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§ 0.1. BBegenume. O630p JauTepaTyphbl.

[Ipr wuccremoBaHwyM omepamuii 9acTo HPUXOAWTCA CTAIKHBATHCI € PpaboToil cucTeM,
Ha3bIBaeMbIX cucreMaMu MaccoBoro obcnyzxusanust (CMO). [Tpumepamu Takux cHCTEM MOLYT
CHYKUTH: TeJe(OHHbIE CTAHITUN, PEMOHTHBIE MACTEPCKUE, OUJIETHBIE KACCHI, CIPABOYHbIE OIOPO,
Mara3uHbl, IMapuKMaXepCKue nu T.II.

Kaxmas CMO cocTouT M3 KaKOro-1o ducia obcayKuBaronux eaununl (mwim "mpubopos"),
KOTOpBbIe HAa3BIBAIOTCS KaHAIAMH OOCIyKHBaHHMA. KaHaalaMu MOIyT OBITh: JUHHH CBSI3W,
paboume TOYKH, KACCUPbI, HPOJAABUbI, JudThl, asromamudabl u Jap. CMO wmoryr ObIThH
OAHOKAaHAJIBHBIMH 11 MHOT'OKaHaJIbHBIMH.

Beskass CMO  mpegrassadeHa i 0OCIyKHBaHHsT KaKOTO-TO MOTOKA 3asBOK (WM
"rpebGoBanuii'"), MOCTYNAIONMX B KAKHE-TO CIydaiiHble MOMeHTHl BpeMenu. OO6ciyKuBaHUE
3asBKH IPOJIOJIZKAETCS KAKOe-TO, BOOOIE TOBOps, CIydaiiHoe BpeMms t.,, IOCJIe 9ero KaHal
0CBODOXKIAETCS M TOTOB K IpueMy ciaenyiomeil 3asgBku. CIydaiiHblii XapakKTep HOTOKa 3asBOK
U BPEMEH OOCJIYKUBAHUS TPUBOJIUT K TOMY, YTO B HEKOTOPBIE NMEPHOJIbLI BPEMEHU HA BXOJE
CMO crannmBaercd U3JIUIIHE OOJIBIIOE YHCAO 3agBOK (OHH JHOO CTAHOBATCS B OYEPeb,
au6o mokunanT CMO neobcayzenHbiME); B japyrue ke mepuogsl CMO 6Gyzer paborars ¢
HeJOTPY3KOH MJIE BOOOIIE IPOCTANBATD.

[Ipomece paborsr CMO mpeacTaBiaseT coOoOil ciaydailHbIi Ipolecc ¢ JTUCKPETHBIMHU
COCTOAHHUAMU KW HEIIPEPbIBHLBIM BpEMEHEM; COCTOAHHEC CMO MEHAETCd CKAQYKOM B MOMEHTbBI
HOSIBJIEHUsI KAKUX-TO COOBITHI (MM HPUXO/a HOBON 3asiBKM, WJIH OKOHYAHUS ODCIIY KHBAHMUS,
WJIM MOMEHTa, KOT/Ia 3asBKa, HalpuMep, MOKHIAeT 0U4epe/ip).

[IpenMer Teopum MaccOBOro OOCTYXKHMBAHHS — IIOCTPOEHHE MaTeMATHIECKHX MoJesei,
CBA3BBIBAIONMIMX 3ajianHble yeioBust paborei CMO (Yncao KaHaIoB, UX TPOU3BOJUTETbHOCTD,
upaBusia paboThl, XapakTep IOTOKa 3asBOK) € HHTEPECYONIUME HAC XapaKTePUCTHKAMU —
nokazarensmu 3¢ dekruaocrn CMO, ommchiBaomuMu, ¢ TOM WK JAPYTO#l TOYKH 3PEHusi, eé
CMOCOOHOCTH CIPABJIATHCS € TIOTOKOM 3asBOK. B KauecTBe TakuX mokasaresieii (B 3aBHCHMOCTH
OT OOCTAHOBKM W TeJiell HCCIIe0OBaHUsI) MOTYT NPUMEHSTHCsI PA3Hble BEJUYUHBI, HAIPUMED:
cpelHee YHCIO 3asBOK, obcay:kuBaeMbix CMO B eIuHHUILy BpeMeHH; CpelHee UHCJIO 3aHATHIX
KQHAJIOB; CPeJHee YHUCJIO 3asBOK B O4YEPEM U CPEJHEE BPEMs OXKUIAHUS OOC/IyKUBAHUS
BEPOATHOCTHb TOI'O, YTO YHCJIO 3a4dBOK B O4Yepe IIPEBBICUT KaKOe-TO 3Ha4YeHue, u T.1.

Maremarnueckuit anann3 paborsl CMO obseruaercs, ecam momeabio paborsr CMO
SIBJIZ€TCS MAapKOBCKWii 1mporecc. /[ljisg 3Toro mocrarodHo, 9ToOBI BCEe IIOTOKH COOBITHIA,
[ePeBOJIAIINe CHCTEMY U3 COCTOSIHUSL B COCTOsIHEE (IIOTOKHU 3as1BOK, MOTOKHU "obcaykuBanuii"),
OBLIN TpOCTERIUMHA. EcIn 3T0 ¢BOMCTBO HapyIIaeTcss, TO MaTeMATHIECKOe OMMCAHIE MPOIECCa
00C/TyKWBaHUSI CTAHOBUTCS TOPA3/J0 CJIOYKHEEe W JIOBECTH €ro 0 $BHBIX, AHAJUTHIECKUX
dopMmy1 yaaercs Junib B peaknx caydasx. OgHako ammapar MapKOBCKOH TEOPHH MacCOBOTIO
00C/TyKUBaHUS TOJICH JIjid MPUOJIHKeHHOro onucanus paborsl CMO jaxke B TeX caydadx, KOTJa
MOTOKH COOBITHH — He mpocreiimue. Bo MHOTMX caydasx JJjis TPHHSTHS PA3yMHOIO PeIleHHs
o opranm3anun paborel CMO BoBce u He TpebyeTcs TOUYHOTO 3HAHUS BCEX ee XapaKTePUCTHUK
— 3a9aCTyI0 JOCTATOYHO 3HATH UX NPUOJIUKEHHO.

CucreMbl MACCOBOTO OOCIY KHBAHUS JIEISITC Ha THITH 10 Py TPU3HAKOB. [lepBoe nenenue:
CMO c orkazamu u CMO ¢ ouepeapio. B CMO ¢ oTrkazaMu 3asiBKa, HOCTYIUBIIAas B MOMEHT,
KOI/Ia BCe KaHaJbl 3aHATHI, HoJgydaer orka3, nokmmaer CMO u B manbHelimeMm mporecce
obcaykupanus He yaactByerT. IIpumepsr CMO ¢ oTKazaMu BeTpedalorcs: B TelepOHUH: 3asBKa
Ha pa3roBop, IlIpulledllasd B MOMEHT, KOI/lJa BCE KaHaJibl CBA3U 3aHATBI, II0Jy4dYaeT OTKa3
n mokugaer CMO meobcnyxennoit. B CMO ¢ odepenpio 3asiBka, MPHUINEANIas B MOMEHT,



KOTJIa BCe KAHAJbl 3aHATHI, HE YXOJWUT, a CTAHOBUTCS B OYepe/b W OXKUIAeT BO3MOXKHOCTH
ObITh ObOcy:kennoit. Ha npakruke garmie Bcrpedaiorca CMO ¢ odepejibio; TeOpus MacCOBOIO
obCIyKMBaHUS UMeeT BTOpoe Ha3BaHue: "'Teopus odepemeit”.

CMO ¢ ouepenpio MOAPA3NEISAIOTCS Ha pa3Hble BUIBI, B 3aBHCHMOCTH OT TOIO, KakK
OpraHm30BaHa, oO4Yepesb — OrpaHWYeHa OHA WM He orpanuvdena. OrpaHudeHus: MOTYT
KacaThCsl KaK JUIMHBI OdYepesid, TaK W BpeMeHH OxugaHus (Tak HaseiBaemble "CMO ¢
HerepreanBbiMu 3asgBKamu'"). Ilpu anamuze CMO 10/17KHA YIUTHIBATHCS TaKzKe U " TUCIIUILITHA
00CTyKUBaHUSA— 3aBKH MOI'YT OOCIYKHBAaTbCs JUO0 B CAydallHOM mopsiake. Berpedaercs
TaK Ha3bIBaeMoe OOCIYXKHMBAaHWE C IMPHOPUTETOM — HEKOTOPBIE 3asBKH OOCIYKHBAIOTCS BHE
ouepe . [Ipuopurer mozkeT 6bITH ADCOJIOTHBIM — KOI'JIA 3asiBKa ¢ 00J1ee BBICOKUM ITPUOPUTETOM
"BeITECHSIET " M3-T10/T 00C/TY KWBAHUS 3aBKY C HU3IIUM, TAK U OTHOCHUTEIbHBIM — KOTJa HAYIATOe
00CTy’KWBaHWE JOBOJIUTCS JIO KOHIA, a 3asBKa C 00Jiee BBHICOKUM MPUOPUTETOM WUMEET JIUIITh
[IpPaBO Ha JIydIllee MECTO B OUEPE]IH.

CymectBytor CMO ¢ Tak Ha3bIBaeMBbIM MHOTOPA30BBIM OOCTYKUBAHUEM, COCTOSIIHM U3
HECKOJIBKUX I10CJIeJ0BATEbHBIX dTanoB win "da3" (Hanpumep, nokynareib, HpUIIepnnil B
MarasuH, J0J’KeH CHava/1a BHIOpATH TOBAp, 3aTe€M OILJIATHTH €r0 B KaCCe, 3aTeM MOJyIuTh HA
KOHTPOJIE).

Kpome stux mpusnakoB, CMO gensarca Ha aBa kKjaacca: "orkpeiTole''n "zaMmixayThe". B
orkpeiToii CMO XapakTepHCTHKH IOTOKA 3asIBOK HE 3aBHCIT OT TOTO B KAKOM COCTOSIHUN
cama CMO (ckombko 3amsTo Kanaxo). B samxayToit CMO — 3aBucst. Hampuwmep, eciau
oauH pabouuit 00CAYKUBAET T'PYIIY CTAHKOB, BPEMsi OT BPEMEHH TPeOYIOmNX HAJIAIKU, TO
WHTEHCUBHOCTH NOTOKa "TpeboBaHuii''co CTOPOHBI CTAHKOB 3aBUCUT OT TOTO, CKOJBKO UX YIKE
HEUCIIPABHO U KJIeT HaJIaJIKi. D10 — npumep 3amkuyToit CMO. Knaccuduranus CMO masexo
HEe OIPAHHYMBAETCS UX PAZHOBUIHOCTIMHU, HO MBIl OFPAHUYHMMCS JAHHBIMH ITPHMEPAMHE.

Onruvmsanug paborsl CMO MoXKeT TPOM3BOAMTHCS MO pPa3HBIMU VIVIAMHU 3PEHUs: C
TOYKN 3peHHsi oprann3aropos (man Biaagesbies) CMO win ¢ Toukn 3peHus: 00CTyKIUBAEMBIX
kaneHToB. C mepBoOil TOUKHM 3peHus KejaaTeabHO '"BhIKATh BCe, 9T0 BO3MOXKHO'm3 CMO
u J00UTBhCA TOrO, 4YTOOBI ee KaHaJbl ObLIM Ipeae/bHO 3arpyzxKenbl. C TOYKH 3peHHs
KJINEHTOB JKeJIaTe/bHO BCEMEpHOe YyMeHbBIIeHHe odYepeneil, HPUBOAAINIAX K TpaTe CHJI U
BPEMEHH H, B KOHEYHOM HTOre, K IOHUXKEHHUIO IIPOU3BOIAMTEILHOCTH Tpynma. llpm pemrenun
3a/1a9 ONTHUMHU3AIUN B TEOPUU MACCOBOIO ODC/IYKUBAHWUSA HEOOXOIMMO MTOJTHOE U KOMILIEKCHOE
paccMOTpeHne BCeX TOCAeJCTBUI KaXKJA0ro perneHus. Hampumep, ¢ TOYKH 3pEHUs] KINEHTOB
CMO :xenaTesibHO YBeJWUEHWE UYNUC/IAa KAHAJIOB OOCIYKHBAHUS, HO BeJb PabOTy KayKI0TO
KaHa/Jla HaJ0 OILIAYMBaTh, UTO yIOpoxkaeT obciayzkubauue. l[locTpoeHnme mareMaTwdeckoi
MOJIEJIA TO3BOJISET PEIINTh ONTHMHU3AIMMOHHYIO 33349y O PAa3yMHOM YHCJEe KAHAJIOB C YIeTOM
Becex "3a"m "mporus". Ilodromy MBI He BBIZEISEM B 3aJadaxX MaCCOBOTO 0OC/IyKHBAHHS
KaKOTO-1ub0 OJIHOTO mnokazaressd 3(p@PekTuBHOCTH, a Ccpa3y CTaBUM 3ITH 33Ja4dd  Kak
MHOTOKPUTEpPHATHHBIE.

ITpocreiitnne cucTeMbl MacCOBOrO OOCIY>KUBAHUA U MX XapaKTEPUCTUKU.

Bce mnorokm cobwiTmii, nepesogsinue CMO u3 cocrosnust B cocTosinue, OygeM CYUTATh
npocTeduMu  (He OroBapuBasi 9TO KayKJblli pa3 crmenmuaibHO). B ux uunciae Oyaer u Tak
HasbiBaembiilt "morok obcayxkuBanuit'. [log HuM pasymeercss mOTOK 3asiBOK, OOC/IYKHUBAEMBIX
OJTHUM HENPEePBIBHO 3aHSTHIM KAaHAJIOM. B 3TOM MOTOKE MHTEPBAJ MEXKIY COOBITHSIMU, KaK 1
BCera B MPOCTEHIeM MOTOKe, MMeeT MoKa3aTeJbHOe pactpe/iesenne (HHOTIa roBopsT: "Bpemst



obcIyKuBaHnsl — ImoKa3aresabuoe’).

OpgaokananbHag CMO ¢ HeorpaHM4YEeHHOI oUepeabio.

Ha mpakrtuke JOBOJIBHO YacTO BCTpedarorcsa onHokaxagbhbie CMO ¢ ouepenbio (Bpad,
00C/Ty )KUBAIOIIMIT TTAIIMEHTOB; TesiepOH-aBTOMAT C OJHOM OyaKoit; DBM, BHIIOJTHSIONNN 3aKa3bI
nosib3oBaTesei). B rteopun maccosoro obcay:kupanus ofHokaHaabHbie CMO ¢ ouepeibio
TaKzXKe 3aHUMaloT OCO60€ MeCTO (I/IMeHHO K TaKUM OTHOCHUTCHA 60ﬂbHII/IHCTBO IOJIY4YE€HHBIX 10
CHX TOD aHAJIATHYeCKUX dbopMmys i HemMapkoBekux Mmogeseii CMO). Tlosromy Mbl omutmem
onunokanaabayio CMO ¢ ouepenbio.

[Iycts umeerca ommokanaabHas CMO ¢ odepenpio, Ha KOTOPYIO He HAJIOXKEHO HUKAKHX
orpaHudenuii (HA MO JJIMHE Oodyepean, HU 10 BpeMenn oxuiauus). Ha sty CMO mocrynaer
IIOTOK 3adBOK C HWHTEHCUBHOCTBHIO )\, IIOTOK O6Cﬂy)KI/IBaIOH_[I/IIU/I nMeer HWHTEHCUBHOCTD [1,,
00paTHYIO CpeJHeMY BpeMeHH 00C/Iy KUBAHUS 3aIBKH {p.

A A A A A
SO S]. SQ i oo o Sk o o o
u " p 7 7
Puc. 0.1

CocTosiHEA cucTeMBbl OyJeM HyMepoBaTh MO YUCTY 3asBOK, Haxoagmuxcd B CMO:
Sy — KaHaJ cBOOOIEH,

S1 — KaHAJI 3aHAT, OYePen HEeT,

Sy — KaHaJI 3aHAIT, O/IHA 3a9BKA B OU€peIH,

Teopernuecku 9mcsio coCTOsTHUE HUYeM He orpanmdeHo (6eckoneuno). I'pad cocrosnmii
mMeeT BUJ, MOKasaHHBIH Ha puc. 0.1. D10 — cxema mporecca rubesn u padmuoxkenuns |1, 3|,
HO ¢ DECKOHEYHBIM 4HuC/I0M cocrodguuil. [lo BceM cTpenkaM IMOTOK 3asgBOK C MHTEHCHBHOCTBHIO
A IEpeBOJIUT CHCTEMY CJIeBa HalpaBo, a CIpaBa HaJeBO — IOTOK OOCIYXKUBaHUN ¢
UHTEHCUBHOCTDHIO L.

Cranunonapubie BeposTHOoCcTH st Takoit CMO cymiecTByoT He BCerja, a TOJBKO KOTIa
cucreMa He Teperpyzxena. MoKHO ToKa3aTb, 4To ecaum p = A/p < 1, TO cranmoHapHBIe
BEPOSATHOCTH CYIIECTBYIOT, a Ipw p > 1 odepens mpu ¢ — 0O pacTeT HEOTPAHWYIEHHO. BHIBOI
dbopmys cranmuonapHbix BeposiTHOCTeH oHOoKaHaabHOH CMO MoxkHO Haiitu B |1, 3:

po=1—p,  pe=p"p, k=T 00 (0.1.1)

OCHOBHBIE XaPAKTEPUCTHKH CHUCTEMbl MUMEIOT BHJ (/I UX BBIYHCJICHUS HMCIOJB3YIOTCS
dbopmysst JTurona [1]):

o0
CpejiHee YHCIIO 3a8BOK B cucTeMe Ly, = Z kpr, = p(1 — p);
k=1

5
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Haiinem cpeamee qmcsio 3asgiBoK B odepenu L,.g. OyaeM paccyzKJaTh TaK: YHUCJIO0 3asBOK
B o4YepeIn paBHO HYHUCIY 3adBOK B CHCTeMe MHHYC YHCJIO 3a4dBOK, HaXOAJIHUXCA IO

cpeanee BpeMs npebpiBanud Wy, =

obcayzkuBaHneM. 3HAYUT (IO MPABHJLY CJIOKEHUST MATEMATHIECKIX OXKHJIAHWN ), CPeHEee THCIIO0
3adBOK B o4epean L,.q DaBHO CpeJHEMY 4YHCIYy 3adBOK B cucreme Lg,, MHHYC CpejHee
YUCJIO 3adBOK II0JI OOCTyzKHBaHUEM. YHC/I0 3adBOK II0JI OOCJIYKHBAHUEM MOXKET OBIThH JILOO
HyJeM (ecau KaHat ¢BoOOJeH), OO eauHuIel (ecau oH 3aHAT). MareMarndeckoe OXKHIAHUE
TAKON CJIyYaifHONH BEJIMYHHBI PABHO BEPOSITHOCTH TOIO, UTO KaHAJ 3aHAT (0003HAUNM ee P).
OueBuyiao, P, paBHO eIMHUIE MUHYC BEPOSTHOCTH Py TOrO, UYTO KAHAJ CBOOOIEH:

Py =1~—py=p.

