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Abstract—We consider the Kolmogorov equations for the transition probabilities of a three-
dimensional Markov process of special form. For a stationary first equation, an exact solution is
obtained using the Riemann method. We obtain asymptotics for the expectation and variance of the
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1. EPIDEMIC PROCESS
On the set of states
N? = {a = (a1, a9,03), aj, a0, 3 = 0,1,2,... },
we consider a homogeneous (in time) Markov process

é‘(t) = (él(t)7§2(t)7€3(t))7 te [0700)7

with transition probabilities
Ptazos) (1) = PLE(E) = (Br, B, Bs) | £(0) = (o, 0, 0) .

Suppose that the transition probabilities have the following form as ¢ — 0+:

((51172[227—0613,31%1)@) = Ararast + o(t),

(c1,02,03)
(01,a2,03—1)

(t) = Xoajast + o(t),

(o1,a2,03)
(a1—1,a2,a3)

(t) = Asaat + o(t),

e (t) =1 — (\rarag + Aaonaz + Agar)t + o(b),
where A1 > 0, Aa > 0, A3 > 0. Let us introduce the generating functions of the transition probabilities:
o
Faltisiosass) = > PElered@)sisisl, sl <1, [so <1, sl < 1.
B1,82,83=0

The second (direct) system of Kolmogorov differential equations for the transition probabilities of the
process £(t) is equivalent to the partial differential equation [1],[2]

OF, 0*F, 0°Fy OFa
Za N\ (s13 — 8182)851&92 + Aa(s1 — s183) + A3(1 — 51)8—31 (1)

ot 681 683
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788 MASTIKHIN

with initial condition Fi, (0; s1, 52, 53) = 57" s52s53°. We introduce the exponential (double) generating

function of the transition probabilities

ar a2 a3

Z1 Ro R
. . _ § 1 <2 ~3 .
‘gz(ta 21,22,2«'3781,82,83) - ] ] ] Fa(t781782783)‘
Q1.0 Q3.
ar,02,03=0

The first (inverse) system of Kolmogorov differential equations for the transition probabilities can be
reduced to the form[2], [3]

g—)\zz 829—829 + Xoz12 g— *F + A3z 9\—%
ot~ YNV 921023 02102 2N 92, 02,023 321 021

with initial condition

F(0; 21, 22, 23; 51, S2, 53) = €171 T7292H 2053,

The Markov process £(t) can be interpreted [1], [4], [5] as a model of the propagation of infection in
a population with three types of individuals (particles) and two stages of disease. Particles of type T}
are infected individuals (the sources of infection); particles of type T are healthy individuals (susceptible
to disease, having had no contact with an infected individual); and particles of type T3 are individuals
having been in a single contact with an infected individual. A healthy individual after two contacts
with an infected one is eliminated from the population. The state of the process (a1, a9, a3) means
the presence of ay particles of type T3, as particles of type T, and ag particles of type T5. In random
time 71, P{r} <t} =1 — e7®1@2Mt g pair of particles of type T} and type T interact and transform
into a particle of type 71 and a particle of type T5. The process passes to the state corresponding to
the vector (ay, s — 1,a3 +1). In random time 72, P{72 < t} = 1 — e~®1%32!a pair of particles of
type T and type T3 interact and transform into a particle of type T1. The process passes to the state
corresponding to the vector (o, ag, a3z — 1). Besides, in random time 73, P{72 < t} = 1 — =% one
particle of type 77 dies and the process passes to the state corresponding to the vector (a1 — 1, ag, ai3).
The random variables 7}, 72, 72 are independent and the process is in the state (ay, a9, a3) during

e % TOC

random time 7, = min{7}, 72, 72}. Further, the process evolves along similar lines.
The transition probabilities

(PG5 (1), (B, Ba ) € N*}

define an a-particle distribution function [6]. For Markov processes of this type, the first system of
differential equations is written as a chain of equations [7, Chap. 5].

2. THE PROBLEM OF FINAL PROBABILITIES

The Markov process &(t) was introduced by Gani [1] and is a generalization of the Weiss—Markov
epidemic process [3],[5]. In[1], the second Kolmogorov equation (1) was solved by the Laplace transform
method for the parameter values Ay = A9. The same method was applied in [2] to solve the equations
of the Bartlett—McKendrick Markov epidemic process [4]. However, the expressions for the solutions
given in [1], [8], consisting of collections of multiple sums and products, are of little use for the study of
asymptotic properties of the random processes under consideration.

