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Abstract. Simple integral representations are obtained for the absorption probability at a
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1. Random walk Sn in a quadrant. Let N2 = {(α1, α2), α1, α2 = 0, 1, . . . }
be the state set of a homogeneous random walk Sn, n = 0, 1, . . . . Denote by

P
(α1,α2)
(β1,β2)

(n) the transition probabilities of the walk in n steps. Assume that the tran-

sition probabilities in one step equal

P
{
Sn+1 = (β1, β2) | Sn = (α1, α2)

}
= pβ1−α1+1,β2−α2+1

if α1 > 0, α2 > 0, β1 − α1 + 1 � 0, β2 − α2 + 1 � 0;

P
{
Sn+1 = (α1, α2) | Sn = (α1, α2)

}
= 1

if α1 = 0 or α2 = 0. Here a probability distribution{
pγ1γ2 � 0, (γ1, γ2) ∈ N2;

∞∑
γ1,γ2=0

pγ1γ2 = 1, p11 = 0

}

is specified. Figure 1, case (a) shows possible jumps of the random walk Sn from a
state (α1, α2). Introduce the generating function

h(s1, s2) =

∞∑
γ1,γ2=0

pγ1γ2
sγ1

1 sγ2

2 .
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1.1. Absorption probability problem. The states{
(γ1, 0), (0, γ2) : γ1, γ2 ∈ N

}
are absorbing for Sn. The absorption probabilities are equal:

q
(α1,α2)
(γ1,0)

= lim
n→∞P

(α1,α2)
(γ1,0)

(n), q
(α1,α2)
(0,γ2)

= lim
n→∞P

(α1,α2)
(0,γ2)

(n),(1)

(α1, α2) ∈ N2 (by symmetry it suffices to have expressions for probabilities q
(α1,α2)
(0,γ2)

).

The problem of finding the absorption probability at point (0, γ2) was investigated
by many authors. In [1] the algebraic groups related to random walks in a quad-
rant are described and investigated, and analytical methods are developed for the
Wiener–Hopf equations to solve various problems concerning multidimensional ran-

dom walks. Report [5] provides an integral representation for q
(1,α2)
(0,γ2)

in the symmetric

case h(s1, s2) = p01s
2
1s2 + p10s1s

2
2 + p10s1 + p01s2. If h(s1, s2) = p22s

2
1s

2
2 + p21s

2
1s2 +

p12s1s
2
2 + p20s

2
1 + p02s

2
2 + p10s1 + p01s2 + p00 (Figure 1, case (b)), then the desired ex-

pression for the probabilities (1) contains elliptic functions (see [1]). Survey [3] assigns
to type 3 (b) the problem of finding the absorption probability at the boundary for
a random walk Sn. Malyshev mentioned in [3, p. 21] that “the machinery developed
by him can be used to solve partial differential equations with constant coefficients in
the quadrant R2

+.”
A differential equation of such form for a problem of type 3 (b) is deduced in

section 2. This is partial differential equation (4) with conditions (5) at the boundary
of the quadrant R2

+. Equation (4) specifies the form of integral representation (9)

for the probabilities q
(α1,α2)
(0,γ2)

. Theorems 2–4 give, basing on the system of functional

equations (16) and (17) deduced in section 3, expressions of form (9) for probabili-
ties (1) under special restrictions on h(s1, s2). In a similar way one can derive by (16)

and (17) integral representations for the probabilities q
(α1,α2)
(0,γ2)

in the cases h(s1, s2) =∑∞
k=0 s

k
1hk(s1s2), h(s1, s2) =

∑∞
k=0 s

k
2hk(s1s2), where hk(s), k = 0, 1, . . . , are positive

generating functions. A formula of form (9) for the case h(s1, s2) = p20s
2
1+p02s

2
2+p00

given in Theorem 5 was deduced by immediately solving (4). The restricted size of
this paper does not allow us to give the same derivation (see Remark 3) expressing

the probabilities q
(α1,α2)
(0,γ2)

in the cases h(s1, s2) = p20s
2
1 + p02s

2
2 + p10s1 + p01s2 + p00

and h(s1, s2) = p22s
2
1s

2
2 + p21s

2
1s2 + p12s1s

2
2 + p20s

2
1 + p02s

2
2. The author failed to get
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exact integral representations for probabilities (1) for an arbitrary generating function
h(s1, s2); the set of particular cases we have considered allows us to make a hypothesis
that such an analytic expression of form (9) exists.

