau o, 2B,...,0,2B, HT I

1.2. MapKoBCKHe MpPOUEcCHl ¢ TMCKPETHBIMH COCTOSHHUSIMA,
Ypasnenns Kosamoroposa

JU1st OMHOPOHOTO BO BpeMEHM MapKOBCKOIO npoiiecca

&(t) = (E.ll(t)s ] an(r)): le [O:w):

Ha MHOXECTBE COCTOsIHMI N" 0603HaYMM IepexoHbIe BEPOSITHOCTH:

Fy() =P =B|E0) =0}, a,BenN".

Takoit cnyyaitHbI MpoLEeCC 3a0aeTCs TUIOTHOCTSIMU TMEPEXOIHBIX BE-
POSTHOCTEH:

a =M , o,peN".

o
dt =0+
Hanee Bcerna cyutaeM, 4TO BBIMONHEHBI YCIOBHS, PH KOTOPBIX

NIEPEXOIHBIE BEPOATHOCTH YAOBJIETBOPAIOT NnepBoii (06paTHOi#) U BTO-

Poii (npsiMoii) cucremam mudpdpepermanbHbx ypaBHeruii Kommoro-
posa [10, 11];

dP (1
ap() _ > a,Py(t), a.eN";
dt n
yeN
dP (1
all( )= ZP'"(r)a'w’ BEN.
df yeN"
¢ Ha9aNbHLIMK yenosusmu P, (0)=1, P,,(0)=0 mnpu o =p.
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CocTosiHME O Ha3BIBAIOT MoOIoMaIuM, ectu a,, = 0.

MapKOBCKHIi IpoLiecCc Ha3bIBAETCs MPOLIECCOM POXIEHUs U rHbe-
JiK, €I U3 COCTOSIHMA o = (at,...,0t,) TPOLECC MOXET COBEPLIUTH
CKa4OK TOJIbKO B COCTOSIHME ¥ =(y,,...,Y,) TaKOE, YTO lo, —v,|<1 nns
Bcex i=1,...,n [6, 10]. Ecnu «BnoxenHas uens Mapkosa» [10] mis
npolecca ABISETCA cay4aiHbIM OnyxnaHuem Ha N, To onpenensior
TUIBI TIPOLIECCOB POXIAEHUS U FHOENU: JIMHEHHBINA, KBaJApPaTHYHbIN,
KyOHMYEeCKHMii M Tak najiee B 3aBUCHMMOCTH OT Buaa GyHKUMH a,, =
= o(a, ..., t,).

M3 MHOXecTBa MApKOBCKHX NMpoLieccoB Ha (ha30BOM MPOCTPAHCTBE
N" BBIIEJISIOT CIIELMATbHBIN KJIACC MPOLIECCOB B,, yKa3biBasi KOHKPETHBIH
BUJI TUIOTHOCTEH NMEepPeXoiHbIX BeposITHOCTEN {a,,,a, fe N"} [1].

1.3. MapkoBckas MoJe/b KHHeTHYecKOi cxembl. Ilepsoe
M BTOpO€ YPaBHEHHS B NPOM3BOAAIMX (YHKIHAX

U3 cxembl B3anmoeiictsmii (1.1) umeeM Bextopeie’ = (g, ..., €,) €N",
i=1,...,1. Kaxnomy BeKTOpy € COIOCTaBUM pacrpeleleHUe BEPOsT-
Hocteii Ha N”, {p} 20, va,,p; =1, p, =0}, u HaGop uncer {¢. >0,
aeN"; ¢ =0, ecnu npu HEKOTOpPOM k o, <€} o opmyre

o, =A,J o, (e, ~1)-..(ct; =€} +1), aeN’, (1.3)

Jj=1
rae A, >0 — xoadduumeHTbl MPONOPUHNOHATEHOCTH, i=1,..,n Ina
MapKOBCKOTo npoliecca &(f) xiacca B, 1o onpeIeieHHMIO NoJiaraeM [1]:

! !
At i 2% n
Qe = —Z(pnr.’ Qap Z(P“- pﬂ—uﬂa‘i boreiia B’ i B enN”.
i=l i=1
IMpouecc &(f) MHTEpNpeTHPYETCs KAK CTOXaCTHYECKas MOJENb CH~
cTeMbl B3auMojeiicTByommx yactuy n tunos Tj,...,T,. CobbiTHe
{£(f) = o} ecTb TaKOe COCTOSIHME CHCTEMBI, B KOTOPOM B MOMEHT Bpe-
MEHHM ! UMEeeTcs COBOKYMHOCTb S, 4acTHIl, COCTOSLIAs U3 O, YaCTHLL
mvma T, ..., ¥ a, yactuu tuna T,: S, =7 +...+0o,T,. 3anamam /
KOMIUIEKCOB B3aMMOJEHCTBUS YaCTHLL S‘“ COOTBETCTBYIOLLMX BEKTO-
ey i
pam €. Uepe3 ciyuaitHoe Bpems T,, P{t, <f}= l—cxp(-—(puf), Npomc-
XOIMT B3aUMOJIEHCTBME KOMIUIEKCA YaCTHLL S',. B 3TOT MOMEHT M3 Q,
yactul TMna 7; BeIOMpaercs € vacTu, ..., M3 o, YacTuu tuna 7,
BHIOMpaeTca €, YACTHUII, M ITOT KOMIUIEKC HaCTHLL S, ¢ pacnpenene-
E

HHMEM BEpPOSITHOCTEMH {p;} 3aMEHSETCSI COBOKYINMHOCTBIO ST HOBBIX
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yactnu. CHCTeMa M3 COCTOSIHMS S, COOTBETCTBYIOIIErO BEKTOpY o,
MEPEXONUT B COCTOSIHNE Su_s,ﬂ , COOTBETCTBYIOLUCE BEKTOPY 0.—¢' +17.

Jlaiee MPONCXOMMT AHANIOTHYHAsL IBOJIIOLMS CHCTEMbI YaCTHLI.

B cOCTOSIHMM S, CHCTEMa HAXOIAMTCH CllyyailHOe BpeMst T, noka
He npomouncT kakoe-nubo u3 [/ B3aumonencrsuit, T. e. T,
-mm(tu,---,‘r ). 3aech rnpearnoaaraeTcs, YTo CAyYyaHbie BEAUYUHBI

‘Ca,.. ‘C neszasucumbl. Toroa Pit, <1} =1- exp( ((pu +.. +‘Pu)f) U Be-
POSITHOCTb, YTO MPOM3OLLIO B3aMMO/CHCTBUE KOMILIEKCA YaCTHLL S

i R -I
TNpH YCIOBHH, YTO B3aMMOACHCTBHE MPOM30LLIO0, paBHa P, (Zj_ltpa) :
Bo3MoXxHbIe TpeBpalleHUsA YaCTULL B TAKOH CUCTEME MpeacCTaBaSIOT
cxeMmoii B3anmoneiicTsuii (1.1), rie ciyyaitHblit BeKTOp ¥ = (11,7}, .., 7.)
umeeT pacnpenencuue {p,}, i=1,..., .

Bui6op 3Hayenwii (1.3) wis @, o6bACHAETCs CaeayonmM o6pasom.
ITycTs MapKOBCKHM# MPOLIECC HAXOAMUTCS B COCTOSIHMHM o = (a,, ..., O, ),
YTO COOTBETCTBYET HAJIMYMIO COBOKYNHOCTH yactill S, = o, T} +a,T; +...
...+a,T, . [Ipeanonaraem, 4to 3a Bpemst Af — 0 BeposiTHOCTB q:f,AHo(Ar)

BB&HMOI[CHCTBHH KOMIUIEKCA YaCTHL .S‘ MPOINOPLIMOHAIbHA YUCITY C !
coyeTaHMit € yacTul TMna 1| u3 HMCIOII.(HXCH o, Jactuu tvna 7T, ...,

NPONOPLUOHAIBHA YUCITY Cu" coueTaHmii €, yacTuu Tuna 7, U3 uMe-
n

Joumxcs o, yactvu tuna 7, .

Jlns MapKOBCKMX IpolieccoB Kiacca B, ypaBHenusi Konmoroposa
JUISE IEPEXOMHBIX BEPOATHOCTEN 3aMUCHIBAIOT B KOMIIAKTHOM BHIE,
MCIIO/Ib3ysl Npou3Boasalme GyHKIUMH. MHOroMEpHO# NMPOH3BOASIICH
bynkuneii F(s,,...,s,), COOTBETCTBYIOLIEH LIEOYHCICHHOMY cayyaii-
HOMY BEKTOpY & = (él, ...,é ) ¢ pacnipeneneH1eM BepoaTHocteit {2, 20,

aeN", Y .p, =1}, HasbiBaeTcs cymma psa [3, 10]:

F(s..,8,)=Ms...s" = Y psit...sp"
aeN"

,[Ia.nec GyIeM NPUMEHSATD 3aMUCh §=(8),...,5,), $* =81 ...5," a!=
=a,...a,!. [lnsa BexTopa GyaeM MCIONb3OBATH oﬁoaﬂaqeuuc 1, eciu
BCE €ro KOMIOHEHTHI PaBHBI eAMHULE; Yepes |s| 0603Ha4uM BEKTOP €
KOMIIOHEHTaMH |, |.