For the process (), define final probabilities for absorbing states (0,72,73), 72,73 =0,1,2,...,

[e.e]

(o1,02,03) 4. (ov1,002,003) 3 (o1,02,03)
9(0,72,73) —tll?gop(o,m%) (1), (a1,02,03) € N, Z 9(0,72,73) =1

~v2,73=0

The problem of determining the final probability distribution for a Markov process on N2 was solved
in[9]in the special case of a branching process when the transition probabilities are nonlinearly related
and the equation for the one-particle generating function of the transition probabilities [10] is known.

In the present paper, the Kolmogorov equations for the process £(t) are studied by using the
exponential generating function of the transition probabilities introduced in [2], and the calculation
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FINAL DISTRIBUTION FOR GANI EPIDEMIC PROCESSES 789

of the final distribution for the Markov process can be reduced to the solution of the stationary first
equation. Such a method for determining the final probabilities was applied to epidemic processes [3]
and other Markov processes on N and N? (see Chap. 3 in the survey [7]). Our examples of the solutions
of stationary Kolmogorov equations are of integral form (see expression (18) of the present paper) which
can easily be used to obtain limit theorems.

The asymptotic properties of the final distribution for the process £(t) are considered as ay — oo,
because the case in which, for ¢ = 0, the number of infected individuals is small and that of noninfected
ones is large [5] is of interest. The limit Theorem 2 belongs to theorems of “threshold” type [5], which
are applied to define the threshold number of infected individuals; exceeding this number means the
beginning of an epidemic.

Results similar to those given in the present paper were described in [11] for the parameter values
A1 = Do

3. THE STATIONARY FIRST KOLMOGOROV EQUATION

We introduce the generating function of the final probabilities

o0
_ § : (a1,02,038) 2 73
(I)(al,ag,ag)(82783) - q(07,\/2’,y3) 89”837, |52‘ <1, |53| <1,
v2,73=0

and the exponential generating function

al a2 a3

Z] %9" %3
m @(al,az,ag)(827 53). (2)

o0
O(21,20, 23152, 83) = D

ar,az,a3=0

Obviously, the functions @4, ay.a4)(52, 53) and ®(21, 22, 23; 52, 53) are analytic on the domain [s| < 1,
|ss| < 1 and, respectively, for any 21, 29, and zs.
As in Theorem 3.1 of [9], we can show that

@(Z17Z27Z3a 52, 33) - tll)IgOJ(t? 21,22, 23551,52, 33)

and ®(z1, 29, 23; 82, s3) satisfies the stationary first equation

Foaki 0% o0 9%*d 0o
)\122<821823 B 8z1822> + A2z <8—21 B 821823> + A3 <(I) B 8—zl> =0 (3)

Let us obtain conditions on the function ®(z1, 29, 23; s2, s3). It follows from the equalities for the final
probabilities

(0,a2,a3) __

(0,02,03) _ 4 07278) —

(0,a2,0:3) and

for ag # 9 or ag # 73, that

2522
. _ } : 2 %3
@(072’2723782,83) - (0 [ a3)(52783)
o | | ) )
2. (X3!
ag,a3=0
e az o3
_ E 22 ZS sagsag . ez282+z383
B 042! 043' 27 '
az,a3=0
For the initial states (ay,0,0), a1 = 0,1,2..., the final probabilities are
(a17070) _ (06170,0) _
Y000) =1 ~ and (O7278) —
for 9 # 0 or 3 # 0. Therefore,
o0 Zocl o0 Zal
) _ 1 _ 1
®(21,0,0;82,83) = E T P(a1,00)(52,83) = E F =€
Q. Q7.
a1=0 ag,a3=0
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790 MASTIKHIN

Thus, the linear partial differential equation (3) is considered under the boundary conditions
D(0, 22, 235 51, 82, 83) = €22THB - B(21,0,0; 51, 59, 53) = €. (4)

In this paper, we obtain a solution of problem (3), (4) satisfying the analyticity condition. To study
the questions of the existence and uniqueness of the solutions of equations of the form (3) is not the aim
of the present paper.

