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Abstract. A Markov continuous time branching process with two types of particles 77 and T»
is considered. Particles of the two types appear either as the offspring of a particle of type 77, or as
a result of interaction of two particles of type T7. Under certain restrictions on the distribution of
the number of new particles the asymptotic behavior of the expectation and variance of the number
of particles of the two types are investigated and the asymptotic normality of the distribution of the
number of final particles of type T» is established when the initial number of particles of type 17 is
large.
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1. Branching process with two types of particles T3, T> and two kinds
of interaction ! = (1,0), €2 = (2,0) (see [5]). Let £(t), t € [0,00), be a time-
homogeneous Markov process with state space N? = {(a1,az), aj,as = 0,1,2,...}.

Assume that the transition probabilities P((glgé)(t) = P(&(t) = (61,02)1€(0)

(a1, @2)) have, as At — 0, the form (A > 0, A2 > 0):

P2 (Af) = 1 — (Agay (o1 — 1) + Adar) At + o(At),

(a1,02)

P((gll,’ﬁa;))(At) = (AQO[I (011 - l)p%'1—a1+2,ﬂ2—042 + Alalpél—a1+1,ﬂ2—a2) At + O(At)

if ay # B1 or ag # Pa. Here {pl, ., 20, v1,72 € N; 227 9!, =1, pjy = 0},
Il =1,2, are given probability distributions. Introduce generating functions

G100t 21, 22) = PR ),

Fovmnlbons = 5 RGO
B1,82=0

hl 31752 Z p'ylfyzs’l}qsém? ‘51| § 1? |82| § 1

Y1,72=0
and linear differential operators

) otz
h l=1,2.
l<azl 322) Z p’h’)’z az’haz%’ ’

Y1,72=0
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The first (backward) Kolmogorov system of differential equations for the tran-
sition probabilities of the Markov process £(t) is equivalent to the following partial
differential equation (see [5, Theorem 2]):

(1)

G (5. 50) o o\ o o 9\ 0
o = et (5 ) o) o (o ) 9 )| G

with the initial condition Gg, ,)(0; 21, 22) = 2222 /(811 By)).
The second (forward) Kolmogorov system of differential equations is equivalent
to the following partial differential equation (see [5, Theorem 1]):

9F(a1,02) 0 Flas,as)

O0F (0,00
at = )\Q(hQ(Sl, 82) - S%) as% #

+ A1 (h1(s1,52) — 51) s

with the initial condition F{q, a,)(0;51,52) = 57" 552,

A state (a1, as) is treated as existence of a particles of type T7 and s particles
of type Ty (see [1], [2], [5]). A particle of type T7 has a random life-length T(lahw)
with P{T (an,09) < t} = 1 — exp{—\a1t}, and, dying, produces, independently of
other partlcles v, particles of type 717 and - particles of type T5 with probability
dlstrlbutlon {pm ~» 1+ Besides, any pair Ty + T} of particles transforms after a random
time 7-( ) with P{T(a an) <t} =1—exp{—A2a1(a1—1)t}, independently of other
particles, into a group of particles with probability distribution {p,y 1ﬁyz} It is assumed
that T(l ) and T(a ay) BT€ independent random variables. The process spends in

1,002

1,002
state (a1,az2) a random time 7T(q, q,) = mln(T(a1 (12),7'(2011 az)) Particles of type To
are called final. Their amount does not decrease in time and has no influence on the

number of particles of type T (see [4]).

2. The problem of finding the final probabilities. The states (0,02),

B2 € N, are absorbing for the Markov process £(¢). Let £(0) = (1,0), a1 € N,

be the initial state. Introduce the final probabilities qgg T@O)) = lim;_, o P(((;l 3’20)) (t) and

the probability of extinction qu,0 = > o, By=0 q(al’o)) . Denote by 74, the random number

of particles of type T5 remaining in the process when its evolution stops. The final
distribution {q(géf@’o)),ﬁg € N} may be improper, i.e., gq,0 < 1.