CrenoBaTe/IbHO cpejiHee YUCI0 3asBOK II0J, 0OCTYKUBAHUEM PABHO p U OTCIOIA

0

Lord:Lsys_pzl_p'

[To dpopmyiie JIuttiia cpejiHee BpeMs peObIBaHKSI 3asiBKU B OYepPeiu:

?

Wm'd - )\(1 — p)

n-kanaabuasgs CMO c HeorpanumveHHOI ouepeabio.

AnamormuHo mpeAbIAyINeil 3amade  pemraercs 3agada o0 n-kanaabHoit CMO ¢
HeorpaHWYeHHON o4epeabio. Hymepamnmst cocTosiHUit — MO YNUCIY 3asIBOK, HAXOJAAIIMXCS B
cCUCTeME:

So — B CMO 3asBoK Het (Bce KaHATIBI CBOOOIHBI),

S1 — 3aHAT ONWH KaHAJ, OCTAJbHbIE CBOOOIHBI,

Spik — 3aHATHI BCe N KaHAJOB, k 3agBOK CTOUT B OUYePeIu.
['pad cocrosgumit mokazan na puc. 0.2.

A A A A A A
SO Sl oo _ Sn oo o Sn—}—'r' e o o
I 24 nj np L nj
Puc. 0.2

ecTh cxeMa THOeJH ¥ Ppa3MHOXKEHHsS ¢ OeCKOHEYHBIM YHCJIOM COCTOSHUi.  YcjioBHe
CyIIecTBOBaHUs (PUHATHHBIX BEPOSTHOCTE TaKKe aHAJOTHIHO MpeIbIayIeil 3agade: p/n < 1.
Ecau p/n > 1, ogepenp pacrer 10 6ECKOEIHOCTH.

6



[pexmonoxkum, [9ro ycaoBue p/n < 1 BBHINOTHEHO, W CTAIMOHADHBIE BEPOSTHOCTH
cymecTByYoT. [IpuMmeHsisi u3BecTHbie (OPMYJIBI sl CXeMbl Tubeqn W pasmHokeHus [1]
3alUIeM 3TU CTAllMOHAPHbBIE BEPOSTHOCTH.

7

2 n+1 -1
p0:(1+£+&+...+&+p_m) ,

2 n! " nlin—
k n
p P p
P1 = ﬂpOa <y Pk = Hp(% vy Pn = Hp()a (012)
n+1 n—+r

Pn+1 = Pos s Pnr = 3 D05 -+
n'n!

n-n!

Haiinem xapakrepuctuku s dexrupaocru CMO. Jlerko HaXoauTest CpeHee TUCa0 3aHATHIX

kanaaos k = \/pup (3o BooGte cnpaseameo s mo6oit CMO ¢ HeorpaHEYeHHOI 0Yepe/Ipio).

Haiinem cpejinee 4ucio 3adBOK B cucreme Ly, U cpejiHee YUCJI0 3adBOK B ouepean L,.q. 13
oo

HUX Jierde Hafitu Bropoe, 1o gopmyie Ly.q = Z TPpir; U B PE3YJILTATE MOJIY IUM
r=1
P”+1po

n-nl(1—p/n)?

Lord -

[Tpubapisis K HEMY CpejlHee YUCI0 3asBOK MO OOCTYKUBAHHEM (OHO YK€ — CPeJIHee THCIIO
3aHATHIX KaHAJIOB) k = p, HoJty4nm:

Lsys = Lord + p.

Hena Bpipazkenud Jid Lorq 1 Lgys Ha A, 10 dopmye JIuTTia mojaydum cpeinue BpeMeHa
npeObIBAHUS 3asIBKH B OYepe I U B CHCTEME:

1 1
Word = XLorda Wsys = XLsys'



I'maBa 1

DJjIeMeHTbl TEOPUMN.

§ 1.1. MapKoBcKUe IPOIECChl CO CYETHBIM MHO>KECTBOM COCTOSTHUIA.

1.1.1. IlepBasg u BTOpas cucreMbl auddepeHnuaabHbIiXx ypaBHeHuit Koimoroposa.

[ycrs £(),t € [0,00), — OAHOPOAHBI BO BpeMeHH MAapKOBCKHil CJydaifHbIN IPOIEce co
caerHbiM ancaom cocroguuit N = {0,1,2,...} [9]. O6o3HaunM nepexo/Hbie BEPOSITHOCTH

Pi;(t) = P{E(t) = jl§(0) =i}, 4,jeN

HepeXO,ZLHbIe BEPOATHOCTH MapPKOBCKOI'O IIpoIecCa YAOBJIECTBOPAIOT CJACAYIOIMIUM YCJIOBUAM:

P;(t) >0

upu Beex 4,5 € N, t € [0,00) (yCI0BHE HEOTPUIATETBHOCTH] );

iPij(t) =1

7=0
npu mobom i € N, ¢ € [0,00) (yc0BHE HOPMHUPOBAHHOCTH );

oo

Py(t) = Pu(u) Pe(t — w)

k=0

st Beex 4,7 € N u0<u<t, wu,téel0,00) (MapKOBCKOE CBOHCTBO);

Pi(0)=1, Py(0)=0 npn i#;j

(HagaTBHOE YCIOBHE).
[Ipemosaraercst, aro nporecc &(t) CTOXaCTUUECKU HENPEPbIBEH, T.€. BBHIIIOJHEHBI YCJIOBUS

lim P;(t) =1 lim P,(t) =0, 1 ).
Ot u() v Z() ) #J
OcCHOBHbBIE PE3yJILTATHl TEOPUU OJHOPOJIHBIX MAPKOBCKHX IHPOLECCOB CO CYECTHBIM UYUCJIOM
COCTOSIHHUN COCTOSIT B CJIe Y IOIIeM.
Bcerna cymecTByloT KOHEUHBIE WU OECKOHEUHbBIE ITPEIeJIbl
Pu(t) — 1 Py (t)

a; = lim ————  q;; = lim
i 04 n ) ij 04 +



Ot npeaesibl Ha3bIBaIOTCA NMHTCHCUBHOCTAMHM nepexoaon BepOHTHOCTefI
(I/IH(I)I/IHI/ITQSI/IMaJH)HbIMI/I XapaKTepI/ICTI/IKaMI/I) n JaJiee 3alliChbIBalOTCA KaK
P (1)

CLZ']‘:T, Z,]GN

Ecnu i # j, T0 a;; KOHETHO; a;; — JMbO KOHETHO, JTHOO @;; = —00; BO BCEX CIYUAAX Y | G;j <
J#i

— Qg

C momMompio BeJMYHH ;; MPOU3BOANTCA KIaccuduKanmma cocroannii mponecca. Cocrosgnme
{ Ha3bIBAETCH MI'HOBEHHBIM, ecin a; = —o00 . COCTOsHHe, He SBJISIONIEeCs MIHOBEHHBIM,
Ha3bIBACTCH PETYJISPHBIM, €CIH ) | (jj = —Qj;;. IPOTHBHOM CJIy9ae 3TO COCTOSHUE HA3BIBAETCS

J#

Hepery spHbIM. Ecim Bce COCTOSHMS POIecca Pery/sipHbl, TO Mepexogasle BepostHocTn ()
YIOBIETBOPLAIOT CUCTEMe ypaBHEHUN

dP;(t) < .
= %aikpkj(t), i €N, (1.1.1)

HOcdmieii  HasBanwe TepBoit  (o6parHOi) cucrembl  ubdEPEHINATBHBIX  yPABHEHUI
Koamoroposa.
[Tycth Bce cocTosiHuMsI TPOIECCA Pery/isipHbI, U HPH 33/laHHOM 1

Z Pik(t)akk > —0Q.
k=0

Torma mpu 3agaHHOM @ JJIS  BCeX j BBIIOJHEHA Bropasi (IpgMas) CHCTEMa
muddepennnanpaex ypasuennit Kosmoroposa aist nepexoanerx sepositHocteit Py (t),

dP;(t) < :
T = ZPZ-k(t)ak.j, 1€ N, (112)
Cucremsl ypasuennii (1.1.1) u (1.1.2) apisrorcs TuHefiHbIMHA.

BepositHOCTHBIH  cMbIcT  MHQUHATE3NMAJIBHBIX  XapakTepuctuk {a;, ¢,j € N}
crepyonuii. B HAYATIBHOM COCTOSTHUY ¢ MAPKOBCKUiT mpotiecc & (t) mpeObIBaeT caydaiinoe BpeMst
T;, C pacupejie/ieHueM

P{r <t} =1— %t

Ecau a; = 0, TO mporiecc He BBIXOIUT U3 COCTOSHUs i (TAKOE COCTOSIHME HA3BIBAETCS
norsiomaomum). Bt a; < 0, To B MOMEHT T; ¢ PACIIPeJIeIeHHeM BePOSITHOCTEH

. Q;; .
1 vJ . -, 1
pj =—— ] # voop = 0 <113>
Qi
IIpoIrecc mepexoauT B COCTOAHUE j; B COCTOAHNN ] Iponecc HaxXoJAuTCA cnyqaﬁHoe BpeMd Tj,
JaJiee aHaJIJOTHYHad 3BOJIIONNA.



1.1.2. MuoromMepHbIe Tpou3BoAdIe (PyHKITNN.

O60o3Ha4YUM

N'"={a = (a1,a9,...,0,), o =0,1,2,.... i=12..n}

— MHOXKECTBO BCEX MN-MEPHBIX BEKTOPOB C HEOTPHUIATEAbHBIMH  IIEJOYNCICHHBIMI
kommoHeHTamu. Jlamee maaa BeKTOpoB «, 3,7 € N" mpuHarel obo3HadeHus : 7 = « — [,
ecu y1 = a1 — B, Y = G — Bt > [, ecam aq > B, ., > B u o1 o] = aq + ap

Ob6o3HauuM ¢, 3HAYEHHEe B TOYKE « YHCJIOBOH (DYHKIHUH, ompeaeneHHoit ma N7,
Muoromepuoii upoussojguieil dbyukuuer F(sq,...,8,), COOTBETCTBYIOMEH (,, HA3BIBAIOTCSI
CyMMa psijia

F(s1,..0,8n) = Z GaSTt...s0m. (1.1.4)

DKCIOHEHIMANBHOI — mpou3Bojsiiieit  dyuknueit  G(z1,...,2,), coorBercTByomed {gq},
HA3BIBAETCS CYMMa, PAIa

zOél Zan
1 e n
G(21, ey 2n) = E 70 (1.1.5)
ap:i...00pn:
aeEN™
Hamee mpuMeHsieTcss COKpallleHHAst 3aMuch § = (S1,...,8,), % = s]t.s8» 2z =
(21, y2n), 2% = 20%..z0", ol = aql.ay! , a cymmuposanne ) . obosuauaercd .

Torga (1.1.4) u (1.1.5) 3amucbBaIOTCS B BHIE:

«

F(s) =Y g% G)=) =0

«

g BekTopa s = ($1,...,8,) ynorpebasercs obo3nadenne 0, eciam BCe ero KOMIIOHEHTHI
paBHBI HyJI0, W ODO3HA4YeHHe | , ecii BCe ero KOMIIOHEHTHI DPaBHBI equHuie. depe3 |s|
0603HATAEM BEKTOP ¢ KOMIOHEHTAMU |S;|. AHasornanbie 0003HAMCHUS U T 2 = (21, ..., Zp)-

[Iycts o, § € N™,  F(s) — mHOTOMepHas Tpou3Bosimas GyHkius. BBoanm o6o3HaMeHus:

O°F(s)  O°lF(s)
s 0s{t..0son’

M.
Ecau F(s) ectb npoussomsimast GyHKIH 17181 { g }, TO 55~ €CTh MPOU3BOAAIIas DYHKIIUS
ans {alPlg,, o€ N'L
[Tycrb npoussomsinue dbyukiun F(s), G(z) umetor HeKoTopbie obractu cxogumocta. Torma
MeKIY {go} u F(s), G(z) ycranaBamBaeTcst B3aMMHOOIHO3HATHOE COOTBETCTBHE,

ol = o ol rre ozgﬁ"] =i — 1), — B +1), 1=1,.
98 F(s)
OsP

1 0*F(0) 0°G(0)
Jo = 1 s Ja = T
[TpousBoasiias (yHKIUS HA3BIBACTCA IMOJOKHUTE/IBHOMN, ecan ¢, > 0 mpnm a € N™
[TonoxkuTesnbHas mponsBojsimast Gpyukius F'(s) Ha3pBaeTCst BEPOSITHOCTHOM, ecan F/(1) = 1
BepositHocTHast nponsBosimast GbyHKIua F(s) cOOTBETCTBYET n-MEpHOMY PACIPEIETCHIIO
BepositHocreil {g,} Ha N™. MoKHO COOTHOCHTH BEPOSITHOCTHYIO IPOU3BOJSAINYIO (DYHKIMIO He
K pacupejiesienuio {g,}, a Kk Kakomy-aubo ciayuaiinomy sekropy & = (£, ...,&,)7 | nveomemy
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{g9o} cBOMM pactpesnenenuem BepositHOcTel. C TOMOIIBIO BeKTOpa & MAeTCs SKBUBATEHTHOE
oTIpe/ieJieHue BEPOATHOCTHOU MPOU3BOAIIeN pyHKIUN,

Fe(s) = Ms.

Maremarnuaeckoe oxkunanne MEP) maspBaercs hakToOpHAILHBIM MOMEHTOM HOPSIKA 18| =
By + ... + B,. MoxHO mokazarh, 4T0

P Fe(1)

B — 2 e\
M¢ e (1.1.6)
e IIPpOU3BOJHad B TOUYKE S — 1 mouumaercsd Kak IIpou3BOJHAadA CJIeBa II0 BCEM KOoOpIuHaTaM S;,
t =1,...,n. B wactnocru, jyis MareMaTu4eCKUX OXKHUJIAHUI KOMIIOHEHT CJIy4aflHOIO BeKTOpa &

nMeemM aF (1)
M¢& = ai- . i=1,..n (1.1.7)
3

[Tonp3ysdch paBeHCTBOM

D&(& — 1) = M&(& — 1) + M& — (M&)?,

IIOJIydaeM BblpazKeHue 114 JUCIiepCuu

PFR(1) | OF(1)  (9F(1))®
= — =1,...,n. 1.1.8

Ds? + 0s; 0s; ’ ! e Tt ( )
Crenyromue cBoiicTBa Npou3BoAdANINX ((hyHKIU dYacTo wucmonb3yiored. Eemm &1 —

HE3aBUCUMBbIE CJy4afiHble BEKTOPbI, TO UPOU3BOAAIIAd (PYyHKIHA HX CyMMbl & + 7) paBHA
[POU3BEJICHUIO TTPOU3BOJIAININX (PYHKIHIT CIaraeMbIX, T.e.

D¢&;(& — 1)

Fepnls) = Fe()Fy () (1.1.9)
ECHI/I 5(1), ceey f(l) — ¢ He3aBHUCHUMBIX OJUHaKOBO paclpeJe/IeHHbIX Cﬂy‘IaI?'IHbIX BEKTOpPOB, TO

1.1.3. MapkoBcKue IIpOHECChHl C B3aUMOAEHCTBUEM.

MHOKeCTBO MApKOBCKUX MPOIECCOB COCTABJISIOT OJHOPOJHBIE BO BPEMEHH MapKOBCKHE
nponeccel (1) = (§1(¢),&(t), ... &n(t)), t € [0,00), Ha dazoom mpocTpancTse N Bcex n
- MEPHBIX BEKTOPOB ¢ HEOTPHUIATEIHHBIMH TEJTOUHCTCHHBIME KoMIOHeHTaMI. O603HATNM

Pus(t) = P{E() = BE(0) = a}, o, 5 € N”

— IIepexoaHble BEPOATHOCTH U

dPag(t)

Qob = "y

t=0+
— TJIOTHOCTU TEPEXOJHBbIX BeposTHocTell. llpejmonaraemM, 4To BBIOJIHAIOTCS YCJIOBUS, TPHU
KOTOPBIX [E€PEXO/HbIe BEPOSITHOCTH YIOBJIETBOPSIOT MepBoil (06paTHOi)
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dPag(t)

T :Zaawpw(t), o€ Nn, (1111)
>
1 BTOPO#i (mpsiMoii)
dpaﬁ(t> n
— = ;Pav(t)aw, Be N (1.1.12)
cucremaM  jguddepernuanbubix  ypaBHenuit  Kosmoropoma; — HadasbHBIE  YCJOBUSA

P,.(0)=1, P,3(0) =0 upu g # a.

Muozxectso mnponeccoB M. IlycTb (hpukcupoBaHO KOHEUHOE MHOZKECTBO BEKTODPOB

A={=(&,.,&)e N, i=1,..,1}.