In a recent paper [6] Mogulskii and Rogozin applied the factorization method to
the general random walk in the quadrant R2

+. In particular, they found asymptotic
formulas for the exit probability of the random walk from the positive quadrant when
the exit moment and the location of the exit point tend to infinity.

The exponential representations for the functions ϕ1(s), ϕ2(s) we consider follow
from the results of [6, Part I] (see expressions for Vz+(λ), Vz−(λ), and v(z, λ) in [6,
Part I]).

2. Branching process with two types of particles and one type of inter-
action [4]. Consider a time homogeneous Markov process µ(t) = (µ1(t), µ2(t)) on
the phase space N2 with continuous time t, t ∈ [0,∞), and transition probabilities

P
(α1,α2)
(β1,β2)

(t) = P{µ(t) = (β1, β2) |µ(0) = (α1, α2)}.
Let, as ∆t → 0, the transition probabilities have the form (λ > 0)

P
(α1,α2)
(α1,α2)

(∆t) = 1− α1α2λ∆t+ o (∆t),

P
(α1,α2)
(β1,β2)

(∆t) = pβ1−α1+1,β2−α2+1α1α2λ∆t+ o(∆t)

if α1 �= β1 or α2 �= β2. Introduce the generating functions for the transition probabil-
ities (|s1| � 1, |s2| � 1)

F(α1,α2)(t; s1, s2) =

∞∑
β1,β2=0

P
(α1,α2)
(β1,β2)

(t) sβ1

1 sβ2

2 , (α1, α2) ∈ N2,

G(β1,β2)(t; z1, z2) =

∞∑
α1,α2=0

zα1
1 zα2

2

α1!α2!
P

(α1,α2)
(β1,β2)

(t), (β1, β2) ∈ N2,

and the differential operator

h

(
∂

∂z1
,
∂

∂z2

)
=

∞∑
γ1,γ2=0

pγ1γ2

∂γ1+γ2

∂zγ1

1 ∂zγ2

2

.

The second (direct) system of Kolmogorov differential equations for µ(t) is equivalent
to the linear partial differential equation of the second order (see [4])

∂F(α1,α2)(t; s1, s2)

∂t
= λ(h(s1, s2)− s1s2)

∂2F(α1,α2)(t; s1, s2)

∂s1∂s2

with the initial condition F(α1,α2)(0; s1, s2) = sα1
1 sα2

2 . The first (backward) system of
Kolmogorov differential equations for µ(t) is equivalent to the linear equation (see [4];
compare with [18, Theorem 1])

∂G(β1,β2)(t; z1, z2)

∂t
= λz1z2

(
h

(
∂

∂z1
,

∂

∂z2

)
− ∂2

∂z1∂z2

)
G(β1,β2)(t; z1, z2)

with the initial condition G(β1,β2)(0; z1, z2) = zβ1

1 zβ2

2 /(β1!β2!).
The event {µ(t) = (β1, β2)} for this branching process is treated as the existence

at moment t of β1 particles of type T1 and β2 particles of type T2 (male and female
individuals [4], [8]). Let vector (α1, α2) be the initial state of the process. One may



472 A. V. KALINKIN

assume that the interaction of a type T1 particle with a type T2 particle occurs after
a random time τ(α1,α2), P {τ(α1,α2) < t} = 1− e−α1α2λt. This pair of particles trans-
forms, independently of the other particles, into a new group consisting of γ1 particles
of type T1 and γ2 particles of type T2: T1 + T2 → γ1T1 + γ2T2, in accordance with
the probability distribution {pγ1γ2}. As a result the process passes to the state cor-
responding to the vector (α1 + γ1 − 1, α2 + γ2 − 1). The subsequent evolution of the
stochastic process proceeds in a similar way. The branching process µ(t) may degen-
erate in one of the absorbing states belonging to the set {(γ1, 0), (0, γ2) : γ1, γ2 ∈ N}
(particles of only one type remain and, therefore, interactions T1+T2 are impossible).

2.1. Stationary first equation for the exponential generating function.
It follows from the description of µ(t) that observing µ(t) only at the moment of
changing its states we get an “embedded Markov chain,” which coincides with the
random walk Sn we have introduced in section 1. The extinction probability of µ(t)
coincides with the absorption probability of Sn under one and the same initial condi-
tion (compare with [2, Chap. 2, section 1, Theorem 1]):

q
(α1,α2)
(γ1,0)

= lim
t→∞P

(α1,α2)
(γ1,0)

(t), q
(α1,α2)
(0,γ2)

= lim
t→∞P

(α1,α2)
(0,γ2)

(t), (α1, α2) ∈ N2.

