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ONHAJIBHBIE BEPOATHOCTU MAPKOBCKOI'O
ITPOLIECCA SIINJEMUNN BEKKEPA

PaccmarpuBarorcs ypasaenuss KosmmMoroposa miisi mepexonHBIX Be-
POATHOCTEN TPEXMEPHOI'O MapKOBCKOTO IIPOIeCCa CIEIUAJIBLHOIO BUOA.
Il5st cucTeMBl CTAMOHAPHBIX IIEPBOIO U BTOPOT'O YPaBHEHUI METOIOM
®ypbe MOIyUYeHO TOUHOe pelteHme. HallmeHBl aCUMIOTOTUKU IS Ma-
TEMATUYECKOTO OXUIOAHUS U TUCIEPCUN (DUHAIBHOTO PACIIpENesIEHUs,
YCTAHOBJIEHA IIpeNesIbHAsl TeopeMa.

Kamouesbie caosa u ipaser: mpouecc snuneMun, GUHILHOE PACIPe-
[IeJIeHNe, TPEXMEPHBI MAPKOBCKUI MIPOIIECC, CTAIMOHAPHOE YPABHEHHIE
Kommoropoa, skcroHeHIInaIbHAST TPOU3BONSINAs QYHKIUs, TUIep6o-
JINYECKOE YPABHEHNE B YACTHLIX TPOU3BOMHBIX, TOYHOE PEIIEHNE, METOI
dypnbe.

1. IIponecc nBouHOMN smmaemuu. Ha dasosom npocTpancTse N3 =
{a = (a1,a0,03), aj,as,a3 = 0,1,2,...} paccMaTpuBaeTCsl OTHOPOMHBIMN
BO BpeMeHu Mapkosckuil mpouecc £(t) = (&1(t),&a(t),&5(t)), t € [0,00), c
HEPEXOMHBIME BEPOSTHOCTSIMU P(([?‘llgf’ﬁji)(t) = P{&(t) = (B, B2, Bs) | £(0) =
(o1, 0, 3)}. IlycTs mpu At — 0+ mepexomHble BEPOSITHOCTH MMEIOT BIIL
(1 > 0,9 > 0,p1 > 0,p2 > 0)
poaazes) (At) = (payas + paasas) At + o(At),

(a1,a2,03—1)

Pl (At = pran At + o(At), P (AL = prasAt + o(At),

(a1 —1,a2,a3) (a1,a2—1,a3)

P(O‘I’QQ""S)(At) = 1 — (monas + poasas + p1ag + paan) At + o( At).

(al,a2,()(3)

Mapkosckuii mpouiece £(t) MHTEPOPETUPYETCs KAK IPOIECC PACIPO-
CTpaHeHUs B HEKOTOPOU MOMyJIAIUEA MBYX Pa3indHbX stummemmuit. CocTo-
aume mponecca (aq, ap,ai3) O3HAYAET HaIWuUWe « dactun Tuna 1) (mepe-
HOCUYMKY MHGEKINN), iy JacTull Tuna Ih (MepeHOCUnKY APYTroil MHGEKIn )
n a3 uactun Tuna T3 (3mopoBele ocobu). Yepes ciyualiHoe Bpems T,
P{rl <t} =1 — e ™Mt papa wactun tuna T; u tuna T3 B3anmomen-
CTBYeT U TpeBpalaercs B yactuiry Tuna 1 (mepexom mporecca B COCTOSIHIE

*MocCKOBCKMiT TOCYIAapCTBEHHBIN TexHuuecknin yHusepcuter uMm. H.D. Baymana, xa-
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(a1, 9,3 — 1)). Yepes cmyuaitnoe Bpems 72, P{72 < t} = 1 — e~ *20ap2t
napa gactur Tuna T, u Tuma T3 B3aMMONEHCTBYET W NMPEBPAIAeTCsA B da-
cruy tuna Ty (mepexom mpouecca B cocTosiHue (a, i, a3 — 1)). Kpome
Toro, uepes ciyvaitaoe Bpems 7o, P{13 <t} =1 —e ! gacTuna tuna T}
ymupaer (mepexon mporecca B coctosaue (a; — 1, ag, a3)); uepes ciaydaiinoe
Bpems 71, P{7? < t} = 1 — e 22" wacruma tuna T, ymupaer (mepexorn
npouecca B cocrosiHue (o, s — 1, a3)). Ilpenmonaraercs, 4ro ciyvaiiHble