Introduce the generating functions

o

(a1, 2
(2) focl Z Q(O 152) 7 ’UJ()(Z,U) = Z (171‘ fa1 (U), |U| é 1.

B2=0 a1=0

Set bl (u) = Y% _opt 2, Jul £ 1 and let pt, = Y>> _p! | =1,2. The

Y2=0 pwl'vz 72=0 Py172
criticality parameters of the branching process are denoted by

_)\l<ahl(5’u) —l), 1=1,2
0s s=1,u=1

(see [4]).

It is known [4, Chap. 2, section 1] that if Ay > 0, A2 = 0 (a branching process
with no interaction), then g,,0 = ¢, where g; is the closest to a zero nonnegative
root of the equation hy(s,1) —s = 0. The final distribution for subcritical (a1 < 0)
and supercritical (a; > 0) processes is asymptotically normal as a; — oo, while for
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the critical processes (a1 = 0) the final distribution is other than normal as a; — o
[4, Chap. 5, section 5.

In [5] for the case when A\; = 0 and Ay > 0, the asymptotic representation gu,0 ~
Cogs*, ay — 00, is found, where Cy > 0 and ¢y is the closest to zero nonnegative
root of the equation hs(s,1) — s? = 0. In [6] limit theorems are proved for the final
distributions in subcritical (az < 0), critical (az = 0), and supercritical (az > 0)
processes which are similar to the results established in [4].

A particular case with A\; > 0, Ay > 0 is considered in [7, Corollary 1] where,
for a supercritical (az > 0) process with hq(s,u) = h}(u) + hi(u)s?, ha(s,u) =
h3(u) + h2(u) s + h3(u) s® and under the conditions p} > 0, p3 > 0, p} + p2 > 0,
pg + p? > 0, g2 > q1, the asymptotic representation gn,0 ~ Cq5*/a$, a3 — oo is
found, where C' > 0 and a >0 .

The present paper deals with the subcritical (as < 0) process. Explicit expres-
sions for the generating function f,,(u), asymptotic estimates for the expectation
Mg, = En,, and the variance UZI = Dn,, as a1 — 00, and asymptotic normality of
the final distribution are established under additional constraints on the probability
distributions {pﬂY 1215 L = 1,2. The generating function wy(z,u) is found as an explicit
solution of a stationary Kolmogorov equation.

Limit distributions for branching processes with pairwise interaction were consid-
ered in [11] and [12].

3. First Kolmogorov equation for the exponential generating function
of final probabilities. Introduce the generating function [6]

oo

z9 a1,0
W (tz,u)= ) @Péﬁfﬁg)(”“ﬂz’ PLEN,
a1=0,82=0

and the differential operators

o e . omn
hl(a 1 > = Z p’)’l’mu’y2 ﬁv ‘U| é 17 l= 172

Y1,72=0

THEOREM 1. For any 31 € N, the generating function Wp, (t; z,u) of transition
probabilities satisfies the following linear partial differential equation:

OWp, _ 0 A o 0

with the initial condition W, (0; z,u) = 2 /3.

The derivation of (3) is based on (1) and the following relationships for the tran-
sition probabilities: P((glgz)) (t) = P((g;;g; N )( ) if ag < fo, (gl’ﬁof))(t) =0if ag > 2
(cf. [6, Theorem 1]).