We introduce the exponential generating function for q
(α1,α2)
(0,γ2)

:

g(0,γ2)(z1, z2) =

∞∑
α1,α2=0

zα1
1 zα2

2

α1!α2!
q
(α1,α2)
(0,γ2)

.(2)

Clearly, g(0,γ2)(z1, z2) is an analytic function in variables z1 and z2, since

∣∣g(0,γ2)(z1, z2)
∣∣ � ∞∑

α1,α2=0

|z1|α1 |z2|α2

α1!α2!

∣∣q(α1,α2)
(0,γ2)

∣∣ � e|z1|+|z2|.(3)

Similarly to Theorem 2 in [18] one can show that

g(0,γ2)(z1, z2) = lim
t→∞G(0,γ2)(t; z1, z2)

and that g(0,γ2)(z1, z2) satisfies the stationary first equation[
h

(
∂

∂z1
,

∂

∂z2

)
− ∂2

∂z1∂z2

]
g(0,γ2)(z1, z2) = 0.(4)

Consider the absorbing states (0, γ2), γ2 = 1, 2, . . . . By means of the evident

equalities for absorption probabilities q
(0,γ2)
(0,γ2)

= 1, q
(0,α2)
(0,γ2)

= 0 if α2 �= γ2; q
(α1,0)
(0,γ2)

= 0

if α1 = 0, 1, . . . , we deduce the needed conditions at the boundaries z1 = 0 and z2 = 0
of R2

+:

g(0,γ2)(0, z2) =
zγ2

2

γ2!
, g(0,γ2)(z1, 0) = 0.(5)

The respective boundary conditions g(0,0)(0, z2) = 1, g(0,0)(z1, 0) = 1 for the
absorbing state (0, 0) can be found similarly to the derivation of (5).
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2.2. On the integral representation for the probabilities q
(α1,α2)
(0,γ2)

. One

can find in survey [3] a list of papers dealing with the boundary problem of type (4), (5).
Considering problem (4), (5), i.e., the problem of finding an explicit expression for
g(0,γ2)(z1, z2), one can apply some approaches borrowed from the general theory of
linear partial differential operators with constant coefficients [11]. The characteristic
equation for (4) is

h(s1, s2)− s1s2 = 0(6)

(cf. [2, Chap. 2, section 1, equation (9)]). Let ϕ1(s2), ϕ2(s1) be the functions specified
by the characteristic equation h(ϕ1(s2), s2)−ϕ1(s2) s2 = 0; h(s1, ϕ2(s1))−s1ϕ2(s1) =
0. The “general solution” of (4) has the form (see [11, section 2] for the exponential
representation of the solutions of partial differential equations)∫

Q

ez1ϕ1(s2)+z2s2 µ1(ds2) =

∫
Q

ez1s1+z2ϕ2(s1) µ2(ds1),(7)

where µ1(ds2) and µ2(ds1) are measures concentrated on Q = {(s1, s2) : h(s1, s2) −
s1s2 = 0}. Indeed insert, for instance, the first of the expressions in (7) into (4). After
formal calculations we obtain[

h

(
∂

∂z1
,

∂

∂z2

)
− ∂2

∂z1∂z2

] ∫
Q

ez1ϕ1(s2)+z2s2 µ1(ds2)

=

∫
Q

[
h

(
∂

∂z1
,

∂

∂z2

)
− ∂2

∂z1∂z2

]
ez1ϕ1(s2)+z2s2 µ1(ds2)

=

∫
Q

ez1ϕ1(s2)+z2s2
(
h(ϕ1(s2), s2)− ϕ1(s2) s2

)
µ1(ds2) = 0.

