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BRANCHING PROPERTY FOR A POISSON-TYPE DEATH PROCESS

A. V. Kalinkin (Moscow, Russia) UDC 519.2

A generalized branching property for the transition probabilities of a Poisson-type pure death process is obtained.
1. Definition of a Pure Death Process
Let &, t € [0,00), be a time-homogeneous Markov process with state space {0,1,2,...}. Denote by
Pity=P{&=jlé =1}, 45=01,...,
the transition probabilities of £;. Assume that
P;i1(t) = pat + o(t), Py(t)=1-pt+o(t) as t—0,

where po =0, u; >20,1=1,2,....
For this pure death process &, the exact formulas for the transition probabilities are known:

Poi(t) =463, j=0,1,..., P(t)=0, j>ix>1,

e—m-t

Bjt)=n j<i

AL kZ:, (pi — px) - (k41 — i) (Me—1 — pe) - (#j - l‘k)’

Here and in what follows, we use the Kronecker symbol

5{_{1, if i = j,
T 1o, ifi#j

<.

2. Kolmogorov Equations for the Generating Function of the Transition Probabilities
Introduce the generating functions of the transition probabilities:
b .
Fit;s) =Y P;®t)s’, i=0,1,..., [s|<1.
=0

Assume that f(s) is analytic at 0:
fls) = Z a;s’.
=0

Consider the Gelfond-Leontiev operator of the generalized derivative:
oo
D.(f) = au;s’".
j=1

The second (forward) system of Kolmogorov differential equations for the transition probabilities P;;(t) of & can be
written more compactly by means of the generating functions and the operator of the generalized derivative:
OF;
5= -9)Dy(R),
with boundary condition F;(0,s) = s'.
Indeed, the second Kolmogorov system of equations for a pure death process has the form

dP;(t dP;(t .
dot( ) = Py (t)p, —djt_(—) = —P;()p; + Pijr1(Opsn, 7=12....
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We have the chain of equalities

Z RJ (t)#J‘SJ + z -Pz J+1 (t)u1+137

j=0 i=1 =0

oo

=53 Py(thys ™ + iPﬁ(t)u,-sf" = —sD,(F) + Dy(F,) = (1 - s)D(F).

i=1 =1

3. Branching Property for a Linear Death Process

In the case of a linear death process, i.e., when p; = iu (g > 0),

d

D, = /J';i";v

we have the partial differential equation ({1, Chap. 1, §4, Theorem 5))
OFi(t;s) _ OF(t; s)
il Uy
with boundary condition F;(0,s) = s'.
In the linear case, the exact formulas for the transition probabilities have the form

P;(t)y=0, j>i,
Py(t) = CI(L - e ™) (™M), j<i.
Here, the branching property takes place:
Fi(t;s) = Fi(t;s), i=0,1,...
(see [1, Chap. 1, §1, (5)]), where
Fi(t;s) = 1 — et 4 ge™#
(see [1, Chap. 1, §8, Ex. 2]).

4. The Results
For a Poisson-type death process, i.e., when po =0, u; = u,i=1,2,...,

(L8 =10

S

D,(f) =

we have (see [6]) BFi(t,s)
(¢, s

5t =#(1—3)M_—Fi_(t;o)_

s

with boundary condition F;{0,s) = s'.
In the Poisson case, the exact formulas for the transition probabilities P;;(t) are
ut

_ —pt  Eo—wt L MTT
Po(t)=1,  Po(t)=1-e™ —re™ G-1i°

t)i—I
Rj(t)=gf_)j)ge‘“3 1<j<é, Py()=0, j>i

THEOREM 1. For a Poisson-type death process & (i = 0,1,...; w? = —1)

® J eut(uz—l) J dr
F,-(t,s)=1+‘/<2ﬂ_w?{{/ (z,n,u; s)],] 77] — u) s
0
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where
l1-z l1-=z

+s
1419 l1+7

1
o(z,n,u;8) = e

is a linear function in s.

In (2) and in the arguments below, we use the following notation for a function of several variables:

(H(z,w )l = 20

The proof of Theorem 1 is based on direct calculations of transition probabilities (1). Indeed, we note that (2) is
equivalent to the equality

1

o 1 7 if1 1—z\"7/1-z\7 ! emt(uz=1) L.

. ($) = §9 _— N - duldx <1

P;(¢) 61-{—/(2”“)% C] u+n1+n T 7 ,,dnz " u)dr, j<i
0

0 0+

Calculating the integral above, for j > 1 we obtain

. i-j 77! opt(ux—1)
(Bt - )
2mTw u - u

tu

1 1 L
- 1 i iy ekt - . jo1 {ptx)™?

=e [ [ — 4 iCi(1 -2y '——du)dr=e* | jOI(1 -2y 1T gy
e 0/(27rw ?{JC‘(I z) =5 u) e O/J (1 — 1) -

0+

(B~ _ )7,
=3 -9

=e ¥ CIBE -7+ 1,7)

Here, for integer positive n and m

(n—1){m -1}

1
B(n,m) =/-’f""1(1 —a)" Tz = (n+m-1)
0

is the beta-function. Calculate Py(t) for i > 1:

1

L f[TI(1 . 1-2\7 ] estle=
o (0) = L 1 dn| ———d
roer =1 [ (o || miss) | o] =)
+ 0

0 0

1 . .