4. INTEGRAL REPRESENTATION FOR THE FUNCTION @4, 4, a5)(52,53)

Theorem 1. Let p = Xy /A and p = A3/ \1; let p # 1. The exponential generating function of the
final probabilities is

@(21,22,23;82,83)
00 e~PV _ oV
= / exp{—,tw + 29 <1 +(sg—1)e " —(s3— 1)71> + z3(1 + (s3 — 1)6"’”)}
0 pP—

pe PV — e~

y [M s ((32 S 1) — (55— 1) - ”) + 23(s3 — 1)Pe—pv]

x Jo(2v/—pz1v) dv, ()

where Jy(z) is the Bessel function of order zero.

Proof. The function (5)is found as a solution of Eq. (3),
0?® 0?® 0P
—( — — ) =— —ud=0. 6
2 8Z1622 (Z2 pZ3)6218Z3 (pZS N) 621 a 0 ( )
Consider the change of variables x = 21, y = y(22,23), ¢ = ((22,23); we introduce the function
U(x,y,(;s2,s3) given by
(21, 22, 23; 52, 83) = W(x,y(22, 23), ((22, 23); 52, 83).
Then the principal part of Eq. (6) becomes
0?2 Oy 0?2 o¢ 0%U 9y 0%U o¢
) (= ) (5 e
0xdy 0z 83:8( 029 0xdy 0zz3  0xd( Oz3

82\11 ¢ 0* Oy Oy
< (22 — PZ3)8Z > + 920y <Z28—Z2 — (22 — st)a—zg)- (7)

The first summand in ( eliminated because of the equality

oC oC
228—22 — (22 — ng)az3 0.

For the equation of first order, we obtain the first integral of the characteristic system and set

C(22,23) = exp{(p — D)z P25 — 2 "}
The coefficient in the second summand in (7) can be simplified by an appropriate choice of the
function y(z2, z3). With regard to the second of the requirements (4), we impose the following limit
condition on the change of variables:
Z2(y7 C) - 07 23(97 C) —0 as y— 0.
This implies the study of the cases p > 1 and 0 < p < 1 for which the choice of y(22, z3) is different.
(a) p > 1. The second summand in (7) can be simplified if the function y(z2, z3) satisfies the equation

0 0
22—y+p38y3

3 0.
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FINAL DISTRIBUTION FOR GANI EPIDEMIC PROCESSES 791
We obtain the general solution of the last equation and take the function

y(z2,23) = exp{—(p — 1)z, "2}
We have the change of variables and the inverse change:

r==z, y=exp{(l—p)z 2z}, ¢ =exp{(p— 1)z 2 — 2z, *}; (8)
a=z,  m=(=lngy)"0), 2 = fn_yp (—InCy)?/ 7). (9)

The limit condition imposed above holds.
Substituting (9)into (6) and (4) and carrying out appropriate transformations, we obtain the equation

rv_(_p o) 4 )0 | -
(p—l)ylnCyaxay—(p_llny(—lncy) +u>a—m+u‘lf—0 (10)

with boundary conditions

1
U (0,y,(;s2,83) = exp{(— InCy)/ Py — %(_m gy)f’/(l—p)sg}’
U(x,0,(;s2,53) = e”.

Further, the simplification of Eq. (10) is related to the summand with the first-order derivative: we make
the standard substitution [12]

\Il(aj> Y, <7 52, 83) = U(l’, y)g(y)v
where g(y) is a solution of the ordinary differential equation

d )
(p— 1)yln4y£ - <pf - Iny(—Iny)?/ 170 +u>g=0.

We take the particular solution

g(y) = (=In¢y)~H =P exp{(—ln Cy) /=) — pln_y (—In Cy)p/(l—p)}

1
and, after appropriate calculations, obtain the following equation for the function u(z, y):
0%u 1
+ u = 0.
oxdy ~ (p—1)ylnCy

Here it is necessary to define and to solve an auxiliary boundary-value problem for Eq. (11). Suppose
that yo > 0. We introduce the functions

_ ¥(z,0,¢; 52, 83) (0, — vo,(; 52, 83)
@ =——my YW= 9() '

Denote by u%(z,y) the solution of the hyperbolic equation (11) with boundary conditions on the
characteristics y = yg and z = 0,

u’(z,0) = p(x),  u(0,y) =p(y). (12)

(11)

Here
p(0) = lim 2)(yo) = w0)’

because lim,_.o ¥(0, y, (; s2, s3) = 1 by the limit condition.