MaremaTtuyeckue 0XuaaHust KOMIOHEHT CJTy4aiHOro BEKTOpa Bhbl-
yucasior no gopmyne [3]:

an(l),

ME, =
5 0s,

i=l,....n



rA€ TIPOM3BOJHAs B TOYKe § =1 MmoHMMaercss Kak NMpOM3BOAHAS CJieBa

10 BCEM KOOpIIMHATaM §,, i =1,..., n. BoipaxeHue 1is1 AUCIIEPCUU UME-
eT BUl

2
DE, = d'F,(1) : OF,(1) (@K (1)
l 6sz asf as.f ’
Jnsi cBepTKM MepBoit cucTeMsl AuddepeHIIMaTbHbIX YPaBHEHU

Kosmoroposa BBOASITCSI 9KCITOHEHLIMAIbHBIE MTPOU3BOAsIIUE DYHKIHUU
IUISL TIEPEXOAHBIX BEPOSITHOCTE M

G ()= Y 2 ,.,p(f) EEAZ s B

uEN"

U JIMHEWHbIe TM(depeHUMaTBHBIE ONEPATOPHI

Y ayl+...+~fn
[ ] Z PY 1o =1,..54; Sy T
aZ yeN" a aZT azl 1 . .az""

Teopema 1 [1]. DkcrioHeHIMaNbHAasE Mpou3BoasLIast GYHKINSA Tie-
PEXOIHBIX BEPOSITHOCTEN Gp(r;z) MapKOBCKOro npotecca (f) kiacca
B, npu mobom Be N" ynosneTsopseT JMHEHHOMY M depeHanb-
HOMY YPaBHEHHMIO B YACTHBIX ITPOM3BOIHBIX:

G(:2) . EZ el zZ
ﬁ—=§:x.z“ G,(;2), Gy(0;2)=—,
ot ‘ [ 0z az"] i ? p!

=1

-rne A>0, i=1,...,n

}luﬂ cnep‘ncn BTOpO# cucTeMbl b depeHIHANbHBIX YpaBHEHUH
KosiMoroposa MCIoib3yioT IPOU3BOASAIINE DYHKLIUK:

E,(1;5) =M |0)=0) = Y Py()s", ()= 3 ps", |s|<1.

peN" yeN"

Teopema 2 [1]. ITpoussonsmas GpyHKUMS MEPEXOAHBIX BEPOATHO-
creit F,(t;s) MapKoBcKoro npoiecca &(f) knacca B, npu mo6om
aeN" ynosiersopsier npu |s| <1 nuueiiHomy anddepeHunaTbHOMY
ypaBHEHHMIO B YaCTHbIX npouanonﬂux

PR =3 A, (h(s)- :___a*;({rs)’ F,(0;5)=5".

i=l
(Dyuxunn G s (65 z), F,(#;5), h(s) ABISIOTCS aHATUTHYECKUMH B
paccmamunacmux oﬁnac'mx



2. JIByxXBepuIHHHOE CTALUMOHAPHOE pacnpe/eeHye
B OMcTabmabHoOM cucTeme
3r->212T-> 3, T> 0; 0> T

PaccmaTpuBaeM OXHOPOAHbIA BO BPEMEHM MapKOBCKMit mpouece
poxnenust u rubenun &(f), fe€(0,0), Ha MHOXecTBe cocTosgHui N =
={0,1, 2,...}, nepexonusie pepositHocTn F (1) =P{§(f) = j|£(0) =i} ko-
TOpOro npH f — 0+ MNpeaACTaBUMBI B BUIE

B (0) = i+ Ai (i = 1) (i = 2))t + (1),
B ()= (o + M= 1)1 + (1),
P (t) =1=(Ag + M i + A0 (i 1)+ A,i(i = 1) (i — 2))t +o(2),
B()=o();, j#i-1,71, "i+],
rme A, >0, A, >0, A,>0, A,>0.
ITepsyio cucremy muddepeHIHATBHBIX YPaBHEHHH IS IEPEXOIHBIX

BEPOSITHOCTEM MPH ITOMOILM 3KCIIOHEHLIMAIBHOM MPOM3BOsIIEH yHK-
UM

GJ(I;Z)=Z%‘%(’): j=0,1,...
i=0 I

3alMIIeM B BUIE JTMHEHHOINO YpaBHEHMS !

an (f, Z) 3 a?. ai 7 BJ 62 [ 5, ]
tel L L L S BN G | e g v o PR
ot { ¥ o o 2 o o7 1 ford
22162, 60,9=%
0 aZ FASEE A j\Vs j'-
Bropyio cucreMy muddepeHumManbHbIX ypaBHEHHH IS EPEXOIHBIX
BEPOATHOCTEH NPH MOMOIIM npou3sBoasuiei dpyHkumu (s < 1)

E(t;5)= > B(1)s, . i=0,1,...
Jj=0

NPEeACTaBUM B BUIE JIMHEHHOrO ypaBHEHUSI TPETHENO MOPsIAKa:

OF(t;8) . (2. \OF(t:) O’E(t;s) oF,(t;s)
o =4, (s*-5*) o +11(s3—s’)-—a‘s—2+7«.,(1-s)———as +

+Ao(s-1)F(t;5), F(0;8)=5'". 2.1
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B cocTosiuum i nmpouecc Haxonures cayyaitHoe spema T, P{t, <f}=
=] —'exp[—(ik.0 +A A =1)+ A i -1) (i - 2))1] . 3aTeM NMPOUCXOINT Me-
pexon npouecca i — i—1 ¢ BepoSTHOCTbIO, pABHOM

Ai+Ai(=1)(i-2)
Ao +Ad + Ay (i =1)+ Ayi(i =1)(i =2)’
WIM niepexol | —i+1 ¢ BEposSITHOCTBIO, pABHOM
Ao + A0 + Ay (i = 1)+ Ayi(i 1) (i -2)

Jlajiee MPOMCXOAMT aHAIOrMYHasi 3BOIONMs mpoliecca (puc. 2.1).

OTtrankHBaoman

rpaHHIa

iy ———
0 1 2 i-1 i i+l

Puc. 2.1. Ckauku npouecca 37 — 2T; 2T - 3T; T— 0, 0T

PaccMaTpuBaeMblii MApKOBCKUIA NMPOLIECC SIBJISIETCS. MPOLIECCOM
POXIEeHHUsI ¥ THOeI KyOMYeCKOoro TUmna.

Mapkosckas Monenb &(f) WUIIOCTPUPYET POJib CTOXaCTHYECKHX
dnyKTyaumii npu pacCCMOTPEHHUHM XMMUYECKOH PEaKIIMU C KHHETHYe-
ckoii cxemoiit A+2T =3T; T = B [6], npudeM KOHUEHTpALIMU Be-
mects A 1 B noanepxupaiorcsi nocrosiHHpiMu. [Ipeanonaraercs, 4To
cUcTeMa ABJISIETCS OAHOPOAHOWM B MPOCTPAHCTBE, YTO AOCTUTAETCH,
Hanpumep, nepemeirBaHueM. KoappuuueHr A, MpPOMOpPUMHOHAJIIEH
KOHLEHTpaLUuy BeuecTsa A, a KoO3hhULUUEHT Ay — KOHLIEHTpALlHH
BelecTsa B.

2.1. JlerepMHHHPOBAHHAS MOJeJIb H ee HCClIel0BaHHe

JubdepenumpyeM ypasHeHue (2.1) o s:
0*F(t;s) o F(1;5) 3 E(t;5)
e -

otos as*
*F(1;5) s n\OFE(t;s) , 0F(t;s)
+)L,(3sz-2s)T+lz(s -S ) E;s" -\ jas -

2 : ‘
(1) ZEED 3 1) g (s-1) EE @2)
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, MEBIENTS

e — —

BpoauMm oGo3naueHue JUist CpeiHero:

3
ge=|

4<r)=M(&(r)|a(0)=s)=____6FI;;;S>

yuurbisaeMm F(#;1)=1 u nonyyaem u3 (2.2) npu s =1 pasemncrso:

da __, OE58) O F(1;5)
dt k| k]

Bs’

B +A,

“MAW+N,.  (2.3)

5=|

5=l

HudpdepeHunanbHbie ypaBHEHUsI 3aKOHA JEHCTBYIOILMX Macc co-
Gmonatorest Kak npubIMXeHHbIe 1A cpeaHero A,(f) npu Gonsimom
HavyanbHOM 4Mcie yacTull. [lonaraior i — oo (npenensHsliit nepexon
COOTBETCTBYET MPUHSATOMY B CTATUCTUYECKOM (DHU3MKE TEPMOAMHAMHK-
YeCcKOMY MpeaeabHOMY nepexony [8, 9]) u

S (1;9)| z{aﬁ(r;sn J’ A z(af;(r;sn T
5=1 s=1 =1

& | os | os’® s |

s=1

Torna u3 (2.3) cnenyer ypaBHeHHe e TEPMHUHUPOBAHHOMN MOIETH
X=X + A, x2 —Ax+A, (2.4)

C HavyanbHbIM ycnoBueM x(0) = x,, re x(f) — KOJMYECTBO peareHTa B
MOMEHT BpPEMEHH [.