Kazkomy BekTopy &' € A comocTaBuM pacipe/ie/ienne BepodTHocTel Ha N™:
{py =0, > py=1, pu=0} (1.1.13)
5

Haner Takzke wabopsr ancen (i = 1,...,1):
{¢,, >0, ae€N" ¢ =0,ecau npu HeKOTOPOM k ) < &}
g nporecca u3 MHOXkecTBa M nojaraem

! !
os = Y Pl ares OEB  Gag=— ¢a, a,fEN" (1.1.14)
=1 i=1

Takum obpaszoMm, wuH(UHATEINMAIbHBIE XapaKTePUCTUKU IpoIlecca u3 MHO:KecTBa M

Il l
onpegessiorcs nabopom &, {pg}, {¢n}, .. & {ps}, {©h}-
g mponeccoB u3 M Bropyio cucremy ypasHenuit (1.1.12) 3amuchlBAlOT B KOMIAKTHOM
BHUJIE, UCITOJIH3Ys] MHOTOMEPHbBIE TPOU3BOAsINE DYHKIIHN

Fu(t;s) =Y Pap(t)s”; hi(s) = phs®, i=1,..0; |s| <1,
E E

l
8Fo;9(f% s) _ Z(hz(5> — D Fo(t: s), (1.1.15)

i=1
¢ HavasbHbIM yeaosueM F,(0;s) = s, rae D; — oneparop enbdonaa-/IeonTbeBa 0606ImeHHOI
[IPOM3BOIHOM, ONpeIeeHHbIN Ha aHAJIUTHIECHX B OKPECTHOCTSIX HYJIs (DYHKIUSIX,

' Bl _ i B—E
D; ( E ags” | = appps” " .
§; B¢
OTmernM, 4YTO MapKOBCKHE IIPOIECCHI ¢ KOHEYHBIM UHCJIOM COCTOAHMI IIpUHAJJIeXKaT

MHOXKeCTBY M.

VHaTepuperanus MapKOBCKHX IPOIECCOB CO B3aMMOIeHCTBHEM.
Dusnueckass TPAKTOBKA MapKOBCKOro mpomecca &(t) u3 MHOXKecTBa M Ciemyromiast.
Cobpirue {£(t) = a} MOKHO HHTEPHPETHPOBATH KAK TAKOE COCTOSIHUE HEKOTODOil (husnmdeckoii

12



CUCTEMBI, B KOTOPOM B MOMEHT BPEMEHH t UMEETCsI COBOKYITHOCTh S, YACTHUIL, COCTOSIIAA M3 (r1
qacTun, tina 11, ao dactur tana 1o, ..., o, 9acTull Tuna 1,:

Sa = O{1T1 + O./QTQ + ...+ anTn-

BagaanM | KOMILIEKCOB B3aUMOIEHCTBUsT YaCTHIL S,i, COOTBETCTBYIOMNX BeKTOpam &' € A.
YHepes ciryqaitHoe BpeMs 7.,

P{ri <t} =1—¢ %t

MOZKeT MPOW3ONTH B3aMMOJEHCTBUS KOMILTeKca 4acTul S.i. B 3T0T MOMeHT u3 oy dYacTuil
tuna Ty BeiOMpaercs €; wacTur, S € pacupeiesienueM peposTHocTedl {ph} 3aMensercs
COBOKYITHOCTBIO Sﬁ HOBbIX dactui. Cucrema W3 COCTOSHHS, COOTBETCTBYIOIEMY BEKTOPY «,
MEePEXO/INT B COCTOSTHUE, COOTBETCTBYIOINIEE BEKTOPY o — &' + (3.

BosmoxkabIe B3anMOIeICTBUS TIPEJICTABIAIOT CJIeAYIONel cXeMoii:

el +edlo+ ...+ el T, — BTy + B3T + ... + BLT,;
ST +ebTy+ ... + i Ty, — BT + BTy + ... + BT,

ey + ey + ...+ e\ T, — BTy + BYTy + ... + BT

rae Bektop (51, 05, ..., Oh) nmeer pacupemnesnenune (1.1.8), i=1,...,1.
B cocrostnun S, cucreMa HaXOIUTCs CJIydaiiHoe BpeMsl T,, NOKa He IIPOM30HIeT KaKoe-1m00
n3 | B3amMosieicTBHi, T.e. T, = min(Tl, ..., 7.). Tlpeamonaraercs, 4To ciydaiiHbie BeTMTHHBI
1 !
-

s -y To, HE3aBUCUMBL. ToT 12

; (1 l
P{ri <t} =1 — ¢ Gttt
W BEPOATHOCTb, HYTO TPOUIONLIO BIAMMOJECHCTBHE 1-TO KOMILIEKCA, MNPH YCJAOBUH, HUTO

!
. i iy-1
B3anMO/IficTBHE mpou3onuIo, pasua ¢! (> ¢! ).
i=1

i MaTeMaTHIeCKOrO ONHMCAHHS TAKOH CHCTEMbl B3aMMOAEHCTBYIONUX YACTHUI[ MOZKHO
[IOCTPOHUTH MPOCTPAHCTBO JIEMEHTAPHBIX COOBITHIA, COCTOSIIEe W3 ONMNCAHNS IBOTIONHH KazKI0i
OT/IEJIBHOM TACTHIIB, CYNIECTBOBABIIEH B chcTeMe (IPOCTPAHCTBO TPACKTOPHil HACTHI[), U
COOTBETCBYIONIYIO BEPOATHOCTHYIO MEDY HA TAaKOM NPOCTPAHCTBe (Mepy Ha TPACKTOPHUSIX
TACTHII).

1.1.4. BerBsmuecsd IIPOIECChl C B3aMMOAEICTBUEM.

CuenmaJibHBII KJacC MAapKOBCKHX IIPOIECCOB By BBIASILAIOT U3 MHOXKecTBa M,
JOMOJHATETBHBIMA YCJIOBUAMA Ha BBIOOPHL {pl}, ..., {¢l}. Bamanbl MHOKECTBO KOMILIEKCOB
B3anMozeiicTena A = {e" = (&%,...,e,) € N", i =1,..,l} u pacnpeenenus BepOSITHOCTEN
{ps}, i = 1,.., 1 Tycrs nponecc Haxoaures B cocToguun « = (au, ..., ). [peanonaraem,
aro 3a Bpemsi At — 0 BepoaTHOCTD @, At + o(At) B3anMOseiicTBIs KOMILIEKCa JacTuil Sei,

el “ i
nponopruonasnbaa ynciay Cq) codeTanmit €] dacrui Tuna 1] U3 UMEIOIIUXCS (v YaCTHI[ THIA

El - .
Ty, ..., T, nuponopuuonanbua yucay Cy" coderanuii !, qacrun Tuna 7, 13 UMEIOIUXCS (v, TACTHIL
tuna 1,,. Takum obpazom,
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SDL:AZHO[J(O(]—l)(a]—5;+1):)\za[81]7 OéENn,

j=1

rae \; > 0 — kosdduruentsr nponopuuonasbHocta (i = 1,....n). UadbuHuTe3nManbHbe
XapaKTepUCTHKE {a.p, ¢, € N"} mpomecca m3 Kiaacca B OmpenesioTcs pPaBeHCTBAME
(1.1.14).

Brigenenne crenuaabHOrO KJacca IIPOneccoB By ompaBapiBaeTcs ¢ ABYyX TO4YeK 3penus. C
OJTHOI CTOPOHBI, TAKON KJACC MAPKOBCKUX MPOIECcCOB Ha N ONHWCHIBAET peaJibHbIe sIBJICHUS
B usuke, xumuu, 3SKojorud. C JIpyroii CTOPOHBI, OIEpaTOp OOOOINEHHON HMPOU3BOIHOM
B ypashennu (1.2.15) coBmagaer ¢ OOBIYHONH HPOU3BOIHON, UYTO MO3BOJSET HCIOJIH30BATH
MaTeMaTUYIecKuil anmapaT IPOU3BOIASINNX U SKCIOHEHITUATBHBIX TPOU3BOIANINX (DYHKITHIA.

Teopewma 1.1.1. TIpoussoastinas GpyHKIHs nepexoaubix Bepograocreii F, (¢; s) BeTBsiierocs
nporecca ¢ B3amMmogeiicTBueM npu J06oM « yaoBiersopsier mpu |s| < 1 smHeitHOMY
JudepeHIuaIbHOMY YPAaBHEHUIO B YaCTHBIX IPOU3BOIHBIX

OF,(t;s) : ., O Fy(t; s)

¢ HagaabHBIM ycstosueM [, (0;s) = s°.
BBejieM 9KCIOHEHIHATBHYIO TPOU3BOIAINLYI0 (DYHKIUIO HEPEXOTHBIX BePOATHOCTE

ZO&

Gal(t;z) =) —Pas(?) (1.1.17)

«

u JuHeiinble nud depeHIuaabHble OIepaToOphl ¢ HOCTOAHHBIMU KO3(MdunueHTaMm

( ) vaazv i=1,..,1

Ormernm, uro npu mo6om 3, Gg(t; 2) — DyHKIMS aHATHTHYECKAS O HEPEMEHHBIM 21, ..., Zp,
TAK KAaK

041 an

Teopema 1.1.2. SKCHOHeHHHaﬂbHaH HpOU3BOIdAIIas (PYHKIUS MEePEXOIHBIX BEPOSATHOCTEM
Gs(t; z) BeTBsIIErocs mpolecca ¢ B3auMoJeiicTBIeM IpH JI060M [ yA0BIETBOPSAIOT JIHHEXHOMY
JiubdepeHInaIbHOMY YPABHEHUIO B YACTHBIX HPOU3BO/IHBIX

ac:ﬁ (t; 2) 0 o' .
Z)\ 2 (&) — o= | Galts2) (1.1.19)

s
¢ HauabibiM yeosuem Gg(0;2) = 5

BresieM JIBOMHYIO MTPOU3BOIMITYIO (PYHKIMIO TIEPEXOTHBIX BEPOSITHOCTEIH

F(t;z;s) = Z = Z Pags = ZGﬁ<t§ 2)s".

«

14



Cnencreue. JIpoiinas mpowsBomsiimast dbyukiws F(t;2;S) yIOBIETBOPsieT ypaBHEHUSM
(Isl < 1):

l

0F o' F
ot i(hi(s) = s7)——  2;8) = €7 1.1.2
It ;)\z<hz(3) S )035’ , F(0;2;8) = € ( 0)
oF i gt 0 agi e
B0 = 2 | b <5> — 5 | P Fl0zs) =€ (1.1.21)

CranmonapHble ypaBHEHUs JJs TPeIeIbHBIX BEPOSTHOCTEI.

[Iycrs Pag(t), a, f € N, — mepexonnsle BEPOATHOCTH MAapPKOBCKOIO MPOIECCA CO CIETHBIM
YUCJIOM cOocTOogHuil. B o0rieil Teopunm MapKOBCKUX MPOIECCOB IMOKA3aHO, YTO CYIIECTBYIOT
IIpe/IeJIbl

Gop = tlirgo P.5(t), a,f€ N" (1.1.22)

Jop HA3BIBAIOT IIPEJEJbHBIME BepoATHOCTAMH. IIpegesbHble BepOATHOCTH He 00A3aTEIHHO
COCTABJISIIOT PACHpeIeIeHne BePOATHOCTEH, » 5d0p < 1.
Bsegem npoussoasdimue pyHKIUU IPeJIeIbHbIX BEpOITHOCTEH

o
fuls) =D aus”s 95(2) =D Saas, e N
B «

Ouesn O, 910 GYHKIUSA f,(S) ABIAETCA AaHATHTHIECKOI B 00acTh |s| < 1, bynkmus gg(z)
— aHAJTMTHYeCKasd (DYHKIUSA ITEPEMEHHBIX 21, ..., Zp-

[ycrb  Beramuiica 1uponecce &(t) 3ajgan  KoMmiuleKcamu B3auMmojeiictsus &b, ...,e" u
pacupenenenusivu (1.2.13). Jlnst naxoxknennst npeenon (1.1.22) ucnoab3yores crannoHapHbie
ypaBuenns Koamoropona.

Teopema 1.1.3. Ilpoussojsias dbyHKIMs OPeeTbHbIX BeposaTHOCTelH f(Ss) BeTBsMmerocs
mporecca ¢ B3amMojeiicTeueM npu JioboM « yaoBiersopsier npu |s| < 1 sumHeitHOMY

JinbdepeHInajibHOMY YPABHEHUIO B YaCTHBIX HPOU3BO/HBIX

l i
NG S
S Nalnls) — s ZSe8) g (1.1.23)
: 0s¢
=1
Teopema 1.1.4. DxcunoHeHIUAIbLHAS NPOU3BOAAIIAL (PYHKIN NPEACILHBIX BEPOATHOCTE
gp(z) BeTBsIIErocs TMpoIecca ¢ B3AUMOJAEHCTBHEM [PH JIIOOOM [ yAOBIETBOPSET JIHHEHHOMY

JiubdepeHIuabHOMY YPABHEHUIO B YaCTHBIX HPOU3BOIHBIX

l i
o\ o

[IpenenbHoe IMOBeleHHE BETBAIIUXCS IPOIECCOB € B3aUMOIEHCTBHEM pPaCCMATPUBAETCA B
pa3HO00pa3HbIX KOHKPETHBLIX cuTyanusax. PusndecKkue, XuMudecKue, ON0OJI0IuIeCKHe CUCTEMbl
B3aUMOJIEHICTBYIONUX YaCTHUI[ MOT'YT BOHTH € TedeHHeM BpeMeHH Jub0 B CTallHOHApPHOE
cocTosinue, JMOO BHIPOAUTHCS, T.e. MPHATH B Takoe (TOMIONMIAIOIIEe) COCTOSTHWE, KOT/IA
JaJbHelilllee B3auMoIeiicTBHe HEBO3MOXKHO, U CICTEeMa HaBCerda OCTAeTCd B TAKOM COCTOAHHUM.
1 HaX0XKIeHUST CTAIlMOHAPHOTO Pacpeie/iIeHusT BEpOATHOCTell pelraeTcd BTOPOe YpaBHEHUE
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(1.1.23), jurst HAXOXKEHHsT BEPOSITHOCTEH BBIPOKIeHNs ((DUHATBHBIX BEPOSATHOCTE) PeIraeTcst
craronapHoe neppoe ypasaenue (1.1.24).

1.1.5. BerBgamiueca npoIiecchl.

CrernuaabHBIH KJIaCC MAPKOBCKHX MPOIECCOB By BhIAeIsIeTcs N3 Kaacca By yCIOBUSIMH Ha,
YHUCJIO YACTHIl, BXOJAIINX B KOMIUIEKCH B3ammofeicreus: || < 1, ¢ = 1,.. 0. Tlycre mas
OIIPEJICJICHHOCTH,

A={c'=(1,0,...,0),e2 = (0,1,0,...,0), ...,e" = (0, ...,0,1)}.

Torna

QOZ:)‘Z'OQH OéENn, i:17"‘7n7

u BrOpas cucreMa ypapaenuii (1.1.12) paBHOCHJIbHA YPABHEHHIO B YACTHBIX MTPOH3BOIHBIX
IePBOTO TTOPSIKA

OF,(t;s) - o ‘aFa(t;s) .
T — lzl)\z(hz(s) Sz>a—8i7 Fa(o,s) =S . (1125)

Perenne nuueitnoro auddepeHnuaibHOro ypasaenus mepsoro nopsiika (1.1.25) obiagaer
CBOMCTBOM BeTBJICHUM:

. _ a1 (4. a2 (4. o .
Fo(t;s) = FO'(t; 8)FS (t;5)... Far (L s).

CBolicTBO BeTBJIEHHS — OCHOBHOE CBOMCTBO, BBIJEJSAIONIEe W3 MAapPKOBCKHX MPOIECCOB
BeTBSAIIHECS MPOIECChl — COCTOUT B TOM, UTO YACTHUIIBI, CYIIECTBYIONINE B MOMEHT BPeMeHU ¢, B
J1I000#t MOMeHT t + t1,6; > 0, 9BOJIOIMOHUPYIOT U JIAIOT HOTOMCTBO HE3ABUCUMO JIPYI' OT JIpyTa.
13 cBoiictBa Berssenus u ypasuenns (1.1.21) cremyer cucrema HeIHHEHHBIX OOBIKHOBEHHBIX
JubdepeHIuaTbHBIX YPaBHEHUH [T OJIHOYACTUYHBIX TPOU3BOIAIIMX (DYHKIUIT

OF.i(t: s)

5 =N (hi (Fa(t;8), Fz(t; 8), ..., Fn(t; 8)) — Fli(t;s)), i=1,...,n, (1.1.26)

¢ nagagbabiMu yeaosuamu Fa(0;8) = s1, ..., Fon (0; 8) = s,.

1.1.6. MogeaupoBaaue Ha 9BM mapkoBckux mporeccoB metonoMm MonTte-KapJiio.

Peammsanmuu mapkosckoro mporecca £(t) = (&(1),...,&.(t)) cTrposTea meromom MomTe-
Kapao [11]. Anropur™ MoeupoBaHust CJIeIYOIINI.
Beomsarcs ucxommbie manubie: [0,7] — Bpems mogemupoBanus; o = (.., 0) —

HavgaabHOE cocTognue;e!, ..., el — KOMIIeKCH B3amMOAeilCTBIS; {p}y}, s {plv} — pacupeeeHne
BepogTHOcTeit HA N™; A1, ..., \; — HaboOp duceJ.
Hlcnob3y1oTes epeMeHnble: m — HOMep HTepamui agroputy; 1™ — m-if MOMeHT BpeMeHH

I3MeHeHHs COCTOSHNAA Ma, L gm) = (g™ (m)y

] pKoBcKoro mporecca; 5™ = (6,7, ..., Bn ') — cOCTOsIHEE TPOIecca Ha
m-ii urepaiyuu; T = (71, ..., 7)) — BEKTOP CJLyYaHHBIX BPEMEH, Ty — MUHHMAJIbHAST KOODJAUHATA,
BeKTOpa 737 = (71,...,7) — BEKTOD CKadKa, KOOPIMHATHI KOTOPOTO BBIUUCJSIOTCS HA mMm-if
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urepanuu; 7 = random|0, 1] — reHeparop CAyYaiiHBIX 9YHCE], DABHOMEPHO DACTpe/IeJeHHBIX
ma orpeske [0, 1].

1. Hauaspuble 3Havenus nepementsrx: m = 0, 0 =0, 0 = q.

2.Peanmuzamnus Bexktopa 7. Huka mo 7 =1, ..., 1.

2.1. Ecom ﬁlgm) < &b upu uekoropom k,k = 1,...,n, 1o 7" = co. Nuaue r = random|0, 1],
BBIYHC/IUTD gpg(m) 1o dbopmye (1.2.16) n TpuCBOUTD 3HAMEHNE T; = _(1/‘P,i5'(m)) In(1—r).