Similarly to [6] one can show that wq(z, u) = lims_,oc Wy (t; 2, u) and that wo(z, )
meets the first stationary equation

0 ()~ ) () - ) e o

The equality qgo’og =1 implies wo(0,u) = 1. Observe that wy(z,u) is, for |u| < 1,

an analytical function in variables z and u, since

el = 3 BEE 52 e = 32 <o

a1=0 a1=0
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The ordinary differential (4), whose coefficients are linear functions of z, is a
Laplace-type equation [10, Vol. 1, Chap. 5, section 22.4]. Its solution is constructed
by the method of definite integral

wo(z,u):/ e**p(s,u) ds,
K

1 A1 [ hi(vyu) —w
5 U) = ———————— — | ——————dv ),
(5) s u) ha(s,u) — s? exp <)\2 / ha(v,u) — v2 v
and the curve K in the complex s-plane satisfies the condition

(6) /K % e** (ha(s,u) — s?) p(s,u) ds = 0.

To find the form of K it is necessary to consider the Riemann surface of the
corresponding function ¢(s,u) (see [10]).

4. Integral representation for generating function f,,(u). The case
hi(s,u) = hi(u) + hi(u) s + hi(u) s?, ha(s,u) = hZ(u) + h3(u) s + hi(u) s2 ]
pg > 0, p2 < 1. Equation (4) for the function wy(z,u) is an equation of the second
order

d*wo(z,u)
dz?
(7) + (A2hd(u) z + A h(u)) wo(z,u) = 0.

dwo(z,u)

(A2(h3(w) — 1) 2 + Arhy(u)) dz

+ (Azhi(w) 2 + Ay (R (u) — 1))

Let hfﬂ (u),v1 =0,1,2,1 = 1,2, be analytical functions for all u. Denote by @ (u)
and 1 (u) the roots of the quadratic equation ha(s,u) — s? = 0. The functions ¢g(u)
and o (u) are analytical in the domain |u| < 1 except for a final number of points.
Integrating in (5) gives a general solution of (7) in the form (yo(u) # ¢1(u)),

2
®) ol = 30 Culu) [ O (o (w7 s — 1 (1) s,

n=1

_ M _ M ha(en(w), u) — pi(u)
)\2 h%(u) — 1’

A2 hh(pi(w),u) — 20 (u)’

and C1 (u) and Cy(u) are arbitrary functions (here we have used the notation h4(s, u) =|j
Oha(s,u)/ds). The curves K' and K? satisfy condition (6); the integrals over these
curves are linearly independent functions in variable z. Note that the functions vy (u)
and vq(u), as well as the parameters a and 3, are defined (see [7]).

The function do(u) is analytical for |u| < 1. The analyticity of vo(u), v1(u)
in the domain |u| < 1 (except for a finite set of points) follows from the equality
hy(pi(w),w) — 21 (u) = (1) (h3 () — 1)(wo(u) — ¢1(u)), 1 =0, L.

The choice of the integration curves in (8) is related to consideration of the branch-
ing points po(u) and o1 (u) of the integrands. If K! is a curve having the form of
a doubled closed contour bypassing the points ¢g(u) and ¢1(u) first in the counter-
clockwise and then in the clockwise direction (compare with [9, Chap. 6, section 11,

do(u) vi(u)

1=0,1,
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integral representation (1)]), then integral (8) gives a function analytical in the do-
main |u| < 1, except for a finite set of points at which ¢o(u) = ¢1(u). The values
of wo(z,u) at the mentioned points are specified by continuity.

Further, it is necessary to use another integral representation for wy(z,u) being
valid in a vicinity of u = 1. Since ha(1,1) = 1, we set ¢o(1) = 1. The conditions p2 < 1
and ¢o(1) =1 imply —1 < ¢;(1) < 0. Hence, on account of hi(1,1) = 1 and p§ > 0,
we obtain v(1) = 0, v1(1) > 0. Therefore, in view of the continuity of v;(u) at
point u = 1, the inequality Revi(u) > 0 is valid in the domain |u — 1| < € for an
e > 0. For Rev;(u) > 0 one can take for K! a closed contour which starts and ends
at point ¢;(u) and bypasses point pg(u) in the counterclockwise direction (compare
with [9, Chap. 6, section 11, integral representation (3)]). The curve K? is taken as
an infinite loop passing along the cut line specified by the ray arg(s — ¢1(u)) = 6,
Re((z+do(u)) ) < 0 and bypassing ¢ (u) in the counterclockwise direction (compare
with [9, Chap. 6, section 11, integral representation (9)]). Since the function specified
by the integral along K? is not analytical for z = —do(u), we set Co(u) = 0. The
function C(u) is specified by the condition wg(0,u) = 1. The change of variable
s = po(u) + (p1(w) — wo(u)) v in (8) gives a representation of the form (in what