1 .2 .3 4
BEJIMYUHEL T,, T2, To, Ty HE3aBUCUMBL. B cocrostHum (o, g, ar3) mpouecc Ha-

«
XOIUTCS CIlydaiiHoe BpeMs T, = min{7., 72,70, 74}. OTMernm orcyTcTBHE
B3aUMOMIECTBUS MEXIY JacTunaMu tuna 17 u tumna Th.

[lepBBIMEU HETAIBHO PACCMOTPEHHBIMEU B MaTEMAaTUIECKON JTUTEPATYPE
MapKOBCKMMU IIPOIECCAMU dIuaeMun Obn mporecc snunemun baprierTta—
Maxk-Kennpuka [1] u mporecc snunemun Beiica [2]; 06a 5THX MapKOBCKEX
mpomecca OnpeneNaoTes Ha (azosoM mpocTparcTse N2. B mpomecce smu-
nemuu Baprierra—Mak-Kennpruka mpu B3amMONECTBUN EPEHOCUMKS, WH-
ek 1 300POBOKM 0COOU MOABIIAIOTCS OBa IIepeHOCUYnKa nHbeKImu. Takomn
MIPOIECC CIIOXKEH TSl M3YUEHUsI; PO PE3yIbTATOB MOIYyUYeH ACHMITOTHIE-
ckumu MeTomamu (cM. [4], [5] u ap.)

B mporecce snunemun Befica mpu B3anMOmencTBAN TEPEHOCUNKA THDEK-
AW U 3J0POBON 0COOM OCTAETCS TOJBKO MEPEHOCUNK WHOEKIINU, T.€. 300pPO-
Bast 0COOB TIOCJIe KOHTAKTA C IIEPEHOCUMKOM MHDEKIINN YIATISETCS U3 Oy Isi-
nwu. MapkoBckuii mporiecc snuneMuu Betica 6ostee OCTYIEH IS U3y IeHU;
UMEIOTCS MHOTOYHUCTIEHHBIE 0000ITIeHns TTportecca Beiica Ha ciy4dait ha3oBoro
npocrpascrBa N™. Hampuwmep, onpenenenusiit ['ann [13] MapkoBckuit mpo-
necc Ha N3 mHTepmpeTMpyeTcs Kak NBYCTAAUNHBIA MPOLECC PACIOCTpPaHe-
must CITAII (cm. 0630p nureparypst B [13]). PaccmarpuBaeMelil B HaCTOSIIEH
pabore mapkosckuit nponecc £(t) e Bexkep ([3]; onpenenenue mamno mpu
p1 = p2) Kak obobienne npouecca Beiica. CorsacHO NAHHON BBIIE WHTEP-
nperanuu nporecca £(t) gepes wactuns Tunos 17, Ty, T3, B Takoil IBONHOM
SMUIEMUN TIPEANOIaraeTCs, YTO HOMYJISINs HAXOOUTCS TOM HabIIoNeHTeM,
HO TIEPBOHAYAIILHBIE IEPEHOCUNKY MHGEKIINN He MOTYT OBbITh BBISBIIEHBL.

2. 3amaua o puHAIBLHBIX BeposiTHOCTAX. st mporecca &(t) ompe-
nemuM gunaabrble 6epogmuocmy miis norsomaonmx cocrosauit (0,0, 73),
v3 =0,1,2,... (T.e. ICIE3TN BCE MEPEHOCUNKN),