The Goursat problem (11), (12) is solved by using the Riemann method [12], [13]. The Riemann
function R(x,y;x0,y0) is defined as a solution of the equation conjugate to (11) (coinciding with (11)
in our case)

0’R 1
+ R =0, 13
O0xdy ~ (p—1)ylnCy (13)
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792 MASTIKHIN

satisfying the conditions

x )
R(z,y0; 0, Y0) = eXp/ 0dr =1, R(zo0,y;%0,y0) = eXp/ 0dt =1 (14)

o Yo

on the characteristics y =yo and x = zy. By the substitution into Eq. (13) and verification of
conditions (14), we establish that the the Riemann function is

. _ L B In Cyo
R(z,y;20,90) = Jo (2\/ P 1(@ = 20)In Iy ) (15)
Using the method given in [13], the function (15) can be found in the form of the series
2. vix, y; 20, y0)(x — x0) (y — yo)’
R, 320, 0) = 3 i (2, Y3 o yo);'j' 0 (y = yo) (16)
= !

The series (16) is next substituted into Eq. (13) and the recurrence differential relation is solved for the
functions v;(z, y; o, yo) (see the proof of Lemma I in[11]).

The solution of problem (11), (12) is given by the Riemann formula (z > 0,y > o)
u’(x,y) = R(z,yo: 2, y)p(x) + RO, y; 2,y)9(y) — R0, yo; ,)(0)

’ 8R(7—7 yOaxay) /y 8R(O,t,a:,y)
- /== dr — | 2222 (¢ d;
/0 5y o(7)dr 5 5 v(t)d
integrating by parts, we obtain

0 _ R(0,y0;2,9) ® R(1,y0;x,y)e” Y ou(t) _
u(z,y) = T olyo) +/0 o) dT+/y o1 R(0,t;z,y)dt. (17)

0
Now let us pass to the limit as yg — 0. The explicit form of the functions (15) and g(y) implies

R(0, yo; x,y) R(T,yo; x,y)e”

i =0, lim = 0.
w=0  g(yo) (7))
Accordingly, as yo — 0, expression (17) for u®(z, y) yields the following solution of Eq. (11):
y
uey) = [ 20 0,12y at
g Ot
here
0(t) = lim 9(t) = (= In ¢ty (=r) exp{(SQ —1)(—=In )Y — (53 — 1)/)“l ! -(—1In Ct)p/(l_p)}.
Yo— _

After the substitution, we have

— /(1=p)—1
o) = [ EREET e s~ 1= 10— (52 = D2 (- g/ |

X

pet (s2 = (= ¢t) /07 — (55 - 1) <<— In ¢/ S BT incry! (H)>]

1
7 In(t
X J0<2\/ P 13;111 InCy ) dt

(the convergence of the improper integral is obvious; p > 1). After the change of the variable of
integration v = In(In¢t/InCy)/(p — 1) (i.e., In¢t = e~V 1Iny, dt/t = (p — 1)elP~ DV InCy dv), we
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obtain

u(z,y) = /OOO e M (—1In Gy)/ (=) GXP{(SQ —1)e (= InCy)/0P)

e~V 1n ¢y —In¢ .

—(s3—1) P

(—In (y)ﬁ/(l_P)}

X |+ (s2 —1)e V(= InCy)Y P — (53— 1) <e—v(_ In ¢y) /(=)

N p(e(p—l)i;)lig;y —1In() .

(—In Cy)p/(l_p)>] Jo(2y/—pav ) do.

Further, ¥(z,y, (; s2,s3) = u(z,y)g(y) and, returning from the variables x, y, ¢ to the variables z1, 2o,
z3 according to (8), we obtain expression (5).

The passage to the limit as yo — 0 requires justification; however, substituting expression (5) directly
into Eq. (6) and verifying conditions (4), we see that (5) is a solution of problem (6), (4). The analyticity
requirement of the solution by the variables z1, 2o, 23 is met, while the uniqueness of the solution (5) is
implied by the fact that the solution is analytic (see [13], [3]).

(b) 0 < p < 1. We use the change of variables

_ _ -1 _ _ _
=2z, yzexp{—(p—l)zsz;),—Fz; p+Pp zzp}, Czexp{(p—l)zQ’)z;),—z; "1

p —-1/p 1 p (p=1)/p
7=, Zo= < lnCy) , 23 = <IDC+ ( lnCy) >
p—1 plnCy p—1

The following limit condition related to (4) holds:

22(3/7 C) - 07 23(y7 C) —0 as y— 0
After the substitution into (6) and (4), we obtain the equation

92y 1 (p=1)/p O
U(z,y,(;s2,83) = pylnCyaxay - (m <lnC+ <pf 1 lnCy> > - u>8—x —p¥ =0

with boundary conditions

-1/p (p=1)/p
¥ snsn) = (£20) Tt (e (2 ) mer) " lomcns .