3. OupenenuTh Ty = min(7y, ..., 7). IIyCTh Ty = 7' ECIH Ty, = 00, TO KOHEI[ AJTOPUTMA.

4. Bagate r = random|0,1]. C moMomp0 r peasn30BaTh CIyYIalHBI BEKTOD 7y ¢
pacmpegerenuem {p’}.

5. IlpucBouts 3naueHns nepemennbiM: tMTD) = ¢ 7 gmtl) — glm) _ i 4

6. Ecam t" D) < T, 10 m :=m + 1 n nepexox k 11.2. Mnade koner aaropurMa.
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§ 1.2. Cucrembl JuHeHBbIX AuddepeHITnaTIbHbIX YPaBHEHMIA.

1.2.1. OmupeneneHus 1 OCHOBHBIE CBOMCTBA peMICHU’IA.

HopMmasbHoil cucteMoil THHEHHBIX 0OBIKHOBEHHBIX Jud bepentuanbabx ypasaennii (O1Y)
naspiBator cucremy OJ1Y Buga |4]

n

dx; .
0 > ay(t)a;+gi(t), i=Tn, (1.2.1)
j=1

rae x;(t) — HemsBecTHble (QDYHKINH, HOJJIEKAIINe OIpeetenuio; a;;(t) u g;(t) — u3BecTHBIE
dyuknun aprymenta t € T, HempepbIBHBIEC B HEKOTOPOM IpoMexkyTKe T C R amuciaoBoii npsamMoii
R. s muneiinoii cucremsr (1.2.1) B obnactu D = T X R™ BBITOJHEHbI BCE YCJIOBHS TEOPEMBI
Komm cymiecrBoBanus m ejauHcTBeHHOCTH perieHus. JlelicTBuTeIbHO, /s J1000T0 HOMEpPA, 1
npasag dacth B (1.2.1) mMeer HenpepbiBHBIE B MpoMexKyTKe T HacTHBIE NPOU3BOJIHBIE 110
MOGOMY W3 apryMeHToB. I, (j = 1,n), 9T0, PABHOCHIBHO BHIIOJIHEHHIO IS NPABOil YacTn
cucrempt OJLY (1.2.1) yenoBus Jlummiuia OTHOCHTENTBHO BCeX apryMeHTOB x;, (j = 1,n) mpm
JIOOBIX 3HavYeHusax t € T

Bamuch cucrembl B Buge (1.2.1) MOXKHO yHPOCTHTbH, €CJIM BOCHOJIB30BATHCSH MATPHYHBIME
0603HATEHUSIMU:

(1) ay1(t) . ain(t) 91(t)
an() ... awm() | 92(t)

;L’n(t) Qn1 (t) e ann(t) :gn(t)

Bnecs Z(t) u §(t) — Bekrop-dbyukmun; A(t) — marpuna cucremsr O/LY. C yueroMm BBeJIEeHHBIX
obozHavenuii cucremy (1.2.1) mepenurem B BUjIe

d—)
d—f = AT + §(1). (1.2.2)
Eciu g(t) =08 T, 10

dzr .

i A(t)Z. (1.2.3)
Cucremy (1.2.3) HasbiBalOT HOPMATBHOH  ORHOPOIHOW cucremoii  JmHedHBIX  OJLY,
coorsercrByiomeit cucreme (1.2.2). Ilpu g(t) # 0 B T cucrema uneitnnix OJLY Gyger
HEOJJHOPOAHOMA.

Teopema 1.2.1. Jluneiinas koMOuWHanums perenuii ogHOpoaHON cucrembl (1.2.3) Takzxke
SIBJISIETCS PellleHneM 9TOi CHUCTEMHI.

Teopema 1.2.2. Paznocrs 1106bix JBYX pertenunii HeogropoaHoii cucrembr OJY (1.2.2) ecthb
perierne OMHOPOAHON cucTeMbr (1.2.3).

Teopema 1.2.3. Cymma pelieHHs HEOTHOPOJAHOH cucTeMbl (1.2.2) u  perenus

COOTBETCTBYIONEH efl ogHOpOAHON cucrembl (1.2.3) ecThb perreHne HEOJHOPOJHON CHCTEMBbI
(1.2.2).
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Teopema 1.2.4. Ecau Z1(t) u Zo(t) — perennst Hopmaababix cucteMm OJIY coorBeTCTBEHHO

%' — AT+ G(t) u %f — AT+ f(t)
To Z(t) = Z1(t) + Z2(t) aBagerca perrenneM HOPMAJILHON cucreMbl JuHeinsix O1Y
O AT +g0) + (o).
Paccmorpum BekTOp-byHKIIIE
T1(t)y ooy Ti(t), ooy T (1), (1.2.4)

HeOOsA3aTeIbHO ABAONHecs permenuamu cucteM (1.2.2) wm (1.2.3).

Omnpepenenne 1.2.1. Cucremy BekTop-pynkuuii (1.2.4) Ha3pIBAOT JTHHEHHO 3aBUCHMOIT B
HEeKOTOpoM IpoMmexkyTKe 1’ C R 4mcsioBoOil mpamoii R, ecu cyImecTByeT TaKas CHCTeMa JTICesT

Ao Aiy o An € Ry YN0,
=1

qTO UMeeT MeCTO TOXKIECTBO

Eciu ke Takoii CHCTeMbI YHces He CYIEeCTBYeT, T0 cucreMy BeKTop-byHkimii (1.2.4) HaszpBaooT
JIMHETHO He3aBUCUMON B MPOMeKyTKe 1.

Jliobas cucrteMa BeKTOP-DYHKITHIT, BKIIOYAIONIAs BEKTOP-(DYHKITIIO, TOXKIECTBEHHO PABHYIO
B IpOMexRyTKe 1 HyJIeBOMY BEKTOPY, sBJsdeTcsd, coriacHo onpeaenenuio 1.2.1, juneitno
sapucuMoii. JleiictBurensro, Boibupas B (1.2.5) koaddunmenT npn Taxoil HyHKIUA OTIHTHBIM
OT HYJId U Tojaragd KoM UIUeHTh TPU OCTATbHBIX (DYHKIHUAX PABHBIMH HYJIIO, TPUXOIUM K
TOXKJIECTBY /I JTI00BIX ¢ € T

Cucrema BeKTOp-MOYHKINN JUHEHHO HE3aBUCHMA B KaKOM-IHOO MpoMexkyTKe 1, ecau OHa
JIMHETHO He3aBucuMa B MeHbieM npomexkyrke Ty C 1. Ecawm cucrema Juneiino 3aBUCHMA B
T, To ee yimHeliHas 3aBUCUMOCTH OyaeT coxpanena u B 1) C T, HO oOpaTHOe, BOOOIIE rOBOPS,
HEBEPHO.

1.2.2. Onpenenutenasr Bporckoro. PynmamMeHTaIbHAA cCUCTEMA pelneHuii. Popmysia
Octporpaackoro — JInyBuJJd.

[IycTh 3a1ana cucremMa n BeKTOP-(pyHKImit

FL(t), o, Te(t), o, Tn(t),  Ti(t) = (x1k(t), ..., 2oi(t))T, k=T,n,

omnpe/iesleHHAas B HEKOTOpoM npomezkyTke T’ C R quciaoBoit npamoit R.
Ompenenuressb
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xn(t) l’u(t) Ce Iln(t>
wiey=| 0wl el (126)

Tp1(t)  wpa(t) . Tnn(t)

HA3BIBAIOT OmpejeauTesieM Bponckoro cucrembl BekTOp-byHKIHUHA T (t), ..., T, (t) M0 UMeHH
nosibeckoro Maremaruka FO. Bpouckoro (1776-1853). CdopmynupyeM B Buje TeopeM CBOHCTBA
9TOrO ONPEEJIUTEIS.

Teopema 1.2.5. Eciin cucreMa BeKTOp-pYHKITHI

Zu(t) = (21p(t), s 2T, k=T, (1.2.7)

JIMHEHHO 3aBHCHMa B HEKOTOpoM mpomexyTke 1" C R, 1o onpenenurens Bporckoro W(t) = 0
vieT.

Teopema 1.2.6. Ecau onpemesmrens W (t) mas cucrembl BekTop-dyukmmi (1.2.7),
apJistoruxcst B mpomexkytke 7' C R perneHusiMu 0fHOPOAHOI cuctembl juneiHbx OJTY (1.2.3),
pPaBeH HYJIIO XOTd OBl B O/IHO# TOUKe ty € T', TO 3Ta cucTeMa BeKTOP-DYHKITI IHHERHO 3aBUCUMA
B mpoMezKyTKe 1.

13 teopemsr (1.2.6) BeITEKaeT CieACTBHE.

Caencreue 1.2.1. Ecim ompenemurens W (t), cocTaBieHHBIE U3 BeKTOP-QYHKITHIA,
ABJISIIOIIAXCS  PEITeHUsIME  OJHOPOAHON cucrembl JuHedHbix OJIY  (1.2.3) B HEKOTOPOM
npomexkyTke T, paBen HyJa0 B omHoil Touke to € T, me. W(ty) = 0, TO OH TOXKIECTBEHHO
paBeH HyJI0 B 5T0oM npomexyTtke (W (t) =0Vt € T)

OmHuM 13 BaykKHEHINUX MOHATHH B TEOPHH OJHOPOAHBIX cucreM Jubeinbix OV gapasercs
noHgTHe PyHIAMEHTAJIBLHONW CUCTEMbI PeITeHn .

Omnpenenenne 1.2.2. Jluneitno nezapucumyio B mnpoMexkyTke 1' C R cucteMy U3 n BEKTOP-
dbyukmuit Buga (1.2.7), kazkgast 13 KOTOPBIX SIBJSETCs B HEM PEIlieHHeM OJJHOPOHON CHCTeMBbI 1
muaeiabix OJTY (1.2.3), HasbiBaroT dyHIaMeHTATBHON crcTeMoil permenuii 1is (1.2.3) B 910M
IPOMEKYTKe.

Teopema 1.2.7. OynjpaMeHTaJbHbIE CUCTEMBI PEIIEHUN CYIIECTBYIOT.

Bamuch B Buge (1.2.3) cooTBeTCTBYeT HOPMAJIBHON OTHOPOAHON cucTeMe JmHeiHbIX OJLY
¢ mepemennbiME Ko3bdummentamu, MOCKOIBLKY mementsl ai;(t) (4,7 = 1,n) Marpumm
A(t) sToil cucrembl gBASIOTCS (DYHKIMIME HE3aBUCHMOIrO nepeMenHoro t. Takue cucremb
YAaeTCd ITIPOUHTErpupoBaTb W IIOJYYUTH PpeliecHrue B BHJAEC AHAJUTUYIECKONH 3aBUCUMOCTHU
JIWIIb B HCKJIOYUTEJbHBIX cjaydadx. OJHAKO CYHIEeCTBYeT OJiHa 3aMedaresibHasg popMmyJia,
CBA3BIBAIONIAS MeXKIy CODOM pellleHus Mpou3BoabHON cucTeMbl (1.2.3) OIY ¢ mepeMeHHBIME
K03 dbunmenTaMn.

Boraucanm npoussonHyio mo t or onpenenutess Bpowuckoro (1.2.6), cocraBieHHOro u3
pemennit Ty (t) = (z1x(t), ..., zox ()T, k= 1,n, cucremsr OJIY (1.3.3):
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deH(t) dxlg(t)
dt dt

dW
dt Tor(t)  waolt)

Tnl (t) Tn2 (t)

+... +

dl’ln (t)
dt

xgn(t)

T (t)

ﬂfll(t) xlg(t)
T21 (t) ng(t>

.dl‘n.l (t). .dl’n.g (t).

dt dt

[L’11(t) $12(t> . l‘ln(t)
dlEQl (t) dl’gz (t) d[EQn (t) +
dt o dt
Toa(t)  Tpe(t) . Tpn(t)
[Eln(t)
.I'Qn(t)
S (1.2.8)
Az, (t)
dt

B (1.2.8) ucnosib30BaHO TPABUIO BBIYUCIEHUST TPOU3BOIHON OT OMPEIeIUTe sl KBa PaTHON
MaTpHUIBl pasMepa n. Tak Kak ONpeIeJuTesb IPeACTaBIdeT coboil cymMMmy n! ciaraeMbix ¢
COOTBETCTBYIOIIMMY 3HAKAMHU, a KaxKIoe CIaraeMoe eCThb TPOH3BeICHHe 7. 3JEMEeHTOB, TO,
UCIoNIb3ys npaBuao audpepeHnupoBanus npoussegaenusd 1 QYHKIMHA, TPUXOIUM K 3alUCH
(1.2.8). Bekrop-dyukunst Zx(t) apasercs pemenneM oaHOpoaHOi cucrembl (1.2.3), T.e.

dl‘i "
dt :Zaij(t)xj.
j=1

[Toaromy mepBbiii onpesesuTens B npasoil gactu (1.2.8) nveer Bu

T21 (t)

Tnl (t)

D ay(t)rn Y ag(t)s
j=1 j=1

T2 (t)

Tn2 (t)

> ani(t)n
j=1

Top, (t)

T (1)

= a1 (t)W

3/1eCh UCIOJIB30BAHO IIPABUJIO CJOKEHUS OIPEJeIuTes e, a TakKkKe TO, YTO OIPeJIEUTE b,

UMEIINNA J1Be OJUHAKOBbIE CTPOKH, PABEH HYJIIO.

Ananornyno BTOpOe, TpeThe u T.J. (BILUIOTH J10 TOCsIeHero) ciaaraeMbie B (1.2.8) paBHbI:

T11 (t)

dl‘gl (t)

Ilg(t)

dl’gg (t)

dt

Tnl (t)

T11 (t)
T21 (t)

. (t).

Tn2 (t)

Ilg(t)
T2 (t)

‘dxn.Q (t).

dt

dt
21

.Tln(t)
Ign(t>

AT (1)
dt

= Q22 (t)VV,

= A (E)W.




C yduerom stux Beipaxkenuii (1.2.8) npuHuMaeT Buj

dW -
- = (1) 1.2.
pr W;au(t) (1.2.9)

Orcroma ceyer, 9To OnpeeanTe/ib BpOHCKOro yIoBIeTBOpsIeT JuHeitHoMy ogaopoaaomy OJ1Y
IIEPBOTO TIOPA/IKA € pa3feNdioNuMucd IepeMeHHbIMU. Pa3ieiada nmepeMeHHble W UHTEIPUPYH,
OJIy4aeM COOTHOIIIeHHe

W (t) = W(ty) exp / Zaii(t)dt . (1.2.10)

KOTOpoe Ha3biBaIoT (opmyioit Ocrporpajckoro — JInysuiuis.

1.2.3. Teopembl O CTPYKType OOINEro pelneHus OAHOPOIHON U HEOTHOPOIHOM
CUCTEM.

Boire ormedasioch, pemrenue OJHOPOAHON cHCTeMbl OOBIKHOBEHHBIX UM depeHITnaIbHBIX
ypasuenuii (O/LY) Buga (1.2.3) ¢ mepeMeHHbBIME KOYDMDUITEEHTAME B O0IIIEM CJIyYae He YIAeTcs
HOJIYYUTH [PU [OMOIIU Oliepanuu uHTerpupoBanus. OJHAKO MOXKHO YKa3aTb CTPYKTYPY
obrero pernrennst Kak cucremsb (1.2.3), Tak u cucreMbl JuHeiiHbIX HeomgHOpOAHBbIX OJIY BHAa
(1.2.1), KOTOpPYIO TakzKe HA3BIBAIOT HOPMAJILHOW HEOTHOPOJHON cucTemoil auHeiHbx OJLY ¢
mepeMeHHBIMU KO3 DHUIIeHTaMH.

BaxkHO HOTYEpKHYTH, YTO 9TO pEIIeHHe BKJIIOYAET 7 MPOU3BOJBHBIX HOCTOAHHBIX Cf
(k = 1,n). Crexylomas TeopeMa MO3BOJIAET He TOJBKO YKa3aTh CTPYKTYPY OOINEro perieHus
OIHOPO/IHO# cucTeMbl Bija (1.2.3), HO U yCTAHOBHTH, YTO B Caydae 3ajaqu Ko 11 CHcTeMbl
sguHeFHBIX OIY 5TH MOCTOSHHBIE ONpee/JeHbl OTHO3HATHO.

Teopema 1.2.8. Eciu BekTop-hyHKITUN

Z(t) = (218(t), ooy 2T,k =Tom,

ompejeseHHbIe B IpoMexkyTKe 1’ 4ucjioBoil npsaMoit R, oOpasyioT B HeM (DyHIaMEHTAJIbHYIO
CHCTeMY pelneHuil ogHOpoaHOil cucrembl JuHeinbix OY (1.2.3), To ofiee pernterue 3TOM
CHCTEMBI UMeeT BU/I,

F(t) =Y Crin(t), (1.2.11)

¢ HEKOTOPBIMHU NOCTOAHHBIME KOy dunuentamu Cy (k = 1,n).

HerpynHo 3aMeTHTh, 9TO COBOKYITHOCTH perteHuii ogHopoaHoii cucrembl (1.2.3) obpasyer
n-MepHOe JIMHelfHOe MpOCTpaHCTBO. JIrobad dyHIaMeHTaJbHAs CHCTEMA DeIleHu CIIyKUT
0a3uCcoOM B 3TOM IIPOCTPAHCTBE.

Teopema 1.2.9. O6Guee perenne HeomHOpOAHON cucrembl (1.2.2) ecth cymma obrmero
pellleHns COOTBETCTBYMOIIeH eii  omHOpojnoit cucrembl (1.2.3) W 9YACTHOrO peIlleHUs
HeOJHOPOAHO cucrembl (1.2.2)
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E(t) = Z.(t) + > Ciin(t), (1.2.12)

Baech T, (t) — gacrHOE penieHne HeoAHOPOAHOI cucrembl (1.2.2), onpejeseHHoe B IPOMEZKYTKe
T; Z(t), k = 1,n, — dbyHIaMeHTaIbHAS CHCTEMa DENIeHUil COOTBETCTBYIOIEH OXHOPOIHOM
cucrembl (1.2.3), onpesiesieHHBIX B TOM ke poMexkyTke; Cy, k = 1,1, — HEKOTOpBIE OCTOSTHHBIE
K03 DUIIIEHTHI.

Hecmorps na mocrarouno obmiuii xapakrep teopeM 1.2.8 u 1.2.9, oHn He TOJABKO HIPAIOT
BaykHeityo posh B Teopun OJ1Y, HO u yKa3wIBalOT MyTh permenns cucteM juaeiHbx OV ¢
mepeMeHHBIME K03 DHUImeHTaMHu.