Gobos™ = lim PEEo9(1), (an,az,05) € N 3~ g™ = 1. (1)

v3=0

3amaua BIYUCIEHUsS (DUHAJILHOTO PAaCIpENesIeHUs BEPOSITHOCTEN HJIst
MAapKOBCKOTO Tporecca Ha N? pemanack B paboTe [6] B cienuambHOM cityuae
8EMBAWE20CA NPOYECCH, KOTIA, IEPEXOMHBIE BEPOSITHOCTY CBI3aHBI HEJIMHEH-
HBIM COOTHOIIIEHIIEM U U3BECTHO HEJINHEITHOE YpaBHEHUE OJIA OI[HO‘-IaCTI/I‘-IHOI‘/’I
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IpOU3BOMAIIel PYHKIUN IepexonHbIx BeposTHocTedl [7]. TIponece £(t) aBisa-
€TCsl YaCTHBIM ciryuaeM onpeneiieHHoro b. A. CesacTbsHOBBIM B padote [8]
KJlacca MapKoBCKux mpomeccoB Ha N™. s mpomeccoB kmacca [8] mHaxo-
XKIeHNe (PUHATBLHOTO PAaCIpPENeIeHs CBOOUTCSA K PELICHUIO CTAIUOHAPHOTO
nepBoro (IuHeRHoro) ypasHeHns KomMoroposa miis SKCHOHEHIMAIIBLHON IPO-
n3Bonselt GyHKIuy GuHAIBLHEIX BeposTHocTel (cM. [10, 0630p B rit. 3]; [9]).

HO TOYHBIM DpPEHICHUAM ypaBHeHI/II7I PAa3/IMYIHBIX MAapPKOBCKHUX ITPOIIECOB
SIUAEMUN U CIIOCO6AM MX BBIBOLA UMeeTCs obImupHast aureparypa (em. [1]-
[4] u np.). B macrosmeit paGore momyueno pemenne B Buzme psama Pypbe
IUIs. CUCTEMBI U3 TIEPBOrO M BTOPOrO (HECTAIMOHAPHBLIX) ypaBHeHuil Koi-
MOTOpOBa. JTO PEIleHre CYMMUPOBAHO K WHTErPAJIBLHOMY IPENCTaBIIEHUIO
ISl SKCIIOHEHIINAIILHOM (IBOMHOM) IIPOM3BOMAIIEN (HYHKINN IEPEXOMHBIX Be-
positrocTeit (Teopema 1) [10], [11], [12]. Iomxyuennas 3aTeM IPOM3BOMSIIIAL
byHKIMs DUHAIBHBIX BEPOSITHOCTEN MMeeT WHTerPalbHbL Bun (Teopema 2),
JIETKO WMCIOJIB3YEMBIN 711 BBIBOMA MPENEIIbHBIX TEOPEM.

Acnvnrornyeckue cBoiicTBa puHAIBLHOTO pacupenenenus (1) paccma-
TPUBAIOTCS TIPU Qi3 — 00, TOCKOJIbKY [IJIsl MPUJIOXKEHWIl TIPeICTABIIAET WH-
Tepec cirydan, korga nmpu t = 0 4ncino MHQUUIUUPOBAHHBIX OCOOEN MaJjo, a
3MI0POBLIX BENUKO. [IpenembHas Teopema 3 OTHOCUTCS K TEOPEMaM «KIIOPOTo-
BOro»» tuna (cM. [4], [13]), KoTopble IPUMEHSIOTCS IS OIPENEIIEHUsT IIOPOTO-
BOH YMCIIEHHOCTHU MHQUITTPOBAHHBIX OCO0EN, TPEBLIIIIEHNE KOTOPON O3HAYAET
Ha4YaJI0 SIINOeMUN.

3. NuTerpasibHoe MpencTaB/IEHNE PEIleHns CUCTEMbl ypaBHe-
Huil KosimoropoBa. Bpemem 5KCIOHEHITMATBHYIO (nBoﬁHon) ITPOU3BOII-
uryto pynknmio (|si] < 1, [s2f <1, s3] <1)

[e )

2202 o )4\ 1 B2 B

a (+. . _ «1,002,03

F (t; 21, 22, 23; 81, 82, 83) = E T E5:.52.) (t)sy'sys5°.
., O1:09:03!

ai,a2,a3,81,82083=0

[lepBas (obpaTHast) u Bropas (mpsMas) cucTeMbl aubdepeHInaTIbEHBIX

Pi5y iy (1) sanm-

CBIBAIOTCS I PACCMATPUBAEMOTO MPOLECCa B BUAE YPABHEHUII B YACTHBIX
IPOM3BOAHBIX BTOpOro mopsnxa (cu. [8], [10])