[MTockonbky —A; <0, To mMpu ¢ — o0 B CUCTEME YCTaHABJIMBAETCS
paBHOBecue. EciM Tpy KOpHSI CTallMOHAPHOTO YpaBHEHMS

“AyX’ + A X2 A x+Ay =0 (2.5)

HNEACTBUTENBHBIE U PA3IMYHBIE, TO CYLLIECTBYIOT TPH TOYKH JIOKATBHO-
ro pasHoBecus. [Ipu 3ToOM MeHbIIMI U OOJNBIINIA KOPEHD SIBISIOTCS
TOYKAaMM YCTOMYMBOTO PaBHOBECHUS, 2 KOPEHb MeXIYy HUMH — TOYKOMH
HEYCTONYMBOrO paBHOBECHH.

Ha puc. 2.2 noka3saHsl pelieHus! ypaBHEHHs] JeTePMUHHPOBAHHOMH
Mozaesu (2.4) npu pa3IMuHBIX HAYaJIbHBIX YCIOBHSIX. [OpH3OHTAIbHbIE
JIMHUM COOTBETCTBYIOT TOYKAM JIOKAJIBLHOIO paBHOBECHS. B 3aBUCHMO-
CTH OT Ha4YaJILHOTO YC/IOBUS X(f) CTPEMHUTCS K OAHOMY M3 BYX YCTOM-
YMBBIX TMOJIOXKEHHUIH: €C/IM Ha4aJbHOE MOJIOXKEHHE HHXE MOJIOXKCHHSA
HEYCTOIYMBOTO PaBHOBECHUS, TO MPU  —> co peLueHue X(f) CTPEMHTCH
K 3Ha4YEHMIO MEHBLUEro KOpPHS; B MPOTMBHOM Clyyae — K 3HaYCHHIO
Gonbuiero kopHa x,. YucaeHHoe MoxenMpoBaHHME MapKOBCKOro Npo-

12




Puc. 2.2. Pewenust x(f) ypas-
HeHuda (2.4) u peanusauus
MapkoBckoro npouecca &(f)
npu HadaTbHOM yesioBuH £(0) =
=60. 3HayeHHs1 MapaMEeTPOB:
Ao =4,5:10% A, =1,95-10%;
xz =2,6‘102; 1-3 =l

200 ¢

150

100 ¢

50

200

150

100

50

0

Ml I,

_ w” I

1

W

0,002 0,004 0,006

0,008 0,01
t
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o S e e —

uecca &(f) mokasbiBaeT, UTO CyvyaitHblit npouecc 6oabiIyio YacTs
BPEMEHH MPOBOMUT BOJIM3H TOUCK YCTONYMBOrO paBHOBECHSI COOTBET-
CTBYIOLIEH N€TePMUHMPOBAHHOM Moue/u (CM. puc. 2.2, 2.3), nepexossi
OT ONHOM TOUKM K Apyroit (6ucrabuibHas cucrema [6], . 7, § 1).

Ha puc. 2.3 nokasaHbl TP PELICHHUsI CTALIMOHAPHOTO YpaBHEHUs
(2.5) u peanusaumsi MapkoBckoro npouecca &(f). pu A, - o 370
ypaBHEHHE MMEET, YTO HETPYAHO IMOKAa3aTh, €AMHCTBEHHBIN NeHCTBH-
TeJIbHBIH KOPEHb X,, KOTOPbIN SIBJISIETCSI TOYKOM YCTOMYMBOro paBHoO-
BECHSI.

g
200
150
100

50 L 1
Wi/

0 0,002 0,004 0,006 0,008 0,01 t

Puc. 2.3. Peanu3auus MapKoBCKOrO mpoiecca £(f) NMpH HAYaJIbHOM YCJIOBHH
£(0)=60 ¥ rucrorpaMma CTallMOHapHOIO pacrnpeleNeHUs. 3HaYeHHs MapaMe-
TPOB: Ag=4,5-10° A,=1,95-10% A,=2,6-10% A,=1. Yucro cKaykoB npouecca
E(r) paBHo 107 (wis rucTOrpaMMmsl)

200
150
100
50
0 0,002 0004 0006 0008 001 ¢ 0 0,01

Puc. 2.4. Peanu3auus MapKoBcKOro npotiecca £(f) NMpH HaYalIbHOM YCJIOBHH
£(0)=160 u rucrorpamMma CTaLMOHAPHOrO pacrpeneseHus. 3HaYEHHs Mapame-
TPOB A, =6,75:10%, OCTaNbHbIE KaK Ha pMC. 2.3

Ha puc. 2.4 nokasausl pemieHue ypasHeHHs (2.5) ¥ peau3auus
MapKOBCKOro rnpouecca &(f), moayyeHHble IMPY yBEJHYEHUH NapaMeTpa
Ay MapKOBCKMIA npouecc £(f) cosepluaeT KoueGaHHs OKOJNO 3HaYe-
HUA X
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2.2. TucrorpaMmsl Vil CTAHOHAPHOrO pacnpeje/ieHHs

MeTonoM CTaTHCTHYECKOTO MOIETMPOBAHMS MOTYYEHBI OLIEHKH ¢ ;
IUISI CTAllMOHAPHBIX BEPOSATHOCTEM:

g, =limP{E() = j|EO) =i}, jeN; 3q,=1.
f—=an }-0

3HaueHHe ¢; BLIMMCIAIOT KaK OTHOLIEHHE CYMMapHOro BPEMEHH
HAXOXJIEHMSI MPOLIECCa B COCTOSIHMM J KO BCEMY BPEMEHH MOCTPOCHHUSA
peaiu3alMu npouecca.

[McrorpaMMa CTallHOHAPHOIO pacripe/iejieHusi, NOKa3aHHas Ha
puc. 2.3, WUTIOCTPUPYET GUCTaOMIBHOCTb CHCTEMBI. Touyku n1oKanbHBIX
MaKCHMYMOB TMCTOTpaMMbl HE COBMAJAlOT ¢ TOYKAMU YCTOWYMUBOTO
paBHOBECHS B JIETEPMUHUPOBAHHON MOJEIIH.

[icrorpamMmMa CTaLlMOHApPHOTO pacrnpezeieHusi, u3obpaxeHHas Ha
puc. 2.4, nony4eHa NpH yBEIMYEHUH NapameTpa A, U NMOKa3bIBAET, YTO
NPH YBEJIMYEHUM MHTEHCUBHOCTH BHEILIIHETO MCTOYHHMKA CTAllMOHAPHOE
pacnpenefiieH|e 6JIM3K0 K MIIOTHOCTH HOPMAJIbHOTO pacrpeie/ICHUs.
Touka MAaKCHMYMa TMCTOrPaMMbI HE COBIIAJAET C TOYKOW paBHOBECHS
B JIETEPMUHUPOBAHHON MOIEIIH.

3ameuanue. g moctpoeHUSA pUCYHKOB BHUIa PUC. 2.2 npu-
menstioT Meton Pynre — Kyrra st mpuOIMXEHHOTO PEIICHMS 0OBIK-
HOBeHHBIX TU(hdepEHIMATbHBIX YPABHEHUI U CHCTEM. Peanuzauuu
MapKOBCKMX TPOLIECCOB, NMPUBEACHHBIE HA PUC. 2.2-2.4, crposaTcs
metozoM Monte-Kapio [12—14]. Mcnonb3yloT cTaHAapTHBIA JaTInK
pPaBHOMEDHO pacTpee/IeHHBIX Ha OTPE3Ke [0;1] cny4aiHBIX YHCEN
r= RNDM[0;1]. CnyyaiiHasi BeIMYMHA C NOKa3aTeIbHBIM pacnpene-
JICHUEM

P{r<t}=1-e™,120,

onpeaensierca dpopmynoin t=-In(1- r)/\.