(

follows, d(u) = do(u)(p1(u) — wo(u)))

1
A(u)

(0+)
j / (0 (u) (21 (1) —p0 (1) V)Hd(w) v ywo(w) =1 (] _ yyi ()1 gy,
1

(9) wo(z,u) =
where
(0+)
(10) Alu) = / edWvyrolW=tp _pyrW=1gy |y —1] <e.
1

THEOREM 2. Consider a branching process with hi(s,u) = h§(u) + hi(u)s +
hi(u) 82, ha(s,u) = h3(u) + h3(u) s + h3(u) s*> and p§ > 0, p3 < 1. The generating
function of the final distribution admits for |u — 1| < € the representation

(0+) _ a
1 ) / ed(u)v(l _ U)Vl(u)fl (po(u) + (p1(u) — po(u)) v)* d
1

(11)  fa,(u) = A(w) ol—vo(@)

V.

Formula (11) follows from the integral representation (9) and definition (2).

Further, we assume that the integration contour in (10) and (11) consists of an
interval directed from v =1 to v = r, 0 < r < 1, the circle |v| = r, and the interval
directed from v = r to v = 1. Since for v = 1 the integrands are single-valued functions
in the domain |v| < 1, the integration over the interval [r,1] in both directions gives
zero. Calculating the integrals over the circle |v| = r by the residuals at point v = 0,
which is a first order pole, we find A(1) = 27 and f,,(1) = 1. In particular, the
probability of extinction is gn,0 = 1, @1 € N.

Remark 1. Equation (7) reduces to a degenerate hypergeometric equation (see
[10, Vol. 3, Chap. 2, Equations (2.113), (2.145)], [8, Chap. 16, Example 5]). The
exponential generating function is represented as follows:

2o (u) 2(0(w), o (1) + w1 (w); 2(p1(u) — po(u)) + d(w))
D(vo(u), vo(u) + v1(u); d(u)) ’

(12) wo(z,u) =e

(a+n—1)z"
“(b+n—-1) nl’

(13) ®(a, b; 2) _1+Zb b#0,-1,-2,...,
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is the degenerate hypergeometric function [9]. For |u| < 1, representation (12) holds
for all but a finite number of points.

5. Expectation of the final distribution. The case hq(s,u) = h{(u)+
hi(u) s + h3(u) s?, ha(s,u) = hZ(u) + h3(u) s + h3(u) s2, p§ > 0, p2 < 1. Wel]
calculate the expectation mgy, = f;, (1). Differentiating the ratio (11), we obtain
(Oél > 0)

_ 1 a
Mo =55 | du
(1 (0+)
u®=ﬂ2/ (1 — v W1 (14 (py (1) — 1) v)™ — 1) do
1

211

(15) _ @ /(0"") ed(l)v(l . U)yl(l)—l 10g(1 B ?)) . (1 + (<P1(1) _ 1) v)ou -1

(0000 - o0+ 2200 gt

'Ul_l’o(u)

dv

TR AUR MY (ETGE BAES
211 1 v

(0+)
M1 — )1 D=1 (1) + (2] (1) — (1)) v)

L+ () )

a1

2w J;

(16) dv.

Integral (14) equals zero since the integrand has no singular points for |v| < 1.
Calculating the residuals at point v = 0, we see that integral (15) equals zero and
integral (16) equals ¢((1) a1. Thus, for the expectation we have
(17)

/ 1 (0+) 1 _ 1 _ 1 _ 1 a1
Ma, = 900(1) ap — V;fm) /1 ed(l)v<1 _ v)m(l)—llogv ( ( . 4,01( )) ’U) du.