1 1 ut{ur—-1)

o[l - Q)] )

2mw u u z u
0 0+

1 .
i=1_pt(uz—1)
=1—/<ﬁfi(%+l—z) e—u—du)dx
0 0+
1 i-1 k
1 1 : grtuz
_ —ut ; k i-1-k
_l—e“/(mfz(zq_l(;> (1-2z) ) " du)d:z:
0

0+ k=0
1 i—-1 ( tI)k
=1 _e'“‘/i( ck.a —z)""-""T> dz
° k=0 :
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—nt = k (l“ ) —ut #t -t (l“t)‘—
=1-e™Y iCE Bk+1,i~k)—=—=1-e ~Te -.-.-(1_1)'
k=0 ’

Calculation of Pyo(t) gives us the value 1.

To obtain (2) one can consider the exponential (double) generating function (see [3]) of the transition probabilities
Py;(t) and use a special summation formula of the Bessel function theory {9].
5. Branching Property for a Square-Type Death Process

We recall the main results of [4] and [10].
In the case of a square-type death process, i.e., when y; = i(i — 1),

D, = #Sa?,

we have the following second-order partial differential equation (see [2; 3, Theorem 1; [5]):

OFi(t;s) 2. 2Fi(t;s)
o M) e ®
with boundary condition F;(0,s) = s'.
In the square case, the exact formulas for the transition probabilities P;;(t) have the form

P(t)=48i, i=0,1, j=0,1,..., P;(t)=0, j>i>2,  Pp(t) =4,

—1" D32k - 1)(k+j~2)! _ ut. o
Ps) = )1 Z((z—-) )'Ez+k—l)'(lg e 1SS @

The integral representation for the transition probabilities P;;(t) given in [4] is analogous to representation (2).

THEOREM 2. For a 'square-type pure death process & (i = 0,1,...; w? = —1) the following relation is valid:
o0
et/ 2 dn !
CERINLly P [ [F N SRS 14 PR
(t:s) Wer %y \ 370 ¢ (n,y5) =) Y. (8)

cos 2v

where

e(n,y;s) =

(n=-1/2-(V1-2ny+7n?)/2+s
n

is a linear function in s.
Thus, for 7 < 7 the transition probabilities can be written as

Py(t) =87 + et/ e~V /(ut) /
i 37 9 forut NG —cosﬁv

cos 2v

) 1 — 2\ i—J J ’
(o f (5 ) () =) 4]
27Tw0+ 2n ] 1-2ny+n? v

To prove Theorem 2 one should evaluate the integral above and arrive at (4) for the transition probabilities in
question. The integral with respect to 7 is calculated by means of the generating function of Legendre polynomials

1 f 1 dn
27rw0+ \/7_ 2ny + .’72 nn+11

P.(y) = n=0,1,...,

and gives a linear combination of Legendre polynomials. Having done this, one can use the standard integrals

1
2k — P._1(y)dy
2\/_ vy —cos2v’

cos 2v

sin(2k — L)v =
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oo
eyt/‘t _
e—k(k=Dut _ W / e~V /() cog(2k — v dv.
—o0
In particular, for j = i,i — 1,i — 2,..., by simple calculations we get the following formulas for the transition
probabilities:
Rx(t) - e—i(i—l)pt’
Piiai(t) = %(e—(i—l)(i—2)pt _ e—x’(i—-l)ut)’
P '_g(t) - 1'(2 - 1) ((z _ l)e—(i—2)(i—3)ut _ (21 _ 3)8—(1'—1)({—2)“2 + (l _ 2)e—i(i—l)ut)
4(2i - 3) '
and so on.

Formula (5) is obtained as the exact close solution of the parabolic equation (3). The method of separation of
variables and summation formulas of the special function theory (see [10]) are used.

6. Discussion

Recall an assumption in [4]: the transition probabilities of any pure death process have the following nonlinear
property: ]
Fi(t;s) =E(X: + sY3)', i=0,1,..., (6)

where X;,Y; are some correlated processes. This assumption is based on the de Finetti—-Khinchin theorem on the
randomization of an infinite sequence of symmetrically dependent random variables (see [8, Chap. 7, §4]).
Counsider a pure death process £,. The process & stays at the initial state i for a random time 7; with distribution

P{r <t} =1-e"%t

At time 7; the process jumps to the state i — 1 and evolves further in a similar way.

We consider the initial state i of the process as the existence of i particles of type T (see [2]). The transition of the
process to the state i — 1 is treated as the death of one particle from a collection of i particles. We obtain a random
number p((t) of descendants for every initial particle I (I = 1,...,1; 4¥)(¢) is a random variable taking values 0 or 1).
Here, the following relation holds:

& =pD() + () +--- + u(t)

(compare with the analogous relation in [1, Chap. 1, §2]). Assume that p{¥(t), ! = 1,...,4, are symmetrically dependent
random variables (interchangeable random variables). Then it follows from de Finetti~Khinchin theorem that the
branching property for the randomized transition probabilities of the pure death process is expressed by (G) for the
generating functions.

7. Concluding Remarks

We call the integral representation (G) the generalized branching property.
In applications [7], the derivation of the generalized branching property is of interest for a polynomial-type process,
i.e., when p; = #u, 0 < p < 1. This derivation will be given in subsequent papers.
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