3. KBasucrauMoHapHoe pacnpejejieHue
11l MAPKOBCKOIO BETBALLErocs mpouecca
cocxemoii 2T > T; T —> 0, 2T

PaccmaTpuBaeM OHOPOJHBIH BO BPEMEHM MapKOBCKHii Mpoliece
poxaeHusi ¥ rubenmn &(1), rae 7 €[0,0), Ha MHOXecTBe cocTosHMIA
N ={0,1,2,...}, nepexoaxbi¢ BepositHocTH F) ()= P{g(;) _,|§(0)_,}
kotoporo npu f — 0+ npeacraBuMbl B BUe

B, (1) =(Ai(i =1)+ pA i)t +o(t),
P, (1) =1=(Ai(i = 1)+ A,0)t +o(t),
P, (t) = p\jit +o(1),
PB(t)=o(t),j#i-1,i,i+1,

rae p, 20, p,20, p,+p,=1; A, >0,1,>0.
OKCMOHEHIMATbHAs MPOM3BO/sAIIAsl (DYHKILIMS IEPEXOIHBIX BEPO-

sitHocTedt G (1;2) = Zzn(zf/i!)%(f) YIOBJIETBOPSIET TIEPBOMY ypaBHe-
HHIO:

oG (t;2) of. 0 ind? ol o
e B f e £ 2O G o).
of { [az o7 ] z(‘”‘az th =5, | (0/52)

Gj(oa 7)= ZJ /j'

ITpoussonsimas GyHKIMsI MepexonHbIX BeposiTHocTel Fi(fs5) =
= ZH}},(:‘)S" YAOBJIETBOPSIET BTOPOMY YPaBHEHHMIO:

OF(t;s) . 5 O*F(Ls) OF(t;9)
ot -;"2(5 )T"'k( 23 *h” ) g Os : (3_1)
F(0;5)=5".

MapkoBcKuit npouecc HaXoAUTCsA B COCTOSIHUM | ClIy4aiHOe Bpe-
Ms T, =min(t,,T,), II€ T,,T, — HE3aBUCHMbIE CIy4aHHBIC BEJIHUMHBI;

P{t, <} =1-exp(-A,i(i — 1)), P{t, <1} =1-exp(-A,if).

Eciu min(t,,1,) =1,, TO npouecc nepexoaut B cocrosHue i—1. Eciu
min(t,,T,) = T,, TO NPOLIECC C BEPOSTHOCTBIO P, NMEPEXOIMUT B COCTOSIHHE
i—1 ¥ c BEepOATHOCTBIO P, — B cOCTOsIHUE i +1 (BETBALUMMCS MPOLIECC
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T — 0, 2T [3]). Janee npoucXoAUT aHATOrHYHAas 3BOJIOLMS MpoLiecca
(puc. 3.1). Cocrosiuue 0 siBnsieTcs: MOMIOIAIOLINM.

IMormomaromas

rpaHmna

:"_"“-”"-\ —~
0 1 2 i-1 i i+l

Puc. 3.1. Ckauku npouecca 27— T; T— 0, 2T

PaccmaTpuBaeMblii MAPKOBCKHH MPOLIECC ABJISACTCSA MPOLECCOM
pOXIeHHUsl M TMOeIM KBaipaTHYHOIO THIIA.

3.1. YpaBHenue AeTePMHHHPOBAHHOH MO/IEH H €ro pelieHHe

Jlnsi paccMaTpHUBaeMOM aBTOKATAJTUTUYECKON peaklUu ¢ KHHE-
raeckoii cxemoit 27 —» T; T — 0, 2T [15] nony4yuM A€TEpPMUHHUPO-
BaHHYIO MOJIEJTb, OMKMCBIBAIOLIYIO H3MEHEHUE KOJIMYECTBA pearcHTa
x(t). MpomadpdepeHMpPYeM YPaBHCHHE (3.1) mo s u moacTaBuMm s = 1,
MOJIy4YUM

O*E(t;5) o F(t;5) 8E(t;s)
Y - SRR R D P =1 )
a[ 6s » 2 asz e l( P)_ ) 63 L

Wcnons3yeM 0603Ha4YeHUs AJI CPEIHETo THCIa gactuu A1) =

_ 3F(t;5)
R
t O’ F(t;
%(_) B -12—5:,—"1’4 M (P P)AD). (3.2)

CyuTasi IpM | — o0 CIpaBeVIMBBIM npuG/IMXKEeHHE «TePMOAMHAMH-
yecKOro NpeAesIbHOro nepexoaa»

2 ’ 4 :
2 g:,s) ,,[Qf%‘_) J = A}(1),
s=1

nosydaeM u3 (3.2) ypaBHEHHE JEeTEPMUHUPOBAHHON MOJIEJIH:

s=]

%=X +A, (P, — Py )X

¢ HayansHbM yenoBueM x(0) = x,. Pemenue (npu p, # p,) uMeeT BU
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A (P, = o)Xy
A (P, = po) - A.zxo)exp( =M (p, - py )’) + A%,

x(t) = (3.3)

[lycts p, > p,. U3 (3.3) cnenyer, 4To IeTepPMUHUPOBAHHAS MOJE/b
x(f) mpu t —> o BBIXOAMT Ha CTALIMOHAPHBIN YPOBEHB

x. =1imx(r)=’“’—(";—“—&)>o.

X—o
2

Iycts p, < p,. V13 (3.3) cnenyer, 4To A€TEPMUHUPOBAHHAS MOIEH
x(f) npu t —> o BBIXOAMT Ha ypoBeHb 0.

3.2. TacrorpammMa Uil KBa3HCTALHOHAPHOTO pacnpe/ie/ieHus

Cnyvaitubiit ipouecc &(f) MOXET IUTMTEIbHOE BPEMSI HaXONUTHCS
B OKPECTHOCTH TOYKH X, , HO C BEPOSITHOCTBIO | ocTaHaBiuBaercs (npu

JMI00BIX 3HAYEHUSIX ITapaMeTPOB) B MOIJIOLIAIOIIEM COCTOSAHUM ()
(puc. 3.2).

90 ¢
Puc. 3.2. Peanusauus MapkoBckoro npouecca £(f) Mpu HaYaJIbHOM YCTOBHH
&(0) =100. 3Ha4yeHus mapametpoB: A, =5,5, A,=0,1; p,=0,1, p,=0,9

B pa6ore [15] nokazaHo cymiecTBoBaHHe NMpPENETBHOrO YCIOBHOTO
pacrpeeieHus

g, =imP{E() = j|&()>0,60) =i}, j=1,2,..; g =1,

J=1

U CICIaHO MPEANOI0XEHHE, YTO KBa3UCTALIMOHAPHOE pacrpeae/ieHHe
GJIM3KO K HOpMaJILHOMY.
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Ha puc. 3.3 npuseneHa rucrorpaMma ycJIOBHOTO pacripee/eHHs,
MOJy4Y€HHAas1 METOAIOM CTAaTUCTHYECKHMX MCHBITAHHH.

230 27,1 312 353 394 435 476 517 55,8 59,9 640,

Puc. 3.3. [ucrorpamMma KBa3suCTaLlMOHAPHOIO pacTpeAe/ICHUA, NOCTPOEHHas
no 1000 peanu3aumam npouecca £(r) Ha npomexyTke f&[0; 50]

[lpu Gompumx A, u p, >1/2 rucrorpaMma 6/1M3Ka K TUIOTHOCTH
HOPMAJIBHOIO pacnpelaeneHus [16].



4. CnupajieBHIHbIE PeaJu3alMH nNpouecca
POXKIEHHA M THOEJH KBAJPATHYHOIO THNA
T-+ L~ 2T; Tl—+0;0—>]’2

PaccmarpuBaeM OJHOPOIHBIN BO BPEMEHU IBYMEPHbIit MapKOBCKHIA
npouecc

&(1)=(§,(1),&,(1), 1€[0,00),

Ha MHOXecTBe cocTosinuit N ={a = (o, a,), a,,a,=0,1,2,..}, nepe-
(a,7)

xomHble BeposiTHOCTH By 'Y (1) = P{E(?) = (B,, B,)| £(0) = (o, 01,)} KoTO-

poro nmpu ¢ — 0+ MPeacTaBUMBI B BUIE

(ay.a3)
Fol _ﬁz_l)(r) = A, 0, 0,1 +0(1),

(ay,a4)
P(c;l’_] .iz)(f) =Myt +o(r),

(ag,aq)
Rui],a;;l)(r) — )\'Or + O(I)’

(ay.a,)
Fla o)y () =1= (00, +A,0, + A4t +0(F),
rae A,>0,2,>0,4,>0.