We transform the integrand in (17) using the sum of the geometric progression
1-(1-(1-pi(1))v)* =(1—pi1(1)v 2;61(1 — (1 — ¢1(1))v)*, and expansions
of the polynomial and exponent in terms of powers of 1 — v. We have

_ o+) dl)veq _ ,\va(l)—1 . — _ _ k
(1= ¢1(1)) eV (1—w) logv- Y ((1=1(1))(1—v) +¢1(1)* dv
1 k=0
a1—1 k
=M NN G — (1) (1)

k=0 =0

x m (0+)
(18) x E ( d(l')) / (1 — o)W+ =L 1004 dy.
m! 1

m=0

We integrate by parts the contour integral and, calculating the residual at point
v = 0, pass to an integral over the real half-line:

- 1— V1(1)+l+m711 dv = —
omi ), 17V 0BV = om

1 (04) 1 /(0+) (1 o U)V1(1)+l+m
1

) +i+mo @
1

T ) HEm)
— — —(r1(1)+l+m v dv.
nl)+l+m A ¢ v
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Substitution of the last integral into (18) and summation of (17) leads to the
following expression:
(19)

+o00 Y 1—((1— 1 v 1))
Mo, = ¢h(1) ay _V(/)(l)/o ) —e)—n v L= (( s011( 7)):% te@)™

THEOREM 3. Let the conditions of Theorem 2 be valid. Then the expectation of
the final distribution has the following asymptotic representation:

(20) Ma, = @o(1) a1 — (1) logag + O(1), ] — 00.

Proof. Using the representation
+oo ,—v —zv
eV —e
logac:/ —dv, x>0,
0 v

[9, Chap. 1, section 7, formula (18)], we split the integral in (19) into the sum of
integrals. Then

+oo —v a
[ e = a0 e ),
0 —e’

+oo /ed()(1=e )= Mv v
(21) =log((1 — p1(1)) e + 1 (1)) + / ( _ )dv
0

1—e? v

(22)  + / h (1 - 1) A=) =Y (1 — gy (1)) e + (1) do

v 1l—e?

oo ed(1)(1—e™"
+/ 1-edD0-e™) e~ (=1 (D) artua (1)) v g,

) O (1 gy (1) 4 (1)
! ;
A=) =) v g,

too e” (el eav — (1 — oy (1)) e + 1 (1))™
log(1—1/¢1(1)) v

(25) x edM=e")=mWe gy

+

Summands (24) and (25) vanish if ¢ (1) = 0. The integrands in integrals (21)—(24)f}
are bounded as v — 0+. Hence the integrals are convergent. Integrals (22), (23),
and (25) tend to zero as a; — oo. To evaluate integral (24) we make use of the
inequality 1 — 2* < a3(1 — ) for 0 < < 1 and the boundness of the function

e=(=e1W)v _ (1 — o1 (1)) e~ — o1 (1) 1
y(v) = ve—(1—p1 (1) v ’ 0<v<log <1 a <P1(1)>
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(since lim,_,o y(v) = 0). For (24) we have

log(1—1/¢1(1)) . (1 _ 301(1)) e~V + 901(1) a1\ pd(1)(1—e™")—r1(1) v—(1-p1(1)) arv p
0 B e~ (—er(D)v v Y