OF <8f O F ) <8f 02 F )
= H12123 +M2Z2Z3

ypaBHeHUI KomMoroposa mjis mepexoqHbIX BePOSITHOCTER

E 8721 B 82182’3 672'2 B 822823
OF OF
+ p121 (.7: - 82’1> + p2z2 (7 - 8z2>’ (2)
oF _ (51— )827}- + pa (50 — )827}-
ot ML TS G B, T A T 2% G s
OF OF
+p1(1—81)6781+/)2(1—52)87827 (3)

¢ HauasnbHbIM ycioBueM F(0; 21, 2o, 23; S1, S, S3) = €151 725277355
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[IpuMeneHne X cucTeMe JIMHENHLIX ypaBHeHui (2), (3) MeToma pasmere-
Husl epeMeHHbIX (cp. [11], [12]) npuBomuT K pereHn:o

[e’e] zoclzoczzocg
1 2 3

F(t; 21, 22, 23; 51, 82, 83) = E 77 e#1P1/(mas+pi)+zapa/(paastp2)+zs
109 03

ay,az,a3=0

(i) (i)
x|s — ——— §g — —————
pias + py U2z + Po

X (53 — 1)0‘3 6—(#1a1a3+#20420£3+p1a1+p2a2)t' (4)

A6comoTHas cxonuMocTs psana (4) mpu I0BIX 21, 2, 23, S1, S2, S3 1 t € [0, 00)
ouepunHa. Ilanmee morpebyercsa dynkmusa (x > 0, y > 0)

H(z,y) — /OOO /Ooo To(2V/a) Jo(2/77) o Fa(L, 1; —uv) dudo,

roe Jo(z) = Yoo (—1)5(2/2)* /k'k! — dynxuns Beccens nopsinka Hyib,
oFo(1,152) = Y 52, 2% /(k!)® — o6Gobiennas runepreomeTpryaeckas GyHKIWs.

Teopema 1. Jlag maproscrozo npouecca &(t) deotinag npouzsodawad
PyYnKYUL NePerodHbT 8EPOIMHOCTEL PABHA

oo (o)
—(n1ztp1)t —(p2z+p2)t
9(t;21,22,23;81,82,83):/ / Ci Frasae 2
0 0

2 oo _y_ﬂu B
% {6z3(531)ey + Z/ e~ utzs(ss—l)e i \/ZZ (1 - e*(MMJFPi)t)
i=170

u

x I (2¢/zu(1 — e-irtot)) du

o0 oo ( )7y7ﬂu7p.72u
—u—v+2z3(s3—1)e P1 P2
+/ / o
0 0

Z1%9
X 4] =2 (1 — e~ (mztp1)t) (1 — g—(p2x+p2)t
\/uv (1—e )(1—e )

X Iy (2\/Z1u(1 — e—(ﬂlx+p1)t))
< (2\/220(1 — e~(mmtea)t) ) du dv}H(a:, y) dz dy, (5)

ede I,(z) — moduduyuposannas Pynryus bBecceas.

HoxaszareansbctTso. [ua nmomydenus perrerus (5) CHCTEMBI
ypasHeHuit (2), (3) ucmonb3yercs mpencTaBIeHne SKCIOHEHTHL (cM. [14, 1. 2,
(3.5); u. 1, row. 2, §12])

6,(alul+a2ﬂz)a3t _ /oo /OO 67(a1#1+a2u2)tx7a3y H(l‘, y) dx dy (6)
0 0

ITocse moncranoBku (6) B (4) U HEPECTAHOBKY 3HAKOB CyMMUPOBAHUS TIOJLY-
yaeM (M3MEHEHUe MOPSIKAa WHTErPUPOBAHUS U CyMMUDPOBAHUS HOILYCTUMO,
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Tak KaK MHTErPaJl CXOMUTCs aGCOIIOTHO)