1.2.4. Cucrema JuHeilHbIX aud@PEepPeHINATBHBIX YPaBHEHUNI € TOCTOAHHBIMU
Kodddunuentamu. XapakTepuCTUIeCKOe YyPaBHEHUE CUCTEMBI.

ITycte BCce KO3dbUIMEHTBI @;; B HOPMaJbHOIl cucreme JIMHEHHBIX OOBIKHOBEHHDBIX
muddepennuanbabix ypasrenuii (OJIY) (1.2.1) mocrosiunbr. VHade roBopsi, MOCTOSIHHBI BCe
snemenThl Marpunpsl A(t) cueremsr: a;; = const, i,j = 1,n. Takyo cucremy Ha3BIBAIOT
HopMaJbHON cucremoit juHeinbix OY ¢ nmocrosnusiMu Kodddunuentamu. Ilpu srom, ecim
g(t) # 0 B mexkoTopoM TpOMexKyTKe T wmcsaoBoil mpsiMoif R, B KOTOPOM pacCMATPUBAIOT
pertrenne 31oii cuctembl OJ1Y, TO cucTeMy Ha3LIBAIOT HEOTHOPOAHO, & B IPOTUBHOM CJIydae —
oxuopomuoit. Cpean cucrem juneiiabix OV cucrema OJ1Y ¢ mocrosaabiME KODDUTHEHTAMT
— OJIMH W3 HEMHOTHWX CJIYYaeB, MOMYCKAMINX WHTerpupoBaHue. [Ipn BeISICHEHUH BOMPOCa 00
HHTEIPUPOBAHUU MOYKHO OIPAHUYUTHCS PACCMOTPEHUEM OJHOPOIHON cucTeMbl Juneiusix O1Y
¢ TOCTOSTHHBIMU K03(bPUImeHTaMm, KOTOpas MOXKeT ObITh 3alucaHa B MaTpU4IHO# dopme

T _ 4z (1.2.13)
dt
rae A — 3ajaHHas MaTpuia, a £ = T(t) — uckoMasi BeKTOp-hyHKIIU.
Byjiem ucKaTh He paBHOE TOXKJIECTBEHHO HYJIIO perierue cucteMbl (1.2.13) B Buje

Z(t) = ae™, (1.2.14)

e a € R" (a # 0) A € R nomnexar onpeznesnennto. [Tpomuddepennupopas (t) Kak BeKTOp-
d

PyHKIUIO: pr (ae™) = Aae™, nogcrasum B (1.2.13): Aae* = A (ae?). B srom marpuunom

ypaBHEHUH eM [peJicTaB/isgeT coOOl HEHYJIeBOW CKAJISPHBI MHOXKHUTE/Ib, HA KOTOPBIH MOYXKHO

cokparuTh. [lomyunm marpuanoe ypapaerne Aa = Aa. C mOMOIBI0 eIMHIIHON MaTpuibl F
ypaBHEHHE MOYKHO Mpeobpa3oBaTh K BULY

(A= \E)a = 0. (1.2.15)

9TO ypaBHEHHE IOKA3BIBAET, UYTO HCKOMBIH BEKTOP « SBJSAECTCA COOCTBEHHBIM BEKTOPOM
matpurpl A. B koopaunartHoit hopme ypasaenue (1.2.15) umeer Bu

(CL11 — )\)Oél + a9 + ... + a1 = O;
21001 + (a/22 — )\)062 + ...+ a9n 0y — 0; (1216)

An10q + Gpotve + ... + (apn — N, = 0.
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MpbI nosiyunii OJHOPOJHYIO CUCTEMY JIMHEHHBLIX ajrebpamyeckux ypasHenuit. /liasg Toro
4TOOBI OHA HMeJIa HEeHyJeBoe pelnrenue o € R, He0OXOJIMMO U JOCTATOYHO, YTOOBI PaBHSJICS
HYJIIO ee OIIPeIe/INTeb:

ai; — A a2 e A1n
G A=A 1=, (1.2.17)
Qn1 n2 - Gpp — A

Packpeitue onpegenurens (1.2.17) npuBoauT K ajrebpandeckoMy ypPaBHEHHIO n-ii cTeneHn
OTHOCHTEJBHO A. Ero Ha3bBalOT XapaKTepHCTHIECKHM ypaBHeHHeM MaTpunbl A, a B Teopun
muddepeHaIbHbIX YPaBHEHIH — XapakTepucTuaeckuM ypasaenneMm cucrembl Q1Y (1.2.13).
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§ 1.3. IuddepeninuajbHbie ypaBHEHNS MEPBOr0 MOPAIKA B YaCTHBIX
MMPOM3BOIHBIX.

1.3.1. JIuneitHoe nuddepeHMNaIbHOE YypaBHEHUE. Y pPaBHEHUSA XapaKTepPUCTUK.
3agaua Korm.

JluHeHBIM HeOMHOPOAHBIM HubdMEPeHIHATLHBIM YPABHEHHEM [IEPBOTO MOPSITKA B TaCTHBIX
IPOU3BOIHBIX HA3BBIBAIOT ypaBHeHUe [4]

ou ou ou
ay (w1, ,:z:n)a—xl + ag(x1, ’x”>3_x2 + oo+ ap (21, ...,:cn)axn =b(x1, ..., Tp) (1.3.1)
rae a;(z1,....,x,), ¢ = 1,..,n u b(xy,..,x,) — 3amaHubie (GYHKIUA 7 HE3ABUCHMBIX

[EPEMEHHBIX T71, ..., Ty, HEOpepbiBHO jgudepennupyeMble B HekoTopoit objmactu D C
R™  u(zy,...,x,) — uckoMas QYHKIUS.

Ecau B ypasuennn (1.3.1) b(z1, ..., z,) = 0 Bo Bcex Toukax (xy, ..., T, ) obaacru D, To Gyxem
uMerhb JinHeliHoe ojHopoaHoe auddepennuaabHoe ypaBHEHne MePBOro MOPSIKA ¢ YACTHBIME
IIPOU3BOAHBIMHA

ou ou ou
a1 (1, ey Tp) =— + a2(x1, ooy ) =— + ... + an (21, ...,xn)ax =

8961 a55'2

COOTBETCTBYIOIIEe HEO[HOPOJIHOMY ypaBHenuto. Perenuem jiuddepeninajibHbIX ypaBHEHU T
(1.3.1) u (1.3.2) B obmactu D Gyaem HasbiBaThb HempepbiBHO auddepennupyemyo B D
dbyHuKIIIO, KOTOPasi OOpaIaeT 3TH ypaBHEHUST B TOXKIECTBA B J1060I ToUKe (1, ..., 2,) € D.

PaccMoTpuM cHavasia OJHOPOAHOe ypaBHenwe (1.3.2) u mocTaBUM eMy B COOTBETCTBHE
cucTeMy OOBIKHOBEHHBIX I pepeHIInaIbHbIX ypaBHEeHUH

0, (1.3.2)

dJ]Z‘
dt

i =1,...,n, o cucremy (1.3.3) MOKHO NPEACTABUTH B CHMMETDHUIHOIL

:ai(xl,...,xn), = 1,...,71. (133)

dx;

a;

[Tockonbky dt =
dopme 3amnucu

dxq dzs . dz; dxy,

ar s .. p .. @,

Cucremy (1.4.3) wHasplBalOT CcHCTeMOl ypaBHEHWH XapaKT€PHCTHK [JIsi  OJHOPOIHOTO
muddepentnanbHoro ypasaenns (1.3.2), a ee TpAeKTOPUH XapaKTePHCTHKAM.

Teopema 1.3.1 Dyukuust u(xy,...,x,) aBIgercda perierneM TuddepeHuaIbHOro
ypasaenusi (1.3.2) B obsactu D Torga u TOJBKO TOTVA, KOTJA OHA €CTh MEepPBBIH HHTErpaJt
cucrembl (1.3.3) ypaBHeHuii XapakKTepUCTHK B 9TO 00/1aCTH.

[Mycrs ¢;(x1,...;2,), j = 1,..,n — 1 — mepsBble HHTErpajbl CHCTEMBI yDaBHEHMUIT
XapaKTePUCTHK, W TPH STOM OHHU SABJAIOTCA He3aBucuMbiMuU B obsiactu [. Ilpupenem
GOPMYIUPOBKY TEOPEMBI, yCTaHABJUBAIONIEHl CTPYKTYPY OOIIEro pemeHusd OJHOPOIHOIO
ypaBHEHHUS.

Teopema 1.3.2 Jlioboe perienne 0aHOPOAHOTO AudhepeHIHaTLHOTO YpaBHEHUS B 001aCTH
D mmeer Bup,

u=P(p1, ..., Pn_1) (1.3.4)
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rae p;(x1,...,T,), J=1,...,n—1 — mepBble HHTETPAJIBI CHCTEMBI Y PABHEHNUIT XaDAKTEPHCTUK B
obsactu D, a & — npousBosibHag HYHKIU, HEIIPEPBIBHO JuddepeHiupyeMas B 3T 06/1acTH.

Nupivu  cioBamu,  dopmyita  (1.3.4)  ommceiBaer  BCe  MHOMKECTBO  DeINeHU
muddepennuansaoro ypasaenus (1.3.2) B obaacru D.

Bagaua Komm st JIY (1.3.2) craBurcs Tak: HaiiTn Takoe pemenue /1Y, kKoropoe Ha
MOBEPXHOCTH S COBIAIAELT C 33IaHHON (DYHKITHE.

[lepeiiiem Temnepb K paccMoTpenuio Heommopognoro /IY. Ero pemrenme OyaeM HCKaTbh B
HESIBHOM BHJIE

W(xq,...,zp,u) = 0. (1.3.5)
B cuny npaswia audpepennupoBanusg HesBHOM (DYHKIMU HUMeeM
Ju ow/ox;
= —— =1,..,n. 1.3.6
oz, owjou’ " (1.3.6)

[loncrasass (1.3.6) B neomuopomuoe Y (1.3.1), moayuum

ow ow ow ow
a1($1, ...,l’n)a—xl -+ ag(l’l, ’$n)a_l'2 —+ ...+ an(xl, ,xn) O + b(.%’l, 7:[/'71)% =

0 (1.3.7)

Ypasuenue (1.3.7) sBasiercs auHeHbIM 0HOPOAHBIM JIY OTHOCHTEIBLHO HCKOMOT (DyHKIHH
W BKJIIOWaeT 4acTHbIE MPOU3BOJIHBIE ITON DyHKIUK 110 N + 1-My HE3ABUCUMOMY MEPEMEHHOMY
X1y ey Ty, . DTOMY LY cOOTBeTCTBYeT cucTeMa ypaBHEHUIT XapaKTePUCTUK

dvy _dee _dw o de o du (1.3.8)

aq as Ta; a, b

[Mycrs byuxmmn @; (21, ..., Ty, u), = 1,...,n aBasorcs B 061acT

Dy = {(z1,...,7p,u) : (21,...,2,) € D} C R"*!

HE3aBUCHMBIME TepBhIMU HHTerpataMu cucteMmbl (1.3.8). Torma ofinee penrerne oaHOPOIHOTO
Y (1.3.7) B cuay Teopembr 1.3.2 umeer Bu/L

W= (I)<3017 "'7@”)7

e ¢ — npousBoJibHAsA HellpepblBHO JuddepeniupyemMasd B obaactu Dy GYHKIUA, TaKas, 9TO
92 -4 0 B obnactu D;. U3 (1.3.5) carenyer, 410 paBeHCTBO

(1, .y 0n) =0 (1.3.9)

3amaer uckomoe perrerne u JIYV (1.3.1) Kak HesBHYIO (DYHKIMIO HE3aBUCHMBIX [eDEMEHHBIX
T1yeeey Ty

Bagaua Komu mias vHeognopoguoro IV (1.3.1) craBurcst Tak ke, Kak M JJIs1 OJHOPOIHOTO
Y (1.3.2)
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1.3.2. Kazuauneiinoe nuddepeHnmasbHOe YpaBHEHUE.

KpasununeitnpiM  audpepennuaibHbiM YpaBHEHHEM IIePBOTO IOpsakKa HasbiBaioT Y c
JaCTHBIMH TTPOU3BOTHBIMHA

u ou Ju
—_— —+ .. —=b . (1.3.10
al(‘rla y Ty U) 3:151 + a2($17 y Ty U) axQ + + a/n(xh » Ty U) 3xn ('rlu y Ty U) ( )
rae a;(T1,...,Tp,u), @ = 1,..n u b(xy,..,T,,u) — 3a7aHEBIe (QYHKIHH, HEIPEPHIBHO

nuddepennupyemble B Hekoropoit obnactu Dy € R™! usmenenus n nmepemensbix x; (i =
1,...,n) u uckomoit dyuknuu u. [oguepkuem, aro, B oriuane or 1Y (1.4.1), kosddbunuenTsr
a; ©=1,...,n u npaBag 9actb b B kBazuauneitnoM /1Y 3aBucaT or uckomoit byHKIUA U.

[Iponece maxoxaenust obmero permennst JIY (1.3.10) aasoruydeH HaXOKJICHUIO OOIIETO
perenus Heoauopoauoro jguneitaoro JIY. [IpuBeieM 0CHOBHBIE 3TAIIBI 3TOT'O MPOIECCA.

Cucrema ypaBHeHHUII XapaKTepuCTWK Jid Kpasuwanueitnoro JIY mo ¢opme MOTHOCTHIO
coBHaJaeT ¢ cucreMoit masa Heomnopoanoro /JIY. VuHTerpajbHble KPHUBBIE 3STOH CHCTEMBI
HA3BIBAIOT XapaKTepHCTUKaMu KBasmiauneitnoro Y. Eciau B obgactu Dy HaljIeHBI n NepBbIE
HE3ABUCUMBIX MHTEIPAIOB (X1, ..., Tp,u), @ = 1,...,n cucTeMbl ypaBHEHUN XapaAKTEPUCTHUK,
To Bce pemenns kasuimueitnoro JIV (1.3.10) moxkno momyunth u3 pasenctBa (1.3.9), B
koTopoM ® — mpousBoJibHAsA HenpepbiBHO auddeperiupyemas OyHKIAS.

[Iocranopka 3amaum Komm 11d kpaszmwimHeiiHoro Y aHaJ ormdHa IIOCTAHOBKE 3TOI
3aJIa49U JJIsi OJHOPOIHOIO JIMHEWHOrO0 ypaBHeHHs. IIpH mpakTHYecKOM pelieHuu 3Toil 3aJadu
HEeO0OXOTUMO PYKOBOJCTBOBATHCS CJIEAYIOMMMHI TPABUIAMMI.

[ycre pemtenne u(T), T = (z1,...,T,)", JIY posKHO yoBaersopats yeiosuio u(T) = U(T)
Ha TIOBEPXHOCTH S, KOTOpast 3a/aHa ypasaerueM f(x1, ..., z,) = 0. [Tocie HaxoxIeHwus TEPBHIX
HHTerpasioB @;(Z,u), @ =1,...,n, CHCTeMBbI YpaBHEHUI1 XaPAKTEPUCTHUK , HCKTIOIUB M3 CHCTEMbI
YPaBHEHUH

¢i<j>u)zci> L= 177”? f(j.) :07 :\Ij(‘i’)a

HepeMeHHbIE I, ..., Ty, U TOJYIUM DaBeHCTBO F(cp,co,...,c,) = 0, B KOTOpOe Cieyer
noacraButh @;(T,u) =¢;, = 1,...,n. Torma moaydnm

F(Qpl(jau)a @2(f7u)v "'ﬂon(j?u)) =0.

OuH0 u3 pewenuii u(x) 9T0ro ypaBHeHust U OyJeT UCKOMBIM.
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I'maBa 2

CucreMma MaccoBOro OOCJIY>KNBAHNSA C MOABUKHBIMUA
3agBKaM. AHAJUTUYECKUIA METO/I.

§ 2.1. IlocranoBka 3aja4nm

UccenenoBanne cucreMbl 00C/TyKUBAHUS MOKYHATE/Iell KPYIMHOT'O T'HIIEPMAaPKETA.

B runepmapker mpuxoauT OOJIBIIOE KOJHYECTBO TOKYyIaTesel, Takoe, 4TO HEKOTOPHIM
MOKyIaTeasIM TpPHAeTCA OXKUAAaTh oOcayzxKuBaHud. [Ipmw 3TOM WTPOJAABIBI-KOHCYJIBTAHTHI
MOTYT OOCHYXKWBATh He OJHOT'O, a HECKOJBKWX NOKyHaTesiell cpaly, TaK YTO, KOJUIECTBO
nokynarejeil, o0C/yzKUBAEMbIX OJHUM IIPOJABIOM MOXKHO CUHATATh CJIy4dailHOM BeJIMYMHOI,
BpeMs 00C/TyKUBaHUs Takxke ciaydaiinoe. Hekoropbie u3 mokymnaresieii, mocYuTan, 4To NPUIETC
CJIMIITKOM JIOJITO KJIaTh, MOKUJIAIOT ouepejib. I3 ocraBmumxcs, mpoiijig depe3 Kaccy, 4YacThb
moKymnaTeseil BCMIOMUHAET, YTO 3a0bLIH KYIMHUTh HEKOTOpPble HEOOXOJIMMbIE UM TOBAPHI U CHOBA
BO3BPAIIIAIOTCA B 0Yepe/ib.

B nannoii padbore Mbl Oyj1eM pacCMOTPUM MaTEMaTHYECKYI0 MOJIE/Ib 3TON CUCTEMbI MACCOBOT'O
O6CJ’Iy)KI/IBaHI/IH7 OIIUCBIBACMYK) MapPKOBCKHM BETBAIIHUMCIA CﬂyqaﬁHbIM apomneccoMm co cxeMon
npespariennii |9

0 —)TlvTQ
Tl —>T27T3
T, — 11,135

Taxkxke OymeT paccMoTpena 0OODIIEHHAS 3a/1a9a;

0 —>T1,...,Tn
T — 13,13, ...., Thpa
Ty — T, 13, ..., Ty

Tn — Tl,TQ, -~-7Tn717Tn+1
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§ 2.2. dBHBIe pemieHusi ypaBHeHuit KosimoropoBa aJjiss cxem ¢ TpeMmd
TUTIAMU JIEMEHTOB.