BBoIMM 3KCNOHEHUMAIBHYIO MPOM3BOASLIYIO M ITPOM3BO/ISILYIO
dynkunn nepexonHbix BeposiTHocTed (|s| < 1, |s,| < 1):

o

G(D= Zm —Z‘alzr P(“"“?)(t) F (t;5)= E P.'m’'c'lz)(r)sﬂl.s'32 4.1)
pL Tog 1 ByBy) VW Lalls CF L B B o
alo, BBy=0

1.0

I[NepBas cucrema muddepeHIMATBHBIX ypaBHEHMI IS TEPEXOIHbIX
BEPOSATHOCTEH MapKOBCKOro rnpouecca £(f) paBHOCHIbHA AU depeH-
UMaTbHOMY YPAaBHEHHIO B YaCTHBIX MIPOM3BOAHBIX:

0G,(t;2) . & 0 @
Y atnzg [ Lrcad s lenz[1=-Z e, | 2=1]|6,0:2)
ot |: 21514 {6le azlazz } +AM3 oz, 0 0z, B

z,"'zf’

BBy
Bropas cucrema nuddepeHumanbHbIX ypaBHEHHIH JUIS IEPEXOIHBIX
BEPOATHOCTEH paBHOCWJIbHA AUddhepeHHaTBHOMY YPaBHEHHIO

¢ HayanbHbIM yeosuem G, (0;2) =
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oF, (1;5) _ 2 0*F, (1;5) OF,(1;5)
T_kz(s, —s,sz)—a‘f]—d?z—+x,(l— 5 )—= o +Xo (8, —1)F,(t;5)

¢ HayanbHbIM yenosueM F,(0;s5) =5,"s;2,

Cnyuaitustii npouecc (€,(r), €,(f)) uHTepnpeTupyercsi Kak MOJIENb
pacrpocTpaHeHHsI HHPEKLHUHU B MOMY/ISILMK C ABYMS TUIIaMHK 0cobeif:
tun I, — uHuuuposanHsie; Tin 7, — Bocnpunmuussle. IIpouece
peeneH B [17] Kak Moaenb nMoBTopsiolIeiics: anuaeMun u o6obuiaer
MapKOBCKH# npouecc annaemun baprierra — Mak-Kennpuka [18,
19] momyuieHHeM, YTO YMCIO BOCIIPUMMYUBBIX ocobeit monosiHAETCA
MMMHIpALIMEN.

CocrostHue mpouecca (o, o,) 03Ha4yaeT HATMYUE o, YaCTHILI THIIA
T, u o, vactuu Tuna 7,. Yepes ciyyaitHoe Bpems 12, C BEPOSITHOCTBIO
) 28 <r}=1—e"‘2‘"“", napa yactuu Tuna 7;, 7, B3aUMOJECHCTBYET H
npeBpaniaeTcs B JIBE YaCTULIbI TUNA 7] — MPOLIECC MEPEXOAUT B COCTO-
siHMe, COOTBETCTBYIOILEE BEKTOPY (a, +1, o, —1). Yepe3 cayqaiinoe
BpeMs T, P{rL < r} =1—e""“", yacTuua tina 7, BeIObIBaeT M3 IOIY-
JISILIMY — TIPOLIECC TIEPEXOIUT B COCTOSTHUE, COOTBETCTBYIOLLIEE BEKTO-
py (o, -1, a,). Kpome atoro, uepes ciyyaitHoe Bpems T, P{t) <1}=
=1 —e"‘°’, yacTvLa TMna 7, MosBIseTCs B MOMYJISILIMK U3BHE — NPOLECC
NMEepexoamT B cocrosmne coo'rne'rcmylomee BekTopy (a,, a, +1). Ciy-
YaifHble BEJTMYUHBI ta, o T HEe3aBHCHMBI, B COCTOSIHMH (o, @t,) TPO-
LIECC HAXOAMTCS CIIy4aiiHOE BpeEMS T, =min{-c§, ’EL,‘CE}. Hlanee uuer
aHAJIOTWYHasl SBOJTIOLIMS CJIy4aifHOro mpoiecca.

Bo3MOXHBIE CKa4Ki MapKOBCKOTO IpOoLiecca MOKa3aHbl Ha pUc. 4.1.

Puc. 4.1. Cxauku npouecca 7, + T,= 2T; T, > 0,0 > T,

PaccmarpuBaeMblii Ipolecc ABASETCS IBYMEPHBIM IPOLIECCOM
pPOXIeHus1 ¥ rubesiu KBaJApPaTUYHOrO THUMA.
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A R

4.1. JlerepMHHHPOBAHHAS MO/Ie/Ib H €€ MCC/Ie/IoBaHHE.
[IpuMep peaM3auMH MapKOBCKOro mpoiuecca

Yr106bl MOJNyIHTh JIETEPMUHHUPOBAHHYIO MOJIENb [UISI KWHETUYECKOH
cxembt T, +T, = 27; T, - 0; 07, anddepeHunpyem ypasHenue
(3.1) mo s, WK Sy

- OF (& 5\117tl t;s @31‘?,:l 1;s
EAGL S)'_‘Kz(zsl_sz) : )+7"1(52”slsz) (IR

- o8 ; asjos,
oF, (t,5) 9*F, (;s) OF (:5)
_l,—_'_l +3-|(1—SI)T+KU (Sz_l)_aT-’
O'F, (s _61‘5:1.“;3 O°F,(1;s
_auLl='?“23| ( )+lz(slz—slsz) : ( . )+
0! o5, 05,5’
2 i : :
+'11(l'si)w—luf;(r;shlo(%_1)81';(‘,3)’
105, os,

nozacTaBiseM S, =1, s, =14, y4UTbIBasi paBEHCTBO F,(t;1) =1, ncnons-
3ysi 0003HaYEeHUSA

A =M(E (N (0) =0, &,0)=a,)=(OF,(5)/ 85,)|
IUISL cpeHero Yucna yacTul tuna 7;, rae i =1,2, noixy4aeM

P " : 2 £ )
dA() _, 2 LAUL)| Y a0 _ . 0°F,(5;5) ;.
df 63]652 df : aslasz

5=l s=1

JinddepeHMaTbHbIe ypaBHEHUS 3aKOHA JIEMCTBYIOLIMX Mace NMpea-
CTaB/IAIOTCA KAaK NPHUOIMXEHHBIE IUIsT cpeaHUX A (f) mpu GoyibiioM
HayanbHOM ymcae yactuu. [lonaraior a = (na,, na,), n — o (Mpeneisb-
HbI TIEPEXO/l COOTBETCTBYET MPUHSATOMY B CTATHCTHYECKOH PU3HKe
«TEPMOIMHAMMYECKOMY TPEIETbHOMY TMEPeXoay») u

SEs)| _oF(s)|  oF(5s)
ds,0s, | B, as,

= A (1A, ().

=1 L-] =l

[Ipuxonum K cucteMe 06bIKHOBEHHBIX AM(depeHLMATbHBIX yPABHEHHI
(x,(r) — xonuyectso yactuu T,, x,(f) — KonudecTso HyacTuu 7;)

Y VS A S ARE B RS O P (4.2)

¢ HaYaIbHBIMK ycnoBusAMU X, (0) = x’, x,(0)=x.
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Cuctemy HenmHelHbIX ypaBHeHM (4.2) HCCASAYIOT METOIOM JIH-
Heapu3aluv B OKPECTHOCTM TOYKM craumoHapHoctH [[7, 20]:

ko Ay
(%) = (L,’L,)
Beonum dynxkumm u, =u, (1), u, =u,(t), onpeaenseMmbie paBeHCT-
BaMH

x =x/(1+u), x,=x;3(1+u,);
MOACTAB/ISIEM 3TN BbipaxkeHus B (4.2), nojgydyaeMm CHCTEMY YpaBHEH M
ty =Ny (dy +Uthy); Mgty = =KAok (thy +uy + iy ).

INonaras u,, u, MalIbIMK U TIpeHEOperast MPOU3BEACHHEM Ui, HME-
em
V=AY, AV, ==A A, (v, +W).

Jnddepesumnpys neppoe U3 MoclaeAHUX ypaBHEHHI V, = AV, 0 UC-
KIIoYasl v,, nojay4yaem
Ao
V, 4+ =229, + A\, =0.
ll
Pemiesne NMHEHHOro ypaBHEHH!sI BTOPOro NOpsAAKa C MOCTOSAHHBI-
MM KO3 PULUMCHTAMU BHIPAXAETCS Yepe3 KOPHH XapaKTEPHCTHYECKO-
r0 MHOTOYJICHa

k2 4+ 2o k+Ag\, =0.
1
)Lzll
IycTs 71—-2.{,2. <0, Torna obuee pelieHHEe HMEET BUI
|
Doy, 7 232
2, : a5
y=6 \-C,cos Ao, —%":—f’-HCzstAolz 412’ tJ

V,=¢ . ( Aoy ——tl Jlolz lelzcz]‘:"s A, - t‘):.zzt_

—{J;'BA'B mz(‘lﬁ-l‘l’(]]ﬂn l‘lz 140:‘22‘]

a2,

rae C,, C, — NpoM3BOAbHbLIC KOHCTAHTHI.
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Takum obpa3zom, GyHKLIMK

x(O)=x; (1+v(0); x,(t)= x5 (1+v,(¢))

3a1al0T 3aTyXalolue KojebaHusi — TpaeKTopusi Ha (pa30BO MJIOCKOCTH
x,0x, ecTh cMpaib, HAKPYYMBAIOILASICSl HA TOYKY CTALIMOHAPHOCTH
(puc. 4.2).