(0% a3
21 Ry 23
-7:(753 21, %2, 233 81, S2, §3) = E =11/ mestp) bz /(uaestpa)tzs

X (51 - ,01> (52 — ’02> (s3 —1)% e (aipitazpa)t
Hias + p1 a0z + P2

/ / —(a1p1tasps)te— Y H(x,y) dx dy

_ / / ezun/(a3u1+p1)+22pz/(a3M2+P2)
0 O‘3'

az=

B [e.e] Zal pl 3 (o5}
X (83 —1)*e a3y{ ! [(s —) e (“1””1”}
(2 = 1) Z Yoo+
x Z

| L
= 0

oo poo 0 _ —yla
:/ / ezlsle(“1I+p1)t+zzsge<“2I+p2)t+23{ Z [23(33 1)6 ] 3
0 0

|
oa=0 Q3.

X ezlpl(l6(”1w+p1)t)/(asﬂl+ﬁl)+zzﬁ2(1e(“2$+"2)t)/(a3“2+p2)}
X H(z,y)dz dy. (7)

Mg cymmupoBanus psna B GUTYPHBIX CKOOKAX BOCIOIB3yeMCs (popMy-
JTaMu

N b 1 /°° b1 u
= uF e mutbe ™ dy, k=1,2,...,
az:%a!(a—i—,u)k (k=1 Jo

> b 1
Z 2 =

= al(a+ p)k(a+p) (k— 1)1 -1)!

oo oo u—w
X / / ultyl—teru—putbe dudv,
o Jo

k,l=1,2,..., u dyakuueir Beccemns

0 Z/22k+1
=3 e

k=0

(nemaem sameny ay = z1p1(1 —e” TP [y ay = 2ppy (1 — e~ 22t02)t) [y
b= 23(83 — 1)€7y)2

Z L e/ (aztpi/pi)taz/(as+p2/n2)
|

_ Z akal, Z b3
oo R A=) asl(on + pr/pa)F (0 + 2/ pa)!

U=
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k o0 bag

a a3z=0 a?’! k=1 " az=0 ag!(a3+pl/ﬂl)k
bes
=1 " a3=0 a3!(a3 +p2/M2)l

bs
ki=1 """ az=0 as!(as + p1/p)*(as + pa/p2)

oo k 0o
_ b a; k=1 = phutbe ™
=e +sz!(k3—1)'/o u" e du
I Z ay / / k=1 =1 o= fhu—fZotbe™ " g 0
— kl(k— 1) II( l—l

=e —{—Z/ ,/al I(2\/a;u)e —hrethe ™ gy,

+ [0 nevan Leva) e B R dude. (3)
0 0 u v

[Moncrasnss (8) B (7), nomyuaem (5) (mocse 3aMeHBI IepeMeHHBIX U, v). Te-
opema 1 nmokazasa.

dopmyia (5) M03BOIAET BHIUUCIUTH MATEMATHIECKOE OKULAHNE U JIHAC-
nepcuio cirydaiHeix npomeccos & (t), &a(t), &(t) (cp. [12]).

4. PacnpeneneHue QuHAILHBIX BEPOSTHOCTEN U IIpeneIbHas
Teopema. [l dunanbHBIX BeposTHOCTEl (1) nMeeM mponsBomsiiiie GyHK-
wan (|s] < 1)

oo
_ (a1,a2,03) _~ .
(I)(ozl,ag,ag)(s) - E q(0073) 87 @(21722723,8)
v3=0
oo ay oo a3
- amE e (5) (9)
- a 'O[ 'Oé | (061;042’013) S 9
ay,az,az=0 177273
Boraucnienne npenena ®(zy, 20, 23;8) = limy o F(¢; 21, 22, 23; 81, S2, S)

u3 (5) IPUBOIUT K IIPEICTABIICHUIO
oo e} Y

@(21722;Z3§S) :/ / 623{ z3(s—1)e +Z/ —u+z3(s—1) exp(—y—(wi/pi)u)
0 0

X \/311(2\/23_@ du

N /oo /00 e_u_v-i-zs(s—l) exp(—y—(p1/p1)u—(u2/p2)v)
0 0

”zlzz I, (2¢/z1u) I, (24/220) dudv} (z,y) dz dy.
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PacknanbiBas mocrnentee BbIpaxkeHWe B DS IO CTEMEHSM 21, 2o, 23 —
cormacHo (9), moTydyaeM MOCIe BHIYMCIICHNST HHTErPAJIOB, UTO CIPABEININBA
CTIENYIOIIAs TEOPeMA.