By (7), the exponent expansion

ez1s1+z2s2 =

∞∑
α1,α2=0

zα1
1 zα2

2

α1!α2!
sα1
1 sα2

2 ,(8)

definition (2) of generating function g(0,γ2)(z1, z2), and taking into account that the
measures in (7) depend on boundary conditions (5), we conclude that the desired
expression for the absorption probability at point (0, γ2) has the form

q
(α1,α2)
(0,γ2)

=

∫
Q

ϕα1
1 (s2) s

α2
2 µ1

(0,γ2)
(ds2) =

∫
Q

sα1
1 ϕα2

2 (s1)µ
2
(0,γ2)

(ds1).(9)

3. Functional equation system for the generating function of absorption
probabilities. Introduce the generating functions

Φ
(α1,α2)
1 (s) =

∞∑
γ1=0

q
(α1,α2)
(γ1,0)

sγ1 , Φ
(α1,α2)
2 (s) =

∞∑
γ2=0

q
(α1,α2)
(0,γ2)

sγ2 ,

(α1, α2) ∈ N2 (analytic within the circle |s| � 1). We need auxiliary notation to

deduce the needed system of equations for Φ
(α1,α2)
1 (s), Φ

(α1,α2)
2 (s).
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3.1. Random walk Ŝn in the right half-plane. Random walk S̃n in the
upper half-plane. Introduce a random walk Ŝn, n = 0, 1, . . . , on the set N × Z =

{(α1, α2) : α1 ∈ N, α2 ∈ Z}, where Z = {. . . ,−1, 0, 1, . . . }. By P̂
(α1,α2)
(β1,β2)

(n) we denote

the transition probabilities in n steps. The transition probabilities in one step are as-
sumed to be equal to P{Ŝn+1 = (β1, β2) | Ŝn = (α1, α2)} = pβ1−α1+1,β2−α2+1 if α1 > 0

and β1 − α1 + 1 � 0, β2 − α2 + 1 � 0; P{Ŝn+1 = (α1, α2) | Ŝn = (α1, α2)} = 1 if

α1 = 0. The states {(0, γ2) : γ2 ∈ Z} are absorbing for Ŝn. Clearly, the limits

q̂
(α1,α2)
(0,γ2)

= limn→∞ P̂
(α1,α2)

(0,γ2)
(n), (α1, α2) ∈ N × Z, γ2 ∈ Z exist (the absorption

probabilities at the boundary points (0, γ2)).

In a similar way we define a random walk S̃n, n = 0, 1, . . . , on the set Z ×N =

{(α1, α2) : α1 ∈ Z, α2 ∈ N}. By P̃
(α1,α2)

(β1,β2)
(n) we denote the transition probabili-

ties in n steps. The transition probabilities in one step are assumed to be equal to
P{S̃n+1 = (β1, β2) | S̃n = (α1, α2)} = pβ1−α1+1,β2−α2+1 if α2 > 0 and β1−α1+1 � 0,

β2 − α2 + 1 � 0; P{S̃n+1 = (α1, α2) | S̃n = (α1, α2)} = 1 if α2 = 0. The states

{(γ1, 0) : γ1 ∈ Z} are absorbing for S̃n. The limits q̃
(α1,α2)
(γ1,0)

= limn→∞ P̃
(α1,α2)

(γ1,0)
(n),

(α1, α2) ∈ Z×N, γ1 ∈ Z exist. Introduce the functions

ϕ
(α1,α2)
1 (s) =

∞∑
γ2=−∞

q̂
(α1,α2)
(0,γ2)

sγ2 ,

(α1, α2) ∈ N× Z, ϕ1(s) = ϕ
(1,0)
1 (s);(10)

ϕ
(α1,α2)
2 (s) =

∞∑
γ1=−∞

q̃
(α1,α2)
(γ1,0)

sγ1 ,

(α1, α2) ∈ Z×N, ϕ2(s) = ϕ
(0,1)
2 (s).(11)

Series (10) and (11) are Laurent series [9]. Let ϕ1(s) be convergent in a ring
r2 < |s| < R2 and let ϕ2(s) be convergent in a ring r1 < |s| < R1. Note that ri � 1 �
Ri, i = 1, 2.

3.2. Deduction of a system of equations. Further, for simplicity, we re-
strict ourselves by the case when h(s1, s2) is an analytic function in its arguments for
all s1, s2.

Lemma 1. The following relations are valid for the generating functions in ques-
tion:

ϕ
(α1,α2)
1 (s) = ϕα1

1 (s) sα2 , (α1, α2) ∈ N× Z,(12)

h(ϕ1(s), s)− ϕ1(s) s = 0, r2 < |s| < R2,(13)

ϕ
(α1,α2)
2 (s) = sα1ϕα2

2 (s), (α1, α2) ∈ Z×N,(14