[Tpumep cnupaneobpasHoit peain3alMu MapKOBCKOTo rpoliecca
&(t), moka3zaHHbI# Ha puc. 4.2, monyyeH Metonom Moure-Kapino. Ciy-
YaiHBII MPOLIECC JUIMTEIBHOE BPEMSI HAXOAUTCS B OKPECTHOCTH TOYKH

CTaLlMOHAPHOCTH (JLU & S 12), HO C BEPOSATHOCTHIO 1 momamaer
HE3aBHCHMO OT 3HAYEHHM MapaMeTPOB B MOIJIOLIAIOIIEE MHOXECTBO

{(0,0),(0,1),(0,2),...}



5. Cucrema «nmapa3sur — HOCHUTEJIb»
I+ T, 2T+ T; T, > 21,

PaccMOTpUM OLHOPOAHBIN BO BpeMEHM ABYMEPHBI MapKOBCKHUIA
npolecce

&(1) =(§,(1),&,(1), 1€[0,00),

Ha MHOXECTBE COCTOSTHHI N2, COOTBETCTBYIOLLUMIA CXeMe B3auMoOeit-
cruit I+ T, 2T, + T, T, > 2uT2. HWcnonb3ys npoussonsiume GyHk-
LMK TIEPEXONHBIX BEpPOATHOCTEN (4.1), monyyaem mepByio cUCTEMY
ypaBHEHHUH IS TTEPEXOAHBIX BEPOSTHOCTEH:

0Gy(1;2) o’ o’ &:..0
—B =N 22 — +A,2,| ——-— | |G,(5;
o { ‘”[azfaz2 r i P e |

¢ HavanbHbIM yeoBueM Gy (05z) =——

¥ BTOPYIO CUCTEMY YpaBHEHMIA

OF(3) . (a. PR . (o \OE(5S)
T—kl (Sl Sy —3152)W+7\.2(32 _32)_632"'" (5.1)

[+ 4 o
¢ HauanbHbIM ycioBueM F,(0;5) =s's,2.

Kunernyeckas cxema 3ajaeT MOJENb TUIIA «IIapa3UT — HOCHUTENb»
[21], tne «HOcuTenb» T, pa3MHOXaeTcs, a «apa3suT» 1, cnocobeH
pa3MHOXaTbCsA MPY HAIMYMKU HOcuTeNdss. Pa30Boe MPOCTPAHCTBO —
MHOXECTBO BEKTOPOB C 1IEJIBIMA HEOTPULIATEIbHBIMA KOMIIOHEHTaMH
(o, 0,), TOE 0O, — YHMCIO YacTHL THNa 7], o, — YMCJIO YACTHI TH-

na T,. Ecnm ciyyaiiHeii poLiecc Ha-

6182 xoautcs B coctosuuu (0,a,), TO

L e e npoucxonur ckayoxk (0,a,)—>
—(0,a,+1). Cocrosauus (,,0) —
noryomaomme. U3 npyrux cocros-

. - ol w Huit (0,,0,) BO3MOXHBI CKa4YKH
(alyaz)""(al +l,ﬂ.2) WIH (m‘l’m!)_>
(al:_-aZ) SR R - (o, @, +1) (puc. 5.1). B cocrostnuu

(o, 0t,) MpoLIECC HAXOMUTCS CITyYaiHOE

- 2 1
BpeMs T =min(Tg o ) Yaya )
Puc. 5.1. Pcanuaaungl Ha dazoBom Pp (a,@p) ﬂ(ul uz)B a9y .
npoctpascTse N npouecca acripeie/IeHUs1 CIy4anHBIX BEJTMYH

T, + T, 2T,+ T; T, » 2T, Tea gy T(ay.ay) MEIOT BHI
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P{T(zal.uz) ) f} =1-exp(-A,0,0,1), P{":a,.uz) < f} =1-exp(-A,a,¢). OTH
CJIyYyailHbIe BEJIMYMHBI HE3aBUCHMBI.

5.1. YpasHenus neTepMHHHPOBAHHON MOJEIH W MX pelleHHe
IIponupdpepenumpyem (5.1) no s, win s,
O'F. (;s) O*F, (1;5) :
Ot0s, 0s,0s,

PE(LS) . 12 \OF.(15)
——S =+ (85 -,y ) —2,
Os,'0s, 2(53-5) 85,0,

A (25,5, -5,)

+A, (Slzsz =55 ) (5.2)

O*F.(t;5) 0*F. (t;s O’F (t;s
oL (5s) =2, (s7 -5, )—-—)+Ikl(sfs2 _5132)4.3.2.,.
Ot0s, 0s,0s, 0s,0s,
oF (t;s) 0°F,(t;s)
+1,(2s,-1) s, +J>L2.(sz2 —sz)T.

OF, (t;5)
os

i

[loncrasmsasa s =1 m ucnonb3ys o6o3HayeHus A, (f) =

A 3 s=1
CPEIHEero Yyucia yacTtull Tuna 7, i =1,2, nonyyaem

da () _, O (ts)| . da@) _, OF,(5s)

di e g

(3-3)

J=I

Cuwuraem, yro npu o =(no,, no.,), n—» o, CIpaBeIMBO MPUOIH-
XEeHUeE:

FEWts)| _OF(s)| | oF.(s)
0s,3s, as, a,

¥ U3 (5.3) npuxoaum K JeTepMUHUPOBAHHON MOJEIH

s=1 =1

X =MX Xy, Xy =A,X,

C Ha4aNnbHbIMK ycnoBUsAMH X,(0) = a,, x,(0) = a,. Pemenue nocnenneii
CHUCTEMBI UMEET BUJL

S x()=oexp[ May (€ ~1) /4, ] xy() = e’ (5.4)

3nech x,(7), x,(f) — komuyectso yactuu 7, 7, B MOMEHT BpeMeHH 1.
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5.2. BpruucieHHe MaTeMaTHYECKHX OXUIAAHWA
B MApKOBCKOH MOJIeJH

J1si MaTeMaTHYeCKOro OXHUIaHUs Yuciia YaCTHL THUIIA Tl'

A4,(0) =M(&1](£,(0), £,(0)) = (e, a,)) = aFcéif;S)

sl=l,32=1
BeeneM, cienyst padore [21], byHkumio

oF,(t;s)

Sy

H(t;s,)) =

1

sl=l

Torna A(1)=H (t;32)|52=1° B paBenctBo (5.2) noncraensem s, =1:

0’F,(t;5)

O*F (t;s
ords, | 2 (hosy =y #2,) o)

: 0s,0s,

j‘l: Jl=l

U MCIOJIb3YEM BBEICHHYIO (DYHKIIUIO
oH(t;s,)
ot

OH (t;s,)

8, (g8, =%, +1,) s
2

(5.5)
¢ HavyanbHbM yenoBueM H(0;s,)=a,s, 2.

JUtsa perueHus muHeliHOro M depeHIMaTIbHOrO ypaBHEHUS B 9aCT-
HBIX MMPOU3BOHBIX MEPBOTO rnopsaaka (5.5) 3anuireM cucreMy OOBIK-
HOBEHHBIX AU depeHIIUATbHbIX YPaBHEHWH (YpaBHEHHE XapaKTepH-
cTHK) [22]:

dt _ ds, _dH
1 =508 -2, +1) 0

Y Ha#JIEM TepBble UHTETPAIEI.

W3 paBeHcTBa L a 1oCjie UHTErPHPOBaHMs 110~

JydaeM (npu A, #A,)

by 1n("=’="‘=“"]+c;.
A 5

INoreHuMupys, NoONOXUM C,=ecl, U TOrJa nepBblii HHTErpal

5y

Lexp(—(A, —A,))=C,,
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JpYroi nepBblii MHTErpas Mojay4yaeM U3 paBeHCTBA

dt_dH o
1 0

U obwuee pemieHue ypasHeHus (5.5) cnenyrowee [22]:

F(lzsg—lz +k‘exp(—{l, ——lz)f),H]=0,
5

rne F — npousBoibHas auddepeHunpyeMas GyHKums.

Pemenue nociaeaHero YPaBHEHHUA OTHOCHUTEJIIBHO H:

A8, —A, +A

)

H(t;s,)= f( Lexp(—(A, -7, )t)),

rne f/ — nmpousBosibHas auddepeHupyeMast GyHKIMSI.

Haijinem yacTHoe peuieHue ypaBHeHHs (5.5), COOTBETCTBYIOLIEE
HavyarbHOMY ycaoBuio. IIpu f =0 moayyaeM paBeHCTBO

f(lzsz _l2+ll]=a13;2.