2.2.1. Cxema 0 — Tl, T27 T1 — TQ,Tg; T2 — Tl, Tg.
Byaem paccMarpuBaTh OZHODOJHBI BO BpeMeHH MapKOBCKuit mpomece &(t) =

(&1(t), & (1), &5(t)) co cxemoit npespatuenuii

0— T17T2
T — 15,13 (2.2.1)
Ty — 11, T3

Onmrrem 3TOT TPOIECC depe3 CIyJaiiHbie BpeMeHa HaXOXKIEHUST W CKaIKI

—5 (o + 1, a0,03), P{m <t} =1—e2t
(ap, a0 +1,0a3), P{m <t}=1—e !

(a1 — Lo+ 1,a3), P{m <t} =1-e Mt
(p — L,ag, a5+ 1), Pl{n <t} =1-—e Nt
(a1 + 1,00 — 1,a3), P{m <t} =1-—e 22

(o, g, ag) s, (ap, a0 — Lag+ 1), P{m <t} =1-—e 22

\

7/ — cayuaiinple BpeMeHa HaXOKICHHd B JIAHHOM COCTOSHUH. B KazKAblil C/Ieayrormumii
MOMEHT BpeMeHH B3auMOJeiicTBHe HPOMCXOAUT IO [-TOMy BapHaHTy, [Uld KOTOporo 7! =
min{7y, 7o, 73, T4 }

JlaHHOW MOJIe/IM COOTBETCTBYET MAapPKOBCKHUI CJydailHbIN HPOIECC NpeBpaIleHns ¢ TpeMs
THIAMU YaCTUIL U TPeMdA KOMILIeKcamMu B3aumojeiicteus. Bropoe ypasuenue Kojimoroposa jijis

IpOU3BO/dAIIell (DYHKIUH EPEXOHBIX BEPOATHOCTEH Fi, o, oy (t; S1, S2, S3) EMeET BHT

aFoc(ta 51, S92, 83)
ot

OF,(t; 51,89,
(t; 51,52 3)+

= /\1(]9%82 +p:1553 —51) s
1

OF,(t; s1, S2, S3)
882

+ )\O<p(1)51 +p252 — 1)F,(t; 51, 52, 53),
(2.2.2)

+)\2(p%51 +p§53 — 82)

¢ HavaIbHBIM ycaoBueM F,,(0; 51, Sa, 53) = 571557557,

9TO ypaBHEHHE SBIsgeTcd JUHEHHbIM auddepeHnagibHbiM ypaBHEHIEM MEePBOTO TTOPSIIKA
B 4YacTHBIX Hpou3Boiubix. [locraBum B coorsercrBue 3romy JIY cucremy OOBIKHOBEHHBIX
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muddepeHnanbHbIX ypaBHeHHi (cucTeMy ypaBHEHUIT XapaKTePUCTHK )

(dt
Rt |
dr ’
ds
d_rl = M1 (p3s2 + pyss — s1),
92 \o(p2s1 + 12 2.2.3
g Ao(pys1 + p3ss — S2), (2.2.3)
-
ng
I —
dr
dF
\ E = )\0(]?(1)81 +p882 — 1)F7
¢ maganpubivu yeaosuamu H(0) = 0,51(0) = v4,52(0) = 1v,53(0) = v3, F(0) = v/ 05?055,
OueBuiHO, 9TO
t=-—7, Ss3=u3, (2.2.4)

PacecMorpuM BTOpOe U TpeThe YypaBHEHUs] CUCTEMBI:

d31 1 1
g A(pas2 + p3vs — s1),
dSQ
d_ = )\2(}3%81 —|—p§l/3 — 82).
-
Ucnombsys (2.2.4), a takxke pasenctso (py + py = 1,p7 + p3 = 1), cuenaem 3ameny

HepEMEHHbIX

§1 =381 — V3, S2=S82— V3,

U HOJIYYUM CUCTEMY OJIHOPOJHBIX JHu(pdepeHIuaIbHbIX YPaBHeHI

ds; N -
d_Tl = )\1(19%32 - 51),
(2.2.5)
ds:
d_: = X (pisi — $2),

i

§ = A3,

¢ HadasnbabiMu yesousimu S1(0) = vy — v, $2(0) = vy — v, rae

(M A ;_@@T IR
A= ( )\QP% - 57 dr dr ) 3—(51 82) .

[Tepexoum K pernenuto cucrembl (2.2.5). Haiiziem KOpHI XapaKTepUCTHYIECKOTO yPaBHEHNUSL.
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det(A—~E)=0

Il

(A +7) (A2 +7) — Alp%)\ﬂﬁ =0,

Orcrona nmeeM
Y24 (A4 A2)y + Mol — pypi) = 0,

JIMCKpUMHUHAHT 9TOTO KBaIPAaTHOT'O YPaBHEHHS MMeeT BU]L

D = ()\1 + >\2)2 - 4)\1)\2(1 - p%pf)v

a perneHns

—(M+ ) £VD

5 ;
pu 3TOM 11,7 < 0;71 # 7. B obmem Buie permeHns cucTeMbl ypaBHEHH{T MOMKHO
3aIACaTh TaK;

Y12 =

51 = C1811e"" + 038917, 55 = C1 812" 4 CyB22e™7,

3necb (35,1, = 1,2 — KOMIIOHEHTBI BEKTOPOB, KOJUIMHEAPHBIX COOCTBEHHBIM BEKTODAM
marpuust A; B = (5;5), i,j = 1,2. Haxomum stu BekTOpSI A1 MaTpuis A

_ /\1P§ o )\1]7%
ﬁl_<)\1+’)’1 = AM+7 )

[ToxcraBiss Hava bHBIE YCJIOBUS, MOJTYUUM:

v —v3 = C1611 + Cofa1, vo — 3= C1012 + Cofa0,

4 _ /\129% /\1P% - — U3 (2 9 6)
Cy AM+m A+ ve —vs3 )’ -

Jna manpHERIIIIX BBIYUCAEHAN HaIeM MaTPUILY B~%

Bl — A\1p3 1D} ! _ 1 M+7 —Ap
At At det B\ =M +m \ipy )7

Otcrona

det B = Alp%(’yQ —m) = Alpé\/ﬁ.

C apyroit croporsr C, Cy MOXKHO BBIPDA3UTh U3 PEITEHHI S1, So:
Cren™ \ A1ph apy ) _ [ s1—s3
Coe™™ )\ A+ A+ S \s2—s3 )]

Cremm\ _ 1 M+ —Aip) 51— 83
Coe??" det B\ —M+m1 Ay Sg— 583 )’
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(G)-(FGoa e ) e

SOTH COOTHOIIECHHUS UCIIOJB3YIOTCA B ,ZLaJ'IbHGIU/I]HeM.

Teneps permum noceHee ypapaenue u3 (2.2.3).

dF
P )\O(pgsl ‘HUgSQ —1)F,
-

¢ HavaIbHBIM ycaoBreM F'(0) = v v5?vgs.

DT0 ypaBHEHHUE SBJISICTCS YPABHEHUEM € PA3IeJIAOIMIMMUCS IIePEMEHHbIMM:

dF
? = )\0(1/3 -+ p?)\lpé(ClewT -+ C2€’Y27') + pg(()\l + "}/1)0167” -+ ()\1 -+ ’)/2)026727) — 1)d7’,

C C -
InF = )\0 ((l/g — 1)7’ -+ 7—1(])(1]/\1])% + )\1 + ’71)6le + 7—2(]?(1]/\1]9% + )\1 —+ ’72)6727—) + C, (218)
1 2
1 ymobeTBa MOJTOKIM C=C,+1nCy:

F -
In (CT) = f(n,10,13,t) + Ch,

2

CEZGXp{fO/l,l/Q,Vg,t)—i—él}, (229)

2

[ToxcTaBuB HaYAIBHBIE YCIOBUS, MOy YUM:

~ ai, a0 ~
C2:V11V22V33? Ol:_f(V17V27V3»0)7

F= V?IVQOQV?B €xXp {f(ylal/27’/37t) - f(V17V27V3a0)}7

C
Fr=wvpus® exp {A0(<V3 -7+ 7_1<p?)\1p; + A1+ ) (e = 1)+
1

C:
+7—2(p(1))\1p§ + AL+ y2) (T — 1))} . (2.2.10)
2

Octaercsa Bepasuts v depe3 s. Panee soraucamin Cy, Cy cHavama depes vy, Uy, V3, a HOTOM
gepes Sq, Sa, S3. st aToro coBmectnm (2.2.6) ¢ (2.2.7):

( vV — Vs ) ( /\129% )\1275 ) ( Ch )

Vy — U3 )\1 + Y1 )\1 + Y2 Cg ’

( 141 ) ( S3 ) ( )\1[?% )\1[)% ) ( Cl )
1 S3 A+ Y1 AL+ Y2 CQ ’
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( Cy ) _ ( 5 (M 4 72) (51 — 53) — Aaph(sa — s3)) €7 ) |

“ =5 (—(A + 1) (51— s3) + Mpj(s2 — s3)) €777

W yuurbhiBasg, uTo t = —7, 3a0UIOIeM HCKOMYIO NPOU3BOASIILYIO (PYHKIUIO MEPEXOIHBIX
BEPOATHOCTEI:

C
Fo(t; 81,52, 83) = 1]y 55% exp {—Ao ((83 -1t + ,y—l(p?)\lpé + A7) (e ™ = 1)+
1

C
+72(p?A1p§ + A+ ) (e - 1))> } . (2.2.11)
2
Bamernwm, uro F,(t;1) = 1.

2.2.2. MaremaTndyeckue OXKWJIAHUS U AUCIEPCUU.

Terepb CHOBA BEpHEMCS K PACCMOTPeHHUI0 cxeMbl (2.2.1) u Broporo ypasaerusi Kosmoroposa,
COOTBETCTBYIOIICH eid.

OF,(t; 51, 52, 53)
ot

OF o (t; 51, 52,
( 51,52 83)+
681

aFa(t7 S1, S2, 33)
882

¢ HavaIbHBIM yeaorreM F,(0;s1, o, s3) = s71 852557,

[IpoauddepennupyeM 910 ypaBHeHHE 1O Sk.

= /\1(19%82 +p:1),33 — 51)

+ Ao (p?s1 + pass — 83) + No(pYs1 4 pSsy — 1) F,(t; 51, 82, 83),

0?*F,(t; s1, 52, 83)

8 aFa t’ , , aFa t, ) 9
( ( 51, 52 33)) - -\ ( 51, 52 53) —I—/\l(p%Sz +pé53 - 31)

Ds1 ot s ds?
8F (t S1, 82 83) 82F (t S1, 892 83)
)\ 2 al\Y 9 I )\ 2 2 o a\Y ) 9
+A2p] D54 + Xa(p1s1 + p3s3 — s2) 95105,
OF,(t; 51,52, 53)

+AopVFu(t; 51, 89, 83) + Ao(pYs1 + pasa — 1)

881

O*F,(t; 51,59, 8
+ A1 (pssy + pass — s1) (£ 51, 52, 5o)

d (aFa(t; 51782783)> _ /\1p15Fa(7f; 51,52, 53)
- 2

8_82 ot 0s1 051052
0Fa(t, 81,82,83) 2 2 aQFoc(t; 51a32753)
_)\2 882 + )\2(]?181 —l—p353 — 82) 88%
OF,(t; 51, 82, 83)

+ APy F(t; 51, 89, 83) + Ao(pYs1 + pasa — 1) s
2

O*F,(t; s1, $2, S3)
681883

0 (aFa(t; 31,32,33)> B /\lplﬁFa(t; S1, 82, $3)
= A1P3

_ A 1 1 B
883 at 881 + 1(]7232 +p333 81)
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OF,(t; s1, 82, S3) O?F,(t; 51, 52, 53)

A 2 )\ 2 2 o
+A2p3 D5, + Ao(pis1 + p3ss — s2) 059054
OF,(t; s1, 82,8
+)\0(p(1)81 —|—p832 — 1) ( (91 2 3) .
53
[Tonb3ysach Tem, 9TO 1O OIpPeIe eHUIO
OF(t,1
S

Pl+py=1 py+pi=1, pl+pi=1

[Torygaem
(dA
d_tl = =X AL+ Aapi Az + Aopt,
dA
_dt2 = Mipp A1 — ApAs + Xoph, (2:212)
dAs
\ i Mp3AL + Aops

Wrak Mbl OIydman cucreMmy JAHeHHBIX auddepeHnuaabibX YPABHCHHHA ¢ TOCTOSHHBIMUI
ko durmentamu ¢ HadaabHbIMI yeaopuaMu A;(0) = ;.
BaiimMeMcs Ternepb BHIYHCJICHIEM JTUCIEPCUH.

O2F,(t,1)  OF,(t,1 O2F, (¢, 1)\
Di) = D&() = T+ T )_( e )>'

[Monb3ysicw (2.2.12), maiigem cpasy upu s = 1

0? (8Fa(t; 51732753)> _ 9y O*F,(t; 31,82,83)+
= -2\

s} ot 0s?
+2)\2p%(92}7’ag;185;j2,83) +2)\0p20Fa(t;§; 32,53)’
g () o
_2)\232}?&(15;821%, S2,83) +2)\0P88Fa(t;§;;52’83)7
;_82% (8Fa(t; glt, 52,83)) - 2>\1p§82Fag;155;j2,33) N 2)\2p§a2pagg;jé;:2,s3)
88?;82 (8Fa(t; 2125, 52,83)) _ _(/\1+)\2)82Fa(at;jé;;92,53)+>\1p%82Fa(t;a?%, S9,83)
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0OFu(t; 51, S2, S3) OF,(t; 51, s2, 53)

\op? A Aopd
+ 2P1 aS% + oP1 682 + 0P2 881 ;
H2 OF,(t; s1, 82, 83) _ >\1p§82Fa(t; S1, 82, S3) N >\1p§02Fa(t; 81, S2, 83)
682883 at 881883 881882
O?F,(t; s1, 52, 53) O*F,(t; 51, S92, S3) OF,(t; s1, S, 83)
_)\ al\Y ) 9 )\ 2 al\Y ) 9 )\ 0 a\Y I 9
2 882883 + A2p3 83% T Aopy 883 ’
82 8Fa(ta 51782753) 82Fa<t7 51732753) 182Fa<t; 51782)53)
= _)\1 + >‘1p3 2
051083 ot 051083 0s1

5 02 F,(t; 81, 82, $3) 5 02 F,(t; 81, 82, $3) OF,(t; s1, 52, S3)

A A Aop?
+ 2P 682883 + 2P3 881852 + oP1 (983 ’
0? 0*F,(t; 1
Ob6o3Hauas @Fa(t; 1) =B;(t) n ﬁ = B;;(t) 3anumeM cucreMmy ypaBHeHUii
i i0S;
( dB
d—tl = —2\ By + 2Xap3Bis + 2000044,
dB
— = 2\pBi = 2B, + 2X0ps Ay,
dB
d_tg = 2\1p3 Bis + 2\op3 Bas,
(2.2.13)
dBl2 1 2 0 0
pT —(A1 + A2)Bia + A\ips By + Aopi Ba + AopjAa + Aops As,
dBas 1 5 0
Fra AMDyBig 4+ AMipsBia — Ao Bas + Aap3Ba + Aopy As,
dBlS _ 1 2 2 0
\ 7= — A1 Big + Mip3Bi 4 Aopi Bag 4+ Aap13°Bia + Aop; As,

Pernus a1y cucteMy ypaBHEHUIl YHCICHHO, HOJIydaeM CJenyorine pesyabrare (2.2.1).
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Puc 2.1

—— peanu3anus CIydaiiHoro mporecca,
—— MaremaTuueckoe oxuganue A;(t),

— Ailt) + V/Di(t),
Ai(t) = /Di(t)

[Tapamerpsl uHTEHCUBHOCTH: A\g = 4, A\ = 1,y = 1.
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Puc 2.2

—— peanu3anus CIydaiiHoro mporecca,
—— MaremaTuueckoe oxuganue A;(t),

— A1) + V/Di(t),
Ai(t) = v/ Di(t)
[Tapamerpsl wHTeHCHBHOCTH: Ao = 4, A1 = 1,\9 = 1. Hauanpuoe uuncso snemenToB tumna 1) —
10.

37



Puc 2.3

—— peanu3anus CIydaiiHoro mporecca,
—— MaremaTuueckoe oxuganue A;(t),

— Ailt) + V/Di(t),
Ai(t) — v/ Dilt)
[Tapamerpsl mHTEHCUBHOCTH: Ag = 15, Ay = 5,Ay = 1. HagasbHoe uncio smemenToB tuma 17 —

d.
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2.2.3. CranuoHapHbI€ BEPOATHOCTMU.

OdeBHIHO, YTO € TeYeHHEM BpeMeHH i cXeMbl (2.2.1) KOJMYECTBO 3JIE€MEHTOB THIA
T3 OymeT TOJBKO HakKammBarhesa. [losTomMy He mMeeT cMBICTa TOBOPUTH B 9TOM CJIydYae O
dbunaabrOM pacipejenennn BeposgraocTeil. II3amenum cxemy npespamienuit (2.2.1) ciemyonum
obpazom:

0 — T, T,
T1 e TQ, 0 (2214)
1, — 11,0
34€Chb Mbl yAaJdeM U3 CHCTEMbl 3JIEMEHTBLI THIIA Tg, OCTaBUB 0e3 M3MEHEHHH BCe OCTaJILHOE.
ypaBHeHI/Ie KOHMOFOpOBa B 9TOM cCJIy4dae 6y,ILeT BBITJVIAIETDh

OFo(t; 51, 52)

OF,(t; 51, s2)
ot +

= A1 (pys2 + py — 1) Bs,

aFa(t7 S1, 82)
682

a1 a9

¢ HaganbHeIME yeaoBusmu Fy(0;s1,50) = s7's9?. Pemenue sroro ypaBHenusi GyJer umeTb
npejen ipu lim Fy(t; 51, $2) = f(s1, S2), TO ecTh DUHATHHBIE BEPOSITHOCTH.
t—00

+ X2 (pis1 + P — s2) + Xo(PYs1 + pYsa — 1) E,(t; 51, 52) (2.2.15)

DTO pellleHre B HaIlleM cJIydae OyaeT BHITJIAIeTh

C
Fo(t; s1,82) = 173 exp {—Ao (f(p?hpé + A ) (e = D+
1

C
+—j (POADL + At + 92) (677 — 1>>) } (2.2.16)
2

rae

( ) ( e 13 (M +12)(s1 = 1) = Aipy(s2 — 1)) € ) _

s (A7) (s1 = 1) + Aiph(sy — 1)) 7

() =)+ Gt ) (&)

Boiaucasis lim F,(t; s1, $2), mojiyaum
t—o00

1
f(Sl, 82) = exp {—)\0 <m(<)\1 + ’72)(81 — 1) — )\1]9%(82 — 1))(]9(1))\1])5 + )\1 + 71)+

1
_|_—
Yo det B
OTta (DYHKIHA W ABIASeTCS TPOU3BOMAAIICH (DYHKIMEH I paclpeIe/IeHHs CTalMOHAPHBIX

BEPOATHOCTENl MapKOBCKOTO BETBAIIETOCS TPOIlECCa, OMUCHIBAEMOTO CXeMOU TTpeBpalleHunil
(2.2.14).