U(z,0,(; s2,s3) = e”.

Further, the solution (5) is obtained just as in case (a). The expression for the Riemann function
coincides with (15) (instead of p — 1 we have p). Theorem 1 is proved. O

Corollary 1. For the Markov process &(t), the generating function of the final probabilities (p # 1,
a1 # 0)is as follows:

P (s2,89) = 2 [Tyt
(onene (52:58) = T0 T fy e

PV _ o

X <1 + (s2—1)e7" —(s3— 1) P >a2(1 + (s3—1)e P")* dv. (18)
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Proof. The generating function (2) can be expressed as

00 01 5% 5% L0102
. _ 1 )
(21, 22, 23; 82, 83) = E T P(a1,00)(52,53) + E E 7 P(a1,02,0) (52, 53)
Q. Q1. Q9!
a1=0 a1=0a2=1

Z Z Z
+ Z Z Z a11'a22'§3 (a1,0s0) (52, 53)- (19)

a1=1az=0a3=1

To reduce expression (5) to a similar sum, we use the expansions

X (/) | = (4
et —1 ? az3 e
Jo(2) ;:O( ) G and e’ (b+cz3) =b+ ]221 i
it then follows from (5) that

q>(217 22, Z3a 52, 83)

M e—pv _ e—v
- S oo (1 - 0t - - )
041'041 P — 1

—-pv _ =V
X [,u + 22 ((32 —1)e ¥ —(s3— 1)%)] dv
a1 o

ut 2y 2t
Py Y e

a1=0a3=1

oo PV _ o~V
X / v exp{—/w + 29 <1 + (s2—1)e™" — (s3 — 1)71>}
0 p—

<M + 29 ((82 — e — (s3 - D%))

X (14 (s3—1)e?")* + az(ss — 1)pe P (1 + (s3 — 1)e_p”)0‘3_1] dv. (20)

<.

>(baj +jcaj_1);

In the first summand, we substitute the expansion
>, ok
e"?(b+cz) =b+ Z X (ba® + kea®™1);

k=1
further, in the resulting expression, the integral is split into two integrals and the second of them is
integrated by parts. In the second summand in (20), the integral is split into two integrals and the
second of them is integrated by parts (taking into account the cases a; = 0 and a; > 0); further, in the
resulting expression, we substitute the expansion

As a result of the transformations, from (20) we obtain

a1 oo
_z 2989+238 lu’ Z Z2

D (21, 29, 23; 52, §3) = € + €72°2 33—1+E E —

041 041—1).042.

a1=1as=1

00 e PV _ g7V a2
X / vl (1 + (s —1)e™" — (s3 — 1)71> dv
0 P
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al 02

uo 2 252 2
D ID PP P & &

a1=1a2=0a3=1
o) —pv __ =V X2
X / Tl <1 + (s —1)e™" — (s3 — 1)¥>
0

X (14 (s3—1)e™")* dv.

In the resulting series and the series (19), equating the coefficients of the identical powers of z1, 22, 23,
we obtain the integral representation (18). Corollary | is proved. O

5. THE ASYMPTOTIC PROPERTIES OF THE FINAL DISTRIBUTION

In the special case under consideration, particles of types T and T3 are said to be final[10]. Denote by
pSe102:93) tha random number of particles of type T and by n(o‘l’a2’o‘3) the random number of particles
of type T» that remain after the termination of the epidemic process, i.e., there no longer remain any

particles of type Ty. The random vector (77&“““27&3) n§a17°‘270‘3)) has the probability distribution

{alon2), (1273) € N2,

which is defined by the generating function (18). For the expectations, as as — o0, we obtain
Engal’a2’a3) _ 8(1)(011700,013)(17 1) _ a2< 1 >a1’

0s9 w41

E’I’](aha%ag) _ 8@(011,042,013)(17 1) - aQ 1% “ _ L o
3 s p—1\\p+1 [+ p '

The calculation of the variances leads to the following asymptotic formulas as ay — o0:

Dn(ahag,a;;) _ 82(1)(a17a2,a3)(17 1) 4 8q>(a17a2,a3)(17 1) _ aq)(al,agpcg)(l’ 1) 2
2 0s3 059 0s9

o 2a1
2 M H
~ a2 _— —_ _— s
(=) -G3) )
2 (o5} aq a1
o () o) ()
(p—1)*\\p+2 ptp+1 1+ 2p
() o) - (5) )
p+1 (n+1)(p+p) w+p
Using the explicit expression (18) for the generating function of the probability distribution on N2 and

applying the Laplace transform to derive the limit theorems [14], [10] in the standard way, we obtain the
following statement.