)
AS,—A,+A
TMonoxum y=—22_12 1
)
7‘1“12
TOTIa 5=
y—A,

y-A,
Takum 06pa3oM, UMEEM YaCTHOE PEIIEHUE:

TR WA
M MCKoMasi pyHKuMs f(y)=al( ‘ 2] :

W W

5,

H(t5)=0, (A'l "?"2)“2[ I exl’(—(?"t_;\-z)t)“lz] 2-

[ToncraBuB B mocaeaHION Gopmyny s, =1, moaydyaem BbIpaXeHHE VIS
MaTeMaTHYECKOro OXHUIaHusl (Mpu A, #1A,):

g o
= 1~ A
A= (ll exl:'(_(M - A-2)“‘)_7“'2 J : )

Jlns HaxoxneHus A,(f) paccMOTpUM BTOpoe U3 ypaBHeHui (5.3):
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dA, (1)
dt

C HayanbHBIM ycioBueM A,(0) =a,. Otciona
A1) =a,e™,

[TonyyeHHble TouHble peweHus (5.4), (5.6) NoKa3bIBAIOT HECOBMNA-
aeHMe x,(f) wis neTepMHHUPOBAHHOM MOIENU U cpeaHero A (f) mwis
MapKOBCKOM Moneau. B yacTHOCTH,

=A,A, (1)

limf-)rxp Al(t) = o0,

rae f, =In(A, /X,)/ (A, —A,), a 3Ha4eHus x,() KoHeuHsl nipu ¢ €[0,00)
(puc. 5.2) [23].




6. BeposTHOCTHBII AHAJIOT MOJE/IH
koukypenumn I, + T,—> T, T); 2T, —> T; 2T, —> T ;
I > 2I; T, - 21,

Kunernmueckas cxema 7, + T, - T, T, 2T, > T; 2T, > T; T, >
— 2T,; T, - 2T, onucbIBaeT KOHKYPEHLMIO MEXAY ABYMS BHAAMM
ocoGeit 3a obnanaHue OrpaHHYEeHHBIM MUKpOKOCMOM [24]: T + T, - T,, T,
03Ha4YaeT KOHKYPEHTHYI0 60pb0y MeX1y YacTULAMM Pa3HbIX TUIOB, U
B pe3yibraTe ocraercs yactuua tina 7 uam 7, Yactuusl Kaxmoro
tuna moryt pasmHoxarscst 7, = 27); T, — 2T, u ruGHyTb B pe3ybrare
camoymumutupoBanus 27, - T; 2T, - T, (puc. 6.1).

- -

Puc. 6.1. Ckauku npouecca I, + I, > 7, T,; 2T, - T;; 2T, > T;
5y~ 2I5d.5.41,

JderepMUHMpPOBaHHAsA MOJEJb 3a1aETCS CUCTEMOM KMHETHYECKHX
ypaBHEHMH

b 2 - b (6.1)

==Xy = K XX,
2

: b b
X, =bx, - 1x12_1 Lx,
K,

K, K, e T
¢ HayaIbHBIMM yeioBusiMU X, (0)=x_, x,(0)=x3, tae x,(1), x,(f) —
YMCJICHHOCTH MOMYJ/ISILMIA B MOMEHT BpEMEHH 1; b, b, — koapduum-
€HTBI NMOTEHUMANbHOU CKOPOCTH pocTa 0cobGed rnepBoro U BTOporo
BuIoB; K|, K, — npenenpHble KonuyecTsa ocobeii KaXaoro Buaa npu
OTCYTCTBMM KOHKYPEHUMH; 3, 3, — KOI(DPULMEHTBI 60pbObI 32 Cy-
1ecTBoBaHue [24].

HerepMuHupoBaHHOi Moaeau (6.1) COOTBETCTBYET OJHOPOIHBIN
BO BpEMEHM MapKOBCKMIii npouecc

&) =(§,(1),&,(1), 1€[0,),
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g Sp—p—

Ha MHOXeCTBE cocTostHuit N? ={(o,, o), &, &, =0,1,...}, mepexoaHsie
BEPOSITHOCTH }}:,‘:‘ﬂ“}’(r) KOTOpOro npejacraBumbl npu f — 0+ B BUIE

B (1) = (pzalal;\'!"'a](al _1)x1)r+o(t),

(allo.)

(a a,)
(a I+] iz)(r) C(. x f+0(f),

Pty () =(pioyagh, +ay(ay = DAs)+o(0),

(ﬂl ﬂz"l)

(ﬁ ay)
(allail)(t) aZ 5t+0(r)

rme p,20; p,20; p+p,=1; A, >0, i=1,...,5 [12].
Hcnons3ys nByMepHbIe npousBoasiuye GyHkuuu (4.2), 3anucel-
BaeM IMepPBOE YPaBHEHHE

w r; 2 2
$5) =Mz 20 T 20 __9 +A,7 = _ET +
ot oz, 0z, 0zdy 0z, 0z

910 > 9 90
M| ——— |+ Mg = —— |+ Az | S —— | |Gy (5
? [azz oz, J & [azlz 24 ] 5 [ oz, oz Il i)

¢ HayanbHbIM ycoBueM G(0;2) =

¥ BTOPOE YpaBHEHHUE

oF,(t;5) F,(t;5) O’F (t; 5),
e A (2.5, + pys,y —s,sz)—as =~ +A ( | ) o
2 : . .
+A, (.v;2 —sg)—a £, (9) +A, (s,2 - )—aﬂ(t,s) +As (.!322 —sz)aﬁ; (55) (6.2)

2

¢ HayanbHbIM ycaosueM F,(0;5)=s,"s,2
ITpumeHUB K (6.2) U3N0XEHHBI! paHee «TepMOAMHAMUYECKHU I Mpe-
NeNbHBIA NMEPeXo/i», MOJyYaeM, YTO napaMeTphbl BEPOSITHOCTHO#M (6.2)

U IETEpMUHUPOBaHHOM (6.1) Moaeneit cBsAA3aHbl COOTHOLUEHUSAIMU:

b, ~Bs, b b
A p =2 A Ly A, =—b; A, ==2; A, =b; A, =b,
Sumiy oy ol ol o A K. =%

Ha puc. 6.2 TpUX0OBBIMU JIMHUSMM Ha (pa30BO# MIIOCKOCTH Npe-
CTaBJIEHBI PELIEHUS CUCTEMBI YPaBHEHU I 1eTePMUHUPOBAHHOM MOJIe-
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an (6.1), noctpoennsie npu pPasIMYHBIX HavYaIbHBIX yoaoBusix. [pu-
BE/ICH TIPMMEP peanu3auuyu MapKoBCKoro nipouecca (& (f), &,(f)) npu
HatdanbHOM ycnosum (&,(0),&,(0))=(10,10). MoxHo caesaTs BbIBOL,
“TO NMPH BEIOPaHHbIX 3HAYEHMAX MAPaMETPOB MPOLIECC COBEPILIAET CITy-

YakHBIe KONebaHMs BOAM3N TOYKH PaBHOBECHS JETEPMHHHUPOBAHHOM
MOJIEJIN.

6.1. Isymephas rucTorpaMma KBasMCTAUHOHAPHOIO pacnpee/ieHHs

ITpouecc &(r) =(,(r), &,(r)) npu t — o oKa3biBaeTcsi 16O B KiIac-
ce cocrosiuui L, ={(1,0),(2,0), ...}, 1ub60o B Kinacce cocTosiHuii L=
={(0,1),(0,2), ...}. BepoATHOCTb NMoONMagaHusi B OAUH M3 3aMKHYTBIX
KJIacCOB 3a BpeMs / 0603HaYMM KakK

C (a,a,) a,
Q,,uz(r)=§(f:a.a, 200+ By 0), a,0,=1,2,...
i~ ¥ BBEJIEM KBa3MCTallMOHAPHbIE BEPOSATHOCTH [3]:
P(ul,az)(t)

| Gpp. = lim—L22
L) '%I_Qulaz(t)

| HaxoXneHusi npouecca B cocrosinuu (B, B,), B,,B,=1,2,..., npu f -
| M YCJIOBMH, 4TO mpowecc He monan B [, L, 3aech umeem

MeToa0M CTaTHCTHYECKOrO MOJACJHPOBAHHUSA MOJYYEHBI OLUEHKH

KBa3MCTAaLIMOHAPHBIX BEPOATHOCTEH ¢ p,» BBIMHC/ICHHBIE KaK OTHOLUE-
HME CYMMapHOIo BpeMEeHH HaxoxneHus npouecca (&,(r),&,(7)) B co-
crosHuu (B,,B,) KO BceMy BpEMEHH MOAENHPOBAHUS, NMPH YCIOBUHU
yTo npouecc He nonan B L, L, TucrorpaMma KBa3uCTallMOHApHOIO
pacrnipezieieHusi, u3o6paxeHHas Ha puc. 6.3, 61M3Ka K IUIOTHOCTH ABY-
MepHOro HopManbHoro pacnpeaeneHus. Ha puc. 6.2 nokasaHa nuHus
YPOBHSI THCTOTPaMMBI.
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7. Tunosoii pacyer

3ananue 1. ITo cxeme B3auMoIEHCTBHIA BHIMUCATD MepBOE U BTOPOE
YPaBHECHMSI VISl IPOU3BOAAILMX (DYHKLMK NEepexXoaHbIX BEPOSITHOCTEM
MapKOBCKOTro npouecca. M3 BToporo ypaBHEHHUs! «TepMOAMHAMUYECKHM
NIPEACTIbHBIM NMepexoaom» (rmpu 60JIbLIOM YKCIIE YACTH L) BBIBECTU CH-
cTeMy nupdepeHUMaNbHBIX YPABHEHHIA 1ETEPMUHUPOBAHHOM MOEH
KHHETHYECKOI cXeMbl. HaliTv TOUKHM CTALMOHAPHOCTH CHCTEMBI AUD-
(epeHuMaNbHBIX YpaBHEHHI U IPOBECTU AHAJIU3 MOBEAEHMUS TPaeKTO-
puit x,(7),..., x,(f) nerepmuHUpoBaHHOM Monenu. [padbuku TPaeKTOpHii
NETEPMUHUPOBAHHON MOJENM X,(f) B 3aBUCUMOCTH OT BpEMEHH [
JAIOTCA CTAHNAPTHOMW moanporpaMmoit Metoaa Pynre — Kyrra.