(= O+ 1)(51 = 1)+ Apb(s2 — 1) (p0Aaph + Ao + w) } . (2.2.17)
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§ 2.3. BHBIE pelnenus ypaBueHuit KosmMoroposa aJjis cxem ¢ n TUTIAMA

9JIEMEHTOB.

2.3.1. dBHbIe pelrieHud .

CHavaja paccCMOTPUM CXeMy OOIIero BUIA

C Ha4vaJIbHBIMUA YCJIOBUAMUI

Tl - T27T37 7Tn
T2 - T17T37 JTn

Tn I TlaT27 "'7Tn—1

dF
d—tl =\ (hy (Fy, Fs, ..., F,) — FY),
dF,

dt — >\n<hn (Fl, FQ, ceey Fn—l) - Fn);

Fi(0;81,..0,8,) = 8, 1=1,...n

(2.3.1)

(2.3.2)

Tak kak gacTuia JiroH0ro TUIA UMEET HEKOTOPYIO BEPOSTHOCTD NPEBPAIIEHHUsS BCErO JIUIIH
B YACTHUILY OJHOTO W3 TUIOB, TO Mpou3Bosimast pyukmus h(s) B cucreme auddepeHnuaIbHbX
YpaBHEHUA NPUMET CJACIYIONAN BUI:

Torna mosryanm

C Ha4vaJIbHBIMUA YCJIOBUAMUI

nJn

n
7; .
hi(81, ..y Sn) = E pisj, i=1,.,n
i=1

A “
T =\ (;ijj —F1> )

an n—1 .
T (ijFj _Fn) )
j=1

Fi(0;81,..0,8,) = 8, 1=1,...n

(2.3.3)



[lycts 71, ...,v, — cobCTBeHHBbIE 3HAUEHUST A TeHCTBUTEIbHBI U MOMAPHO PA3IUYIHBI, TOTIA

perenue cucreMsl (2.3.3) MOXKHO Oy/IeT 3alUCATH B BHIE

n

it

E: E C’jbije%,
Jj=1

(2.3.4)

rae bm — KOMIIOHEHTHI COOCTBEHHBIX BEKTOPOB. HO,ZLCT&BI/IB HaYvaJIbHbIC YCJIOBHA, ITOJTYYUM!:

n
S; — E Cjbij7
Jj=1

iR
O6oznaunm B~ = D = (d;;). Toraa

W yuuThiBasg CBOWCTBO BETBJIEHUS

F(t;s1, .0y 8n) = F{ L ES.

(2.3.5)

(2.3.6)

(2.3.7)

OueBUHO, YTO JJIsi COOTBETCTBHS IOJIYYEHHOI'O PEIIeHHs] YCJOBUAM POU3BOJISIIE
dbyHKIIHI, HEOOXOMNMO BHITIOTHEHNE OIPAHUYeHHOCTH DYHKIHHA V;(t; S1, ...y Spt1). DTH DyHKIUHT
Oy/yT orpaHUYeHbl B OOJIACTH PEHIeHUd 3aJIa49d IPH V1, ..., Vo < 0.

Teopema 2.3.1 (Teopema l'epmropuna) Kazkmoe coberennoe wncao Marpunsl A = (a;;)

BcCerJa pacCiioJozKEeHO B OJHOM U3 KPYI'OB:

n

|a”—'y| é Z |aij|, (Z:L,n)
J=Lii#]
Ternepb paccMOTpUM MaTpuily cucreMbl (2.3.3)
-1 )\1]?% /\1p711
A= )\21?% — A2 AZPEL
n .
Tak Kak >, p; = 1, T0 ucmonb3yst Teopemy ['epmropuna

J=Li#]
cOOCTBEHHBIX 3HAYCHUI

n

XN+ Y P <y <M1= Y

n

J=1i#j J=1i#j

OTtkyaa ciaemyet, 9TO Vi, ..., Y, < 0.

41
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Takzke abCOJIOTHO OYEBU/THO, [Tl TIPON3BOJATIe GyHKIMH (2.3.7) BHIMOTHSIIOTCS YCIOBHUS:

F(t;0)=0,F(t;1) = 1.

Temepns paccMoTpuM cxemMy

0— T17 7Tn
Ty — 15, T3,..., T
T2 e Tl, T3, ceny Tn+1 (238)

Tn — Tl,TQ, ...,Tnfl,Tn+1

Sanurniem cucteMy ypaBHeHu#t Koamoroposa /s 3TO# cXeMbI

( dF
d—t“ = Xo(ho (Fy, Fs, ..., F,) — 1) F,
dF
d_tl = Al(hl (F17F2, e Fn+1) - Fl);
(2.3.9)
dF,
dt == )\n<hn (Fh FQ, ceey Fn+1> — Fn>7
an+1
— =0
dt ’
\

C Ha4YaJIbHbIMM YCJIOBUAMU

Fi(0;81, 0y Spt1) = 85, i=1,..,n

Tak kak JlaHHasi cxeMa UMeeT CXOJACTBO ¢ PACCMOTPEHHON B MPEIbIAYIIEM CIydae, TO CPa3y
3aIIAIIEeM €€ B BHJIE
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dFy ~
o Ao <jz1ijj - 1) Fo,

dF1 n+1 .
— =M (;ijj ik

(2.3.10)

an n+1

(5 gnr)
j=1,j#i

an—H

el

\

OueBwTHO, 9TO peIIeHreM ITOCJIeTHET0 YPABHEHHUS TOH CucTeMbl Oyrer

Fn—i—l = Sn+41-

A n ypaBHeHuii, HaAYMHAS CO BTOPOro, OYAYT PEIIaThCd TaKyKe KaK M B HPeABLIYIIEM CIydaec.
COOTBETCTBEHHO 3AITUIIIEM.

Fi(t;s1, ..y 8n11) = @i(t; 51, -0, Snp1)-

1 makoHel, paccCMOTPUM TEePBOe YpaBHEHUE CUCTEMBI

dFy L
= o (;ijj — 1) Fy,

PertenneM 3T0r0 ypaBHEHUS OYAET SABIATHCS

¢ n
Fo(t; 1,y vy Spt1) = €Xp /)\0 ( pE)@j — 1) dr p

4 -

[y

J]=

B pesysbrare npon3Bojsinas QyHKIus 171 cxeMbl (1) mpuMeT Buj

t n
Fo(t 81, vy Snp1) = 1.0 5,41 exp //\0 (Zp;?cpj - 1) dr p . (2.3.11)
7j=1

0

[lepeiinem Kk paccmorpenuto cxembl (2.3.8), HO TOJBKO C MEPEMEHHON WHTEHCHBHOCTHIO
BXOJISAIIETO MOTOKA Ag(t).
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0—T,...,T,
T — 13,13, ...., Thp
T2 —>T1,T3,...,Tn+1
T, — T, T, ..., T, Ty

Dror cayvaii anamormden ciydaio (2.3.11). TosTomy cpasy 3amuineM MTPOU3BOJIAILY IO
dyHKIHUIO

t

Fo(t; s15y 8n41) = 1.0 551 €xp / (ZPO@ - 1) : (2.3.12)

to

2.3.2. Maremarundyeckue OXKWJIAHUS U AUCIIEPCUU.

Teneph cHOBA BepHEMCsT K paccMOTpeHnto cxeMbr (2.3.1) u Broporo ypasaenusi Koanvoroposa,
COOTBETCTBYIOLICH eif.

oF, ts,..., - i OF,(t;51, ..., Sn
i ZA ( > Pjsj—3i> ( 55, 3

=i

Qn

. o™
¢ HavaIbHBIM ycaoBueM F,(0; 51, ..., S,) = S71...80m.
[Ipoauddepennupyem 910 ypaBHEHUE O Sj.

0 (OF,(t 31,..., u ;0s;  0s; \ OF,(t;s1, ..., Sn)
aSk ( > Z)\ ( Z pj@sk 88k> 851’ +

=L

- SN OP?Fy(t; 81, ..., 5n)
+ Z /\1 < Z ijj - Sz‘> 83»6sk 5 (2313)
i=1 '

J=1i#]
[Tonb3ysach TeM, 9TO O OIIpeae eHUIO
OF¢(t, 1)
Ai(t) = M&(t) = gs , ij =1,
[Tosrygaem
0 8F (t 51 = 8Fa(t S1, ... Sn)
N ) )\z (51 3 9Ly ey
D5 ( =2 ( Pyl = ’“) 9
i=1 j=1l,i#j
- O?F,(t;81, ..., 5
N B S R
88i88k
=1 j=L1i#j

rie 0;; — cumBoJs Kponekepa.
j
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J=11#j
Mrtak MBI MOJYYIUIA CHCTEMY JUHEHHBIX JuddepeHiinajibHbIX YPaBHEHU C ITOCTOSITHHBIMA
KoddurmeHTaMu ¢ HadaJdbHBIMEH ycaoBuamMu Ap = . 3aiiMeMcs Temepb BBIYHCJIEHHEM
JACTIEPCUH.

[Mosb3yscs (2.3.14), naiinem

0? OF,(t; 51, ey ; OF,(t; 81, ..., Sn)
05,05, ( ) Z Ai— ( Z pj5jk — 5zk> s, +

J=1i#j

; OP?F,(t; 81, .., 8n)
+Z)\ ( > pjajk—aik> geps

J=Li#j

O*F,(t; 81, .y 8p) - SN PFEL(t; 81, ..., 50)

J=1i#j J=1,i#j
0’F,
YuauTbiBas, 4T0 = B;;, B pesyabrare 1npn s = 1 mosydaem
(?sﬁsj
dBkl ;
=2 Z )\ ( Z pj5jk — (5,k> Bil<t)+
J=1,i#]
+ Z \i ( > ply - 5ﬂ> Bu(t), k=TIni=T1n. (2.3.15)
J=Lli#j
0?F, O0°*F,
¢ HavyabHbIMH ycaoBuaMu By (0) = gy, YaurbiBas, d9TO0 = , TOJIydaeM

651‘883‘ aSjaSi
cucTeMy OOBIKHOBEHHBIX JudDepeHnualibHbIX YpaBHEHHI C MOCTOAHHBIME KO3(pdumenramm
n(n+ 1)

pa3smMepHOCTH 5

Di(t) = By(t) + A;(t) — (A;(1)).

O6paruMcst K BBIYUCJIEHUIO MATeMATHYECKUX OKUJIAHWN W jucrepcuii st cxembl (2.3.8).
Eit cooTBecTBYeT BTOpOE ypaBHeHNE KOIMOTOPOBA B ACTHBIX MPOU3BOTHBIX

n n+1 ‘ 8F
:Z/\i< Z p;-sj—sZ) 05, (Zp]sj—l>F
i=1

j=1i#j

(0%
¢ HagalbHBIM ycaoBHeM Fi (0581, ..., 8p41) = s70...8, 01

[Ipoussens Haj ypaBHeHHeM JeiicTBHs, aHajgormunbie (2.3.13), moayumm cucremy
muddepeHnantbHbIX yPaBHEHH sl MATeMaTHIeCKUX OKuganuil cxembr (2.3.8).
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dA n n+1 ‘ n
{ d_tk:Z/\i< Z p;‘éjk—(sik> Ai + Xo (Zp?éjk>, kE=1,n+1.

i=1 ]:1»7’75.7 7j=1

g qucnepcnii

dB(t) " ntl i
dt :Z/\i Z Pj0ik — Oar | Ba(t)+

i=1 J=Li#j
n+1
+Z>\ ( Z pj il — 61[) Bik(t>+
J=Li#)

<Zp > <Zp) . k=Tn+ll=Tn+lL
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2.3.3. CranmmoHapHoOe pacrpejeieHue.

Pacemorpuu cxemy (2.3.8). Amasornuno cxeme (2.2.1), ne 6yaeM yIATHIBATH DUHAIBHBLIH
THII, TOTIA JIJIsT CAYYAfHBIH TPOLECC CO CXeMOM BEPOSITHOCTHBIX mepexonos (2.3.8)

0— T17~-~7Tn
T1 — Tg,Tg,...,O
Ty — T, Ty, ....0 (2.3.18)

Tn — Tl,TQ, ...,Tn_l,()

Oy/eT UMeTh CTAIIMOHAPHOE pacIpe/iesieHue.
Cucrema ypasuenuit Konmmoroposa B 3ToM ciydae OyaeT BBINISIICTD

( dF
% = Ao(ho (F1, Fy, ..., ) — 1) Fy,
dF
d_tl = )\1(}11 (Fl,FQ, ceey 1) - F1>,
(2.3.19)
dF,
dtn - )\n(hn (Fl,FQ, ceey 1) - Fn);

C HadaJIbHbBIMU YCJIOBUAMU

Fi(0;81,...,8,) =85, i=1,...,n

a ee pellleHne

t n
Fo(t; 81, ..., 8,) = O D exp /Ao (Zpg?@j - 1) dr p . (2.3.20)
0 j=1

CT&HI/IOHapHOG pacipenejieine B 9TOM CJIy4dae MOXKHO 3alliCaTb

lim F,(t;81, ..., 80) = f(S1,--, Sn)-

t— 00

f(sb "-7871) = w?l"'gpgn exp /)\0 <Zp0q) - 1) )

rie
©i(81, ey Sp) = lim Dy(t, 81, ..., Sp)

t—00
[IpoBensgs HEKOTOPBIE BBIKJAAKH, CTAaHOBHTCS OYCBHAHLIM (DAKT, 4TO B HAlleM CJIydae
©i(81, ey Sp) = 1, TOTAA

f(81,y8n) = €xp //\0 (ip?q)j - 1) dr ¢ . (2.3.21)

0 j=1
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I'maBa 3

CucreMma MaccoBOro OOCJIY>KNBAHNSA C MOABUKHBIMUA
mpudbopamu. MeTroa cTaTHCTIIECKOTO MOJAEJINPOBAHNSI.

§ 3.1. IlocranoBka 3aaadvn.

B »sroit mmaBe OyJer moKazaHo, YTO HEKOTOPbIE 3aJa4l MAacCOBOIO ODC/IyzKMBaHUS,
aHAJIOTHTIHBIE 33/la9aM, pAaCCMOTPEHHBIM B MyHKTe (.1, MOXKHO pernaTh, HCMOoIb3ysd MapKOBCKHE
BEeTBAIINecs mpolecchl ¢ B3aumogeiicteuem [10]. [lepeiiieM K mMOCTAHOBKE M PACCMOTDPEHUIO
TaKUX 33/1a4.

B CMO c¢ HeKoTOpo#i HMHTEHCHBHOCTBIO Mg IMOCTYHAIOT IOCTYMAIOT 3asBKH, KOTOPHIE
obeayzkuBaroTes noauKabiMu npubopamu 8. Takyro 3amady MOKHO ONUCATH CJiemyOIed
CXeMO# npespalnenuii

0 —>T1
T1 + TQ — T3 (311)
T3 —>T2—|—T4

e 17 — 3a4BKU B o4epeju, 3jJeMeHThl Tuna 1p — mpubdopbl, T3 — 3adBKH, HAXOIAIINECHd B
obpabotke, Ty, — obciyzKennble 3asgBKu. OUUIIEM TOT IIPOIECC depe3 CaydaifiHbie BpeMeHa
HAXOXKJICHUS ¥ CKAYKH

(a1, g, a3, 0q) — (g + 1, a0, a3, 04), P{rf <t} =1— e ot
(ar, a9, a3,04) — (o — Lo — L,as + 1,04), P{78 <t} =1— e Mmoozl
(a1, 9, a3,04) — (g, a0 + 1,3 — 1ag +1), P{r§ <t} =1— e t2t

79 — ciydaiiHble BpeMeHa HAXOXICHUS B JIAHHOM COCTOSHHMH. B Kaskaplil CjleLylonuii MOMEHT
BPEMEHH B3aUMO/IeHCTBHE TPOUCXOJAT O [~-TOMY BapHaHTYy, J/1s1 KOTOPOro T\ = min{7y, 7o, 7374 }
Bammiem Bropoe ypasHerue KosmMoropoba B mpou3Boasiux QyHKIusaX Jist cxembl (3.1.1).

aFoc(t7 S1, 52, 53, 54)
ot

82Fa(t7 S1, 82, 83, S4)

881882

= >\1(83 - 5182)

aFa(t7 51, 52, 83, 54)
883
¢ HadaabHeiM yesoBueM F,(0; sy, So, 83, 84) = $771552. 31mech ay paBHO HAYATHHOMY KOJIUIECTBY

3asgBoK B CMO, ay paBHO KOJHMYECTBY MOABUKHBIX npudoopos B CMO.
Maremaruieckue OKUJAHUS MOKHO HAUTH TPUOJIUKEHHO, PEITUB CHCTEMY ypPaBHEHU

+ Ao (8284 — S3) + Xo(s1 — 1) Fy(t; 81, S2, 83, 84) (3.1.2)
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( dA,
— = -)\A4,A A
gt 14149 + Ao,
dA
d—j = — M A Ay — N As,
(3.1.3)
dAs
— =)\ A4; — A
dt 1411412 2413,
dA,
—2 = \As.
dt 2413

371eCh BBHJLY TOT'O, UTO IIpH AudhepeHInpOoBaHuH 110 S; CUCTEMa, He Pa3pelraeTcss OTHOCUTEIHLHO

CMEIIaHHbIX IITPOU3BOAHBLIX BTOPOI'O IOPAAKa, UCIOJb3yeM AJjid OIIMCaHuA ,HeTepMI/IHI/IpOBaHHOfI
2

MOJETH CIeylomee TpHOIIKeHne ——— ~ A; A,
051085

Omymmaue 31oit CMO or npocreiiieit n-kanajbHOU cucTembl, paccmorpennoit B 0.1 cocrour
B TOM, 9TO B JAaHHOM CJydYae 3asdBKa, Homajaionias B cucremy (mepexoq 0 — 7)), He
cpa3y 3aHmMaerT CBOOOMHBIN KaHAJ, €CJIM OH €CTh B HAJWYNH KOHEYHO, & Uepe3 HEeKOTOPOe
caydaitrnoe BpeMst. JIpyrumu cioBaMu, CBOGOIHBIN mpubop (Ui 0cBOGOAUBIIUIICS ) HIET 3agBKY
B CHCTEMe, HA 9TO COOTBETCTBEHHO HYKHO Kakoe-TO BpeMs. OYeBHIHO, YTO CKOPOCTH MEPexXoa
Ha obcayxusanue (1) + To — T3) 3aBUCHT OT KOJIMYIECTBA CBOOOJHBIX MPUOOPOB M 3asiBOK B
CMO, a Takzke OT MHTECHBHOCTH TIepexX0/a Ha 00caykuBanue \i. B 31oil riase Oyjer moka3ana
CXOMMOCTh perernst cxeMbr (3.1.1) K perenuto mpocreiinieii n-kauaabHoii cucrembr (0.2) npu
A — 00.
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§ 3.2. UccaemoBaHue HecTaIlMOHAPHON 3a1a4n

Beuiy ciaoxkuocTn ypapaenus (3.1.2) Gymer ucciaemosarh 3ajgady merogom Monre-Kapiio,
aJjiroputm kKoroporo onucan B 1. 1.1.6. /Iy 31010 npoBo/MIach MHOTOKPATHAS UMHUTAIMS
(peamuzanust corydaitnoro mporecca) padorst CMO na Bpemennom npomexytke [0,7]. Tlo
JIAHHBIM 3TUX BBIYUCJIEHUH ObIJIN Oy Y€HbBI OIMEHKN MaTeMaTHIeCKOTO OKNIAHUS U JTUCIIEPCUN.

Puc 3.1

| . . | R
Of---- Foeee g o S SERREEEEEEEEES chitann e
m | | | | | i i | |
0 05 1 15 2 25 3 35 4 45 5§
1|:| 1 1 1 1 1 1

LT

H

'

'

'

'
oo am oo ]

'

'

'

'

1
[N | —

—— peanuszanus CIYYaifHOTO Mpolecca,
—— MaremaTuueckoe oxuganue A;(t),
— Ailt) + V/Di(t),
At) = /Dild)
[TapameTpbl MHTECUBHOCTH: A\g = 7, A\ = 5, Ay = 1.
Hauanbubie ycioBusi: Koan4decTBo 3assBOK — 20, KosmmvaecTBo npubopos — 10.
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Puc 3.2

—— peaJm3aIms CJIyIaiHOTO TPOIecca,
—— MareMaTHYeCKoe oxuganue A;(t),
A + /DD,
Ai(t) — v/ Di(t)
[TapamMeTpbl HHTECHBHOCTH: A\g = 7, A\ = H, Ay = 1.
HauanbHbie ycsioBusi: Koan4decTBo 3assBOK — 50, KosmmdaecTBo npubopos — 20.
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Puc 3.3

||||||||||

||||||||||

||||||||||

||||||||

40

M1

M2 20
1
1

Y

.

— peaJm3anud CJAY4IanuHOoro mpoiecca

(),
5,

1

~

D;
D

Ai(t) -
[TapamMeTpbl HHTECUBHOCTH: A
Hauanbubie ycsioBusi: Koan4decTBo 3assBOK — 30, KosmmdaecTBo npubopos — 20.

—— MareMaThudeckoe oxxuupanue A
— Ai(t) +
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Puc 3.4

fZ

fl4

R R i ——
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]
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———_ g == = =
[
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i
35 4 45 5!

=
=

iT1

—_— - - -

o,

LT

P |—-- -

[

1

[ ) A U

—— peaJiu3aIus CJaydaliHoro MpoIecca,
—— MareMaTHYeCKoe oxuganue A;(t),
A+ VD),
Ai(t) — v/ Di(t)
[TapamMeTpbl HHTECHBHOCTH: A\g = 8, A\ = H, Ay = 1.
Hauanbable ycsioBusi: koandecTBo 3asiBok — (0, KonmdecTBo mpudopos — 10.

3/ech TmpeacTaBIeHB JHCJIeHHBIE ONeHKH 1m0 Meroay Monrte-Kapiao xapakrtepucTuk
caydaifHOro mporecca ¢ B3auMojeficTBueM u cxemoii mpesparmennii (3.1.1), sBsiomierocs
MaTeMaTUIeCKO# MOJIEJIBIO CHCTEMBl MACCOBOI'O OOC/IYKUBAaHUs C IOJABHKHBIMH IPHOOpaMH,
OpU PA3JUIHBIX 3HAUEHUAX BXOMHBIX JaHHBIX. Ha rpadukax mnpeacraBieH pe3yabTar
Buruncyaenuit cpemgaero n gucnepcnu mo 1000 peasm3aimii.
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§ 3.3. UccanemoBaHue CTAIMOHAPHOTO PACIIPEAEICHNS .

1 cTaTHCTUYIeCKO ONEHKH BEPOSTHOCTU HAXOXKIEHUS CUCTEMBI B TAHHOM COCTOSTHUU MDA
paboTe B cTAIMOHAPHOM pezkuMme uciojb3yercda mero Monre-Kapsio. B pesysibrare npousseis
Beruuciaenne 1000 peanuzanuit caydaifHOTO TPOIECCa, TMOMYIUM BEPOITHOCTHOE pacipese/ieHne
samnsrocrn CMO co cxemoit nepexonos (3.1.1).

Ha kaxkmoMm pucyHKe BepXHsds THCTOIDAMMa — paclpejiesieHne BePOATHOCTeH JJTUHBI
odepesn, TOTYyYeHHBIX MeToaoM MonTe-Kapiso, HUKHSd TrHCTOrpaMMa — paclpejesieHne
3aHATOCTU IOJBUKHBIX 1puOOpoB. KpachHble TOYKM — pacyer CTallMOHAPHBIX BEPOSATHOCTENH
Jutst mpocreiiedi n-kanaapaoit CMO 1o dopmynam (0.2)

Puc 3.5

Jng CMO ¢ noaBuzkubIME IIpubopamMu: 1pudbopoB — 3, A\g = 2, A\; = 1200,\3 = 1.
s n-kanaabaoit CMO: kananoB — 3, A = 2, = 1.
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Puc 3.6

s ! ! ! ! ! !

s CMO ¢ noasmkHBIME IpubopaMu: mpubopoB — 3, Ag = 2.7, Ay = 1200,A3 = 1.
s n-kananabaoit CMO: kanaioB — 3, A = 2.7,u = 1.

Puc 3.7

0.a : : : : : : : :

Jas CMO ¢ nogsuzkubiMu pubopamvu: npudbopos — 3, A\g = 2.7, A\ = 3, 3 = 1.
Jlnsa n-xkananbaoit CMO: kananos — 3, A =2.7,u = 1.
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Puc 3.8

0.4 ! ; ! ! ; ! ! ; !

g CMO ¢ nogBmekHBIME TprOOpaMu: mpudbopoB — 7, A\g = 6.6, Ay = 6,A3 = 1.
s n-kananabaoit CMO: kananioB — 7, A = 6.6,u = 1.

Ha puc. 3.7, 3.8 samerno mekoropoe "samazmpiBanue'cucrembr (3.1.1) 1o cpaBHEHHIO
¢ kaaccudeckoit CMO. D10 BBI3BAHO MeJJIEHHBIM [EPEXOJ0M Ha obciayxkupanue (A} =
3,6)cpaBHUTENBHO ¢ pacdeTamu JApyrux cucrem (puc. 3.5,3.6; A\ = 1200, To ecTb 3asBKa
3aHUMaeT npubop TMOoYTH MrHOBeHHO). To ecTh crammoHapHoe pachpesenenwe aiast (3.1.1)
cxoauTes K pacupeaesnennio Kiaaccuaeckoii CMO ayumre. Axasorundnabsie 3 deKTH 0Ty IeHbl B
pacderax IpH IPYIUX HapaMeTpax, HOITOMY MOXKHO TOBOPHTH O CXOIUMOCTH CTAIIHOHAPHOIO
pacupegesenust CMO (3.1.1) K pacupesesieHuio KJIacCHIecKoi CUCTeMbl IPU A\j — 0.

56



Puc 3.9

s CMO ¢ noasmkHBIME IpubopaMu: mpubopoB — 7, A\g = 6.6, Ay = 1200,A3 = 1.
s n-kanaabaoit CMO: kanaioB — 7, A = 6.6,u = 1.

Puc 3.10

Jnsg CMO ¢ nmoasukubiMu ipubopamMu: npubopoB — 7, A\g = 3, Ay = 1200,\3 = 1.
Jlns n-xkanaabaoit CMO: xananos — 7, A = 3,u = 1.
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Puc 3.11

o8 L] ! ! ; ; ;

g CMO ¢ noaBuKHbIME MpuOGOpaMu: TpudopoB — 7, \g = 5, Ay = 6,\3 = 1.
Hns n-kanaabaoit CMO: kanamnoB — 7, A = 5, = 1.

Puc 3.12

Jlnsg CMO ¢ nogsuzkubivMu ipubopamu: npudopos — 10, \g = 9, A; = 1200,A3 = 1.
Jlna n-xkanaabaoit CMO: kanangos — 10, A =9, = 1.
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Puc 3.13

Jnsg CMO ¢ noauzknbiMu npubopamu: npudopos — 10, A\g = 6, Ay = 1200,\3 = 1.
s n-xkananpuoit CMO: kanaaoB — 10, A = 6,u = 1.
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BriBopbi.

JIUTJIOMHBIM TPOEKT TIOCBSIIEH AHAJIUTHYCCKOMY U YHCJICHHOMY HCCISJOBAHUIO CHCTEM
MacCoOBOI'0 O0C/IyKUBaHUs C TOJBUXKHBIMEU djieMenTamu. /Jljisi ucc/ie/ioBaHusi MCIOJIb30BAJICS
MaTreMaTHIecKnil amnmapar MapKOBCKHX CJAyYailHbIX IIPOINEccCOB. PaccMOTPEeHbI MeTO/Ibl
MOJIy9YeHUs SIBHBIX pereHnii ypasuennii Kosmoroposa mig CMO ¢ 3agaHHBIME cXeMaM#
BEPOSTHOCTHBIX IEPEXOJIOB.

B riaBe 2 noJiydeHbl siBHbIE PEIleHUsT BTOPOro ypasHerust KoMoroposa (HecTannoHapHOTO)
JIJISI CUCTEMbl MACCOBOI'O OOCJIyKMBAaHUS C TPEMd TUIIAMHU YaCTUIL ¥ HAWJIEHbI CTAIlMOHAPHbBIE
BEPOSITHOCTH JIJIsI JAHHON cuCTeMbl. TakzKe PacCMOTPEH METO/, IOy YeHHST IBHBIX PEIeHnH 115
o6o6mmentbrx cxem (CMO ¢ n-TunamMu NOABHKHBIX 3asiBOK) M METOJ HAXOXKIEHUS YHCIOBBIX
XapaKTePUCTHK (MATeMATHYeCKOrO OXKUJAHWe M JIUCIEPCHsi) STHX CJYYailHbIX MTPOIECCOB,
Oy 9eHO CTAIHOHAPHOE PACHpeIe/IeHIe BePOSTHOCTEIH.

B rmaBe 3 paccMoTpeH MeTOJ CTATHCTHYECKOTO MOIEIUPOBAHUS CHCTEM MAaCCOBOTO
obeayzkuBaHus ¢ HOABUKHBIME npuGopamu (Meroq Monre-Kapiio). Beuin moydensl oneHku
YHUCJIOBBIX XapaKTePUCTHK pemrenns ypapHenus Koamoroposa migs CMO co cxeMoil mepexomnos
(3.1.1), a Takyke MmOKa3aHa CXOJUMOCTH DACIpPEJEJIeHNs CTAIMOHAPHBIX BEPOSTHOCTEH STOIf
CHUCTEMBI K paCIpeeeHuI0 BEePOATHOCTEH KJIACCHYECKOH n-KaHAJIBHON CHCTEMBI MaCcCOBOIO
00CTyKUBAaHUS TIPA A\ — 0O, TO €CTh MOKa3aHa BO3MOKHOCTD IPUMEHEHHUST MaTeMaTHIeCKOTO
almapaTa MapKOBCKHX IPOIECCOB ¢ B3amMmoaeiicTBreM s Kiaaccudeckux CMO.

60



I'1aBa 4

Opranmsaius 1 IJIAHKPOBaHNE HAYYHO—MCCJIEI0BATEIbCKOI
padOTHI
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Opranusanust ¥ IJIAHAPOBAHWE HAy9IHO-HCCIen0BaTebeKoil padorsl (HUP) Braowaer
pacder Tpyaoemkoctu 3tanoB HUP, onpenenenue npogosi2KUTENBHOCTH BBIIOJTHEHUA ITHX
9TAloB, cocTapjeHue rpadura xoxa BoimoaHenus HIWP, a Ttak:ke mpemycMaTpuBaeTcs
coctaBjieHne cxeMbl 3aTpar Ha HUP [14].

Pacuer Tpynoemkoctu HUP

Hayuno-ucciemoBareibckyo padoTy MOXKHO YCJIOBHO Pa30MTh HA HECKOJIBKO ITAIOB:
1) VYTBepkKIeHue 3aJaHusl HA MPOEKT (MOCTAHOBKA 33Ia4H)

2) BeiGop HampaBiieHusl UCCae0BaHus (000D JIUTEPATYPhI, U3y YeHHe TeOPUH BETBSIIHXCS
IPOIECCOB, pa3paboTKa METOIUKHI HCCJIeTOBAHNS )

3) TlomroroBka 9KCIepHUMEHTAABHONW 6as3bl  (HAMCAHEE MPOrPAMMHOIO  KOMILIEKCA,
[IPeIHASHAYCHHOTO JIJTsl IOCTPOEHUST PEATU3AIMI HCCTeYeMBIX BETBSIIUXCS TTPOIECCOB)

4) Teoperndeckne W 3KCIEPHUMEHTATbHbIE HCCJIEI0BAHNS (QHATUTHIECKOE HCCJIeT0BAHIe
BeTBAIIUXCA  IPOIECCOB: IIOUCK  TOYHBIX  PEIIeHUH  COOTBETCTBYIOIIHUX  CUCTEM
nuddepeHITMaIbHBIX  ypaBHeHNT KosMoroposa, 3KCHEepUMEHTAJTbHOE MOJIEJUPOBAHTE
BETBAIIUXCS TPOIECCOB € TOMOIIbI0 TPOrPAMMBI, CONOCTABICHHE AHAJIUTHUYECKUX U
9KCIIEPUMEHTAIBHBIX PE3yJIbTATOB)

5) OGobIeHne W OLEHKA PE3YJIbTATOB HCCJIeN0BaHust (6Ge30MacHOCTh, TPYIOEMKOCTh 1
cebecroumocts HUP, odopmienne npoekra)

g pacdeTa TPYTOEMKOCTH 3TAIOB HPUMEHUM MeTO]I YKCIEePTHBIX OmeHOK. IlyceTs umero
9KCIIEPTOB paBHO THecTH. KarKaplii SKCIepT BBICKA3BIBAET CBOE MHEHHE O TPYI0EMKOCTH
KasKI0TO U3 3TAIOB, HA3bIBas MEHUMAJBHOE T, 1 MAKCUMAJTBHOE T4, 3HAUYCHUE TPYI0EMKOCTH
(em. Taba. 4.1). OxumaemMoe 3HaUEHHE TPYJO0EMKOCTH OIpeessieTcst mo GhopmyJie

Stmm + thaaj
tow = — 5

IIponomxurenbHOCTD dTana B pabouux NHAX paBHA tep/R, rie te, 1 R — COOTBETCTBEHHO
cpeJiHee 3HAUYEHHE TPYJAOEMKOCTH M YHCJIO HCIOJHHUTEIe Ha JAHHOM 3Tame padOTHI.
[Ipomo/mKuTeNbHOCTD Tala B KAJACHIAPHBIX JHAX onpegensercd kak Kte,/R, tme Ky =
365/250 — koaddunment s mepeBoga pabodnx JHeHl B KajeHmapabie. JlanHblE O
LIPOIOIKUTEILHOCTH 3TAIIOB paboThl IpuBeJieHbl B Tabsuie 4.2.

[TocTponM KasteHapHblii mwias—rpaduk pabor (cm. Tadi. 4.3).
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Tabauna 4.1. Jlanubie 3KkcnepToB o TpyAoeMKocTu dranoB HIP

DTambl SHaUeHUST TPYIAOEMKOCTH tpin, tmax Cpemnss TpyI0eMKOCTb,
HUP U tow, 9€1-1H. (6 9KCIepTos) yeJ1.-JIH.
1 2 3 4 5 6
tmin 2 1 1 2 1 1
1 tmaz | D 4 3 4 2 3
towe | 3,2 | 22 | 1.8 | 28 | 14 | 1.8 2,2
tomin | 12 13 14 10 11 13
2 tmaz | 19 17 22 14 18 18
towe | 14,8 | 15,0 | 17,2 | 11,6 | 15,8 | 15,0 15
tinin 5 6 6 7 5) 7
3 tmaz | 9 11 10 12 8 11
tow | 6,6 | 80 | 76 | 9,0 | 6,2 | 8,6 7,6
timin | D0 55 54 60 58 57
4 tmaz | D8 62 59 66 63 64
tow | 93,2 | 57,8 | 56,0 | 62,4 | 60,0 | 59,8 58,2
toin | 11 10 13 9 10 11
5 tmaz | 14 12 15 11 12 12
towe | 12,2104 (134 | 9,4 | 104 | 11,2 11,2
Tabmumna 4.2. [Iponomxurensaoctu sranos HUP
Orambl | Cpejusgs TPYI0eMKOCTh KosmuecrBo [IpomoKuTeIbHOCTD
HIIP qeJsI.-JIH. UCIIOJIHUTeIe