Theorem 2. Suppose that x1,z9 € [0,1]. Then (p # 1, a; # 0)
77(01170527055) 7](0&1,012@53) 1 9
lim P{27 <ay, B— < 962} :/ / f(y1,y2) dy1 dys;
e%) 6% o Jo
the two-dimensional Laplace transform for the probability distribution density f(x1,x2) is of the
form (Ay >0, A2 > 0)
F(A,ho) = / / e~ MIITNE £ (g0 30) dy dixs
o Jo
a1

= h /oo p—Lgmrv=Are F Ao (em M —e) /(p=1) g (21)
1— 1) Jo
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Remark. The two-dimensional distribution density can be expressed as

—(z1+x o Anm
fla1,m9) = e~ (@1F72)/2 Z;) Z:O e Ly (x1)Lm(x2), x1 >0, 23>0, (22)
where L, (z),n=0,1,2,...,is the Laguerre polynomial and
Apm al_lllz;;) ’L']' /0

% (—1) <6_p - 6_”>36—(z‘+mv—(1/2>ev+<1/2>(epv—ev>/(p—1> do.
p—1

The expansion in Laguerre polynomials is standard in operator calculus. Expression (22) can be
verified by directly calculating the Laplace transform (22) taking into account the equality (A > 0)

o0 L /A—1/2\"
~(A+1/2)x __" —
/0 e Ly(x)dx )\+1/2<)\+1/2> ) n=20,1,2,...,

and using the Taylor series expansion (|p1| < 1, |p2| < 1)

F((1/2)(1+p1)/(1 = p1), (1/2)(1 + p2) /(1 — ps)) ~
(1-p)Q —pz) Z Z AnmP1Py" s

n=0m=0
™) 9HIF(1/2,1/2)
Anm = ZZ Z']' 8)\7, 8)\] ’
i=0 j=0 1043
The random variables néal’”’%) and néal’”’%) have the distributions defined by the generating

functions @ (4, 4y a4)(52,1) and @4, 4, a4)(1, 83). Accordingly, by setting Ao = 0 or Ay = 0in (21), we
obtain corollaries for the one-dimensional distributions.

Corollary 2 ([3]). Suppose that x € [0,1]. Then

(a1,02,03) al 00
lim P{in2 < m}: 7( a / y 1T dy.

Q2—00 (0%)] a1 — 1)' —Inz

Consider the function
r(y)=—(e—-eY)/(p—-1), yel0,00).

The function z(y) is increasing on [0, o] and decreasing on [yg,o0), yo is the point of maximum,
and xg = x(yo) < 1. On the closed interval [0, 2], the inverse functions yi(x), y1(0) = 0, and ya(z),
lim, 0 y2(z) = oo, are defined; moreover, y;(z¢) = y2(xo).

Corollary 3. Suppose that x € [0, xzg]. Then

77(04170427043) Mal y1(z) 0o
lim P{i?’ < x}: 7</ y ey dy+/ y ey dy).
az—00 o (a1 — D'\ y2(x)

Consider the case of the coordinated convergence of ag and a3 to infinity. Relation (18) implies the
following limit theorem.

Theorem 3. Suppose that ay — o0, ag — 00, and the ratio as/as tends to s, where 0 < 3 < .
Suppose that x1,x9 € [0,1]. Then (p # 1, aq # 0)

77(0117052,013) n(aho@yad
lim P{27 <z, B <9C2} / / f(y1,y2) dy1 dyo;

ag—00
a3—00 a2 a2
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the Laplace transform for the probability distribution density is of the form (A1 > 0, Ay > 0)

10.
11.
12.

13.
14.

F(>\1,)\2)=/ / e NI f () 9) day dwy
0 0
- ”C”l)' / % =Ly ir=Are Ao (e P (1= se(p—1)) =)/ (0=1) gy
1= +JO
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