log(1—1/¢1(1)) Y
§a1/ () edD(1=e )= (L) v—(1—er () v gy
0

< aqe®® sy (v) /log(l_l/ipl(l)) e~ (e v gy < 7ed(1) supy(v)
<ay py(v) | S T ey
The boundness of the values of integrals (21)—(25) and the equality log((1—¢1(1)) o1+
v1(1)) =logay + O(1), ay — oo, justifies the validity of (20). The theorem is proved.
For the case ha(s,u) = pg +p?s (pairwise interactions give no particles of type T5)
we have pg(u) = 1, ¢1(u) = —pi, and m,, = (A\1/A2)ailogai/(1 + p3) + O(1),
a1 — oo, where a3 = (Ohq(s,u)/0u)|s=1,u=1 is the expectation of the number of
particles of type T, appearing when a particle of type T} dies out [12].
It is still unclear whether is it possible or not to find, based on representation (11),
an asymptotic representation, as a; — oo for the variance of the final distribution.

6. Limit theorem for the final distribution. The case hq(s,u) = hj(u)+
hl(u) s, ha(s,u) = h3(u) s + h2(u) s?, p§ > 0, p3 < 1. In the case under con-
sideration, ¢o(u) = h3(u)/(1 — h3(u)), p1(u) = 0, and d(u) = 0. On account of
the equality ®(a,b;z) = e*®(b — a,b; —2) [9, Chap. 6, section 3] and (12) we have
wo(z,u) = ®(v1(u), vo(u) + v1(u); po(u) z). Recalling (13) and equating coeflicients
of one and the same powers of z in the series for wg(z,u) (derived by the above men-
tioned representation) and the series (2), we obtain the generating function of the
final distribution (e > 0):

nw) - (1) + o1 —1)
(vo(u) +v1(u)) - (vo(u) + v1(u) +a; — 1)’

(26)  fou(u) = 95" (u) lu| < 1.

Taking into account the property of the Gamma-function I'(z + o) = z2(2+1) - - - (2 +
a3 — 1)T'(z), we deduce the representation
U'(v1(u) + a)T(vo(u) + v1(w))
I'(vo(u) + v1(u) + ax)T(va(u)

Using the equalities vy (u) = (A1/A2)h$(u)/h3(u), vo(u) + v1(u) = (A1/A2)(1 —
hi(u))/(1—h3(u)), one can establish the analyticity of the function (26) in the domain

|u| < 1+¢ for some € > 0. Let us calculate the expectation mq, = f,, (1) and variance
o2, = fIl (1) + fl, (1) = (f,(1))?. Differentiating (27), we make use of the function

ap a1

(%) = dlog T'()/dz 9, Chap. 1, section 7], [8, Chap. 12]. As a result we get
(28) Ma, = ¢p(1) a1 — (1) (¥(v1(1) + 1) — ¥ (11(1))),
(29) g2, = (90(1) + ¢5(1) = (v5(1))?*) au
= (1 (1) + (1)) (Y (11 (1) + 1) = Y (11(1)))
(30) —15(1) (vo(1) + 201 (1)) (¥ (11(1) + 1) — ¢'(11(1))).

Formula (28) can also be deduced by (19) and the integral representation for 1 (z)
in [9, Chap. 1, section 7, formula (17)].

(27) Jou (1) = 5" (u)
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THEOREM 4. Let a branching process with hy(s,u) = h{(u) + hi(u) s, ha(s,u) =
h3(u) s + h3(u) s* and p{ > 0, p3 < 1 be given. Then the expectation and variance of
the final distribution have the asymptotic formulas

(31) ma, ~ (1) a1 — (1) log ax + v5(1) P(v1(1)),
(32) 02, ~ (0(1) + 9p(1) = (¥6(1)*) 1 — (55 (1) + 15(1)) log a1, a1 — oo

To derive (31) and (32) it is necessary to use (28) and (30) and the asymptotic
formulas ¥(z) ~ log z, ¥'(z) ~ 1/z as z — oo, | arg z| < 7 (see [9, Chap. 1, section 18]).