3anamme 2. OnpeeMTh CKaYKi MAPKOBCKOTO MPOLIECCA POXKIEHHUS
¥ THbenu U3 COCTOSHHUSA o =(a,...,0,), AaTh UX TpaduyecKoe mpen-
CTaBJICHHE M BBINKCATh BEPOATHOCTHOE pacripenejicHue sk BpEMEHH
T, HaxoXIeHHs Ipolecca B coctossHuu o. Ha 310it ocHOBE B OHOM
M3 MporpaMMHBIX nakeToB Matlab, Maple, Mathematica coctaBuTh
YHCICHHYIO MOJIeJIb cliy4aifHoro npouecca (§,(), ..., &, (1)).

Ipaduku peanmzanmii MapKoBCKOToO rpouecca & (f) B 3aBUCMMOCTH
OT BPEMEHHM [ CTPOATCS C MCIOJIb30BAHMEM aTIMKA CIydaiiHbIX YHCEIL.
BriBecTu coBMecTHBIE rpaMKH CTOXaCTUYECKHMX M JeTePMHUHHUPOBAH-
HBIX TPAEKTOPHIA Ha BCEX (Pa30BEBIX IUIOCKOCTAX X, (X, HCIIONB3YA CTaH-
JIapTHbIe rpaduyecKue MOANPOrpaMMBI.

3ananme 3. OnpenenuTh HAIMYME UMMUTPALIMHU, MOTTOLIAIOMIMX
COCTOSIHMA, IIpH [ — o0 — HaJWyue (KBa3M)CTALIMOHAPHOTO pacrpene-
JieHus1, GUHAIBHOrO pacrpenesieHus HJIM BO3MOXHOCTD YX0a Ciy4yam-
HOro npoiuecca Ha 6eckoHedyHOCTh. [IpoaHanu3MpoBaTh U CPAaBHUTH
MOBEJIEHHE CTOXACTUYECKON M AeTePMHUHHUPOBAHHOW MOJe/ed NpH
t — oo. BusyanbHbIMHM HaOMIOJEHUSIMU 3a pe3yJibTaTaMH YUCJICHHBIX
3KCIEPUMEHTOB OIPEIETUTh MOPSAO0K HA4aJIbHOTO COCTOSIHHMST O, IPH
KOTOPOM CTOXaCTUYECKHE peau3allii OJIM3KH K 1eTepMUHUPOBAHHBIM
TPAaeKTOPHAM (ecu Takas 6JIM30CTb UMEETCSI).

3ananue 4. Ucrionb3ys craHIapTHbIE MOANPOrpaMMbl, MOCTPOHTD
OHOMEPHYIO (IBYMEPHYIO) TUCTOrpaMMy (KBa3W)CTallMOHAPHOTO WK
(buHaNBHOrO pacrpeeNieHUsl MyTeM MHOTOKPaTHOTO MIOBTOPEHHS YHC-
JIEHHOTO MOJIEIMPOBaHMsI MAPKOBCKOTO Tpoiiecca (npu 60JIBLIOM Mpo-
MmexyTke BpemeHu Moaenuposanus f€[0,7]). CraTucTH4eCKUMH
IKCIIEPUMEHTAMH MCC/IEI0BAaTh MU3MEHEHHE THCTOrPaMMBIl B 3aBUCUMO-
CTH OT OJHOTIO M3 NMapaMeTpoB (MapaMeTpbl MHTEHCUBHOCTH A, WIH
HayaTbHOE YMCJIO YACTHIl ¢, — TI0 YKa3aHWIO npenojasaress). Bos-
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MO>XHBI JIM 3HaYEeHHsI IIapaMeTPOB, KOT/Ia TMCTOrpamMMa 01u3Ka K myor-
HOCTH HOPMAJIBHOTO 3aKOHa, IUIOTHOCTH MOKa3aTeNbHOTO pacmpepe.-
JIEeHWs] WIM JIpyroMYy M3BECTHOMY BEPOATHOCTHOMY paclipesiesnienuio?
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12.
13,
14.

15.
16.
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18.
19.

7.1. BapuauTsl i1 THNOBOro pacyera

T,+T,—>0,T,2T;; T, > 0, pa3MHOXEHHE HEUTPOHOB C Bhire-
paHHeM siiepHOro ToruiMsa [25].

21, +T, - 3T; T, >0, 2T;; 0T, 6pioccensrop [14, 26],

T.+T,>T,+T,; T, »0; 0T, xatanurnyeckuii peakTop ¢
(UHATBHBIM MPOIYKTOM [4].

L +T,>T,; T, > T,, KOPOTKOXHMBYLIEE NMPOMEXYTOUHOE cO-
enuHeHue [6].

T} - 2T;; 2T, - T,, paBHoBecHas cxema [27].
I,+T,>T,+T,; T,+T, > T, +T,, nBycroponHsisi cxema [27].
I,->0,T,; 2T, > T, npa nornomamommx cocTosHus [28).
T+T,>1T; T, > 0, snunemus Beiica [1, 29].

T,+T,>T; T, - 0,2T, snunemus Beiica ¢ pasMHOXeHHEM
MEPEHOCYUKOB [21].

. L+T,>T; T, - 0; 0T, T,, orkperrast snmnemus Beiica [21].
11.

T,+T, > 2T; T, - 0, snunemus Bapmierra — Mak-Kenapuxa
[17, 18], srunemust SIR [19].

L+T,-2T; T, >0; T,>0; 0T, T,, o6mas smunemus [7].
T+T,>2T; T, > T,,T, +T,, 3aMKHyTas 3nuaeMus.

L+T,>T; T,+T,>T,; T,—>0; T, >0, snuemns Bexkepa
[21].

L+T,>T+T; T +T, > T; T, -0, snunemus Tanu [30].
L+T,>T; T, >0, T, > T; 0T, [31].

T,+T,-2T; T, > T, T,—>T, snugemusi ¢ npuobGpeTeHHEM
UMMyHHUTeTA [32].

I +T, - 2T; T, > T,, snunemus SIS [19].
T,+T,>2T; T, > T,,T; T, T, snunemns SIRS [19].



20. 1+T,->T+T;T,->0,T; T, >0, T, > 0,T;; 0> T,, sniunemust

21.

22.

23

24.

25.

26.

27.

28.

29.

30.

SEIS [19].

L+T,->0+T,; 1 -50,T; ,-50;, T,-50; T, »0,T; 0T,
snunemust SEIR [19).

L+T,52T; T+T,-T+T; T,50; T,-0,T;; T,>0,T;
I,>0,T; T, > 0; 0T, anunemus MSEIRS [19].

T+T, 52T T+, 5T +T; T+T, 5T 4T T, 5 0; T, 50,
07,7, BUY-monens H.B. Ilepuena.

T,+T,-2T; T, - 0; T, - 2T,, tpexnapameTpryeckasi CUCTEMA
«XMIIHMK — XepTBa» [6, 7].

T,+T,—0,27; T, »0; T, - 27,, yeTsipexmapamMeTpudecKas
CHCTEMA «XHIIHUK — XepTBa» [24, 33].

IL+T,—-0,2T; T, > 0; T, > 2T,; 0 > T,, cuctema «XMIIHHK —
XepTBa» C UMMMUrpauuein [24].

I,+T,->T; T, > 2T,; 0> T, nameHeHHasi OTKpHITasi CHCTEMA
«XMIHUK — XepTBa» [21].

1,+T,-1,T,; T, - 2T;; T, > 2T,, B3auMoneicTBie AByX BH-
mos [7]. |

I,+T,->7T,; T,>0,2T; T, »0,2T,; 0> T,,T,, oTKpbITasi cu-
crema [31].

I,+T,->T; T, > T,+T,; 0 T, cucreMa MacCOBOT0 00CITyXH-
BaHus [34-36].
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