Teopema 2. [ag maprosckozo npoyecca &(t) npouseodswas Gynrkyud
Punasvruir sepoamuocmeti pasna (a; > 0, s > 0)

(I)(al’o‘z’%)(s) - (a1 - 1 Oéz - 1 / / O

(1 _ e‘(#l/ﬁl) H2/P2)v + se —(p1/p1)u—(p2/p2)v )043 e %Y du dv. (10)

PacknaneiBast B psin mo crenessiM s Beipaxkenue (10), momyuaem ciemy-
IOlllee YTBEPKIIECHUE.

CrnencrBue 1. Qunatbhble 6EpOIMHOCTNY 04T NPOUECCE INUIEMUY
bexxepa pasbi

a3 —73
(Oél,az,as) _ Y3 i pl 1 p2 @2
q =C 'l ( . ) ( - .
(©:072) - ; (71 Casns Pt + s + p1 ot + f273 + p2
B uwactHOM ciiyuae p; = po BBIpaXKeHUs IJIsl IEPEXOMHBIX U (PUHAIBHBIX

BEPOSITHOCTEH TOJIyYeHbL B [3] OPYIUME METOLAMU.

B paccmarpuBaemom ciayuae uacTuiibl Tuma 13 HA3BIBAIOTCS Huraab-
normu [7]. O6osmadmm 7(@192:93) cyvaiinoe umcno gacTum Tuma Ty, KOTO-
pBIe OCTaHyTCs IOCIIe TOTO, KaK IIPOIECC SIUOEMUN OCTAHOBUTCS, T.e. He
ocraercsa yacturl Tunos 17 u 1,. ChyuaiiHas BeIndnHa 77("1""2’0‘3) umeeT
BEPOATHOCTHOE PACHpPENeICHIe {q((g7})’7'fy§3a3), v3 = 0,...,a3}, KOTOpPOE Ompe-
nensiercs npomssBonsienn gyuxment (10). st MaTeMaTHIECKOTO OXKUIAHISL

IOy IaeM

anyazas) _ _ pr \" (2 T
Enen >_q>;aha2,a3)(1)_a3<1) (2> ‘

B1+ p1 Mo + p2
Brruncnenne nucrepcnn Dn(al’aba?’) = (bl,oq a2,a3)( ) + (I)(oq a27a3)(1) -
((I>’(O¢1,0627O[3)(1))2 IPUBOONT K ACUMIITOTUYECKON (POPMyJIe IIPH (i3 — OO,

Dn(al,az,as) ~ O <( P1 >a1< P2 >a2< 1 >2a1< 02 )2(12) ‘
2+ 22 + p2 P+ p1 2 + p2

Ucnonb3ys uuTerpanbHoe upencrasienue (10) mis mpomssomsineit
(GYHKIUU BEPOSITHOCTHOTO paclpenesieHns Ha N, IPUMEHUB CTAHIAPTHBIM
06pa3oM MeTOI XapakKTepUCTUIECKUX MYHKIUH 71 BHIBOIA MPENEIbHBIX Te-
opeM [7], mosryuaeMm ciemyroiiee yTBEpKICHUE.

Teopema 3. ITycmp x € [0,1]. Toeda (a; > 0,3 > 0)

(a1,a2,a3) 1
F, o = lim P{— < =1-
( 15 2)(1‘) aglgloo { (6% Jf} (0[1 — 1)'(0[2 — 1)'

—(p1/p1)Inw  p—(p2/p2) Inc—(p1p2/p1pz)u L L
></ / ut T T e T du do.
0 0
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B wacmmnocmu, umeem mpu pipe F M2p1 UAU [1ps = fap; COOMBEM-

CMBEHHO
p1/p1 p2/ 12
F(1,1)(33) _ Hipa® U2p1T W F(1,1)($) _ mpl/“l(l _ P Inz).
H1p2 — [2pP1 251
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