THEOREM 5. Let the conditions of Theorem 4 be valid, and either Ohy(s,u)/0u #
0 or Oha(s,u)/0u £ 0. For any fized x € (—00,0),

. nal - ma1 1 /w — 2/2
33 lim P ——— <z, =— e Y /4 dy.
( ) a1 —00 { O'al } Y/ 27T — 00 y

Proof. We show that the characteristic function fo, () = E exp(i7 (e, —Ma,) /00, i}
of the scaled random variable (14, —Ma, )/0a, converges, as a; — 00, to exp(—712/2),
which is the characteristic function of the standard normal distribution [3].

Introduce the function y,, (7) = exp (i7 /04, ). Then fal(T) = Yoy (—May T) fay (yal(T))I
and (27) yields

L'(11(a, (7)) + 02T (10 (Yo, (7)) + 11 (Ya, (7))
L(10(Yor (7)) + ¥1(Yas (7)) + 02)T (41 (Yas (7))

Using the Taylor expansion log ¢g(e”) = ¢ (1) v+ (g (1) +pp(1)—(¢p(1))?) v2/2+
o(v?), v — 0, we obtain as a; — 0o
(34)
/ " / _ / 2
08 (Yo, (1)) = exp <iT @o(1) on _ g2 (00 (1) +¢5(1) — (5(1)*) ax + O(al>>_

2 2
O-Oél 20—0&1 Qg

f011 (T) = Yoy (_mOtlT) (pgl (yal (T))

By Stirling’s formula I'(z) ~ V27 exp((z — 3) log z — 2), z — o0, |arg 2| < m, we
deduce

( ) + )
1 (Yo, (7)) + 1)

e

(35) = 10(Yan (7)) 108(¥0 (Yo, (7)) + 11 (Yo (7)) + 1) + v0(Yar (7))

Since log(1l + z) ~ z, z = 0, and vy(Ya, (7)) = 0, v1(Ya, (7)) = v1(1) as a3 — oo,
the first summand under the exponent sign in (35) vanishes. Since log(vo(yq, (7)) +
1 (Yo, (7)) + 1) ~ log a1, a; — 00, we have

(11 (Yo, (7)) + 1)
T(vo(Ya, (7)) + 1 (Yo, (7)) + 1) ~ exp(—1(Ya, (7)) log az).

(36)

Using the Taylor expansion vg(e”) = v§(1) v+ (v (1) +v4(1)) v2 /24 0(v?), v — 0,
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we derive from (36) as ag — oo
L'(11(Ya, (7)) + 1)
L(10(Yan (7)) + 1 (Yoo (7)) + 1)
67 —em < v logan 5 ((1) + (1)) loga +O<1oga1>).

2 2
Oa, 20a1 04,

Multiplying ya, (—ma,7), (34), and (37) and observing that

L(10(Yon (7)) + ¥1(Yeu (7)) ~ T(11(Ya, (7)), a1 — 00,

we have for ho(s,u) # s

po(1) a1 — 1p(1) log ay — ma,
(05 (1) + 95 (1) — (¢6(1))?) a1 — (5 (1) +v5(1)) log N 0<051)>.

2 2
20a1 o

fal (1) = exp (iT

_ 7-2
(38)

If hao(s,u) = s, we see that pg(u) = 1, and the remainder term in the last formula
is o(log a1 /o2 ). Estimate (31) implies that the first summand under the exponent
sign in (38) tends to zero. Applying to the second summand and the remainder term
the asymptotic representation (32), we obtain

lim  fa,(7) = exp <— T2>

a1 —>r00 2

The theorem is proved.
Remark 2. The probability generating function (26) can be written as a product

for (1) = g1(w) - - g, (w),

where g, (u) = @o(u)(1(u) +n —1)/(vo(u) + 1i(u) +n—1), n = 1,...,0q, are
probability generating functions. Applying Lyapunov’s theorem [3, section 40] to
the sum 7., = n' + -+ + n* of independent random variables n™ with generating
functions g, (u) aiming to derive (33) requires us to verify the validity of the conditions
of the mentioned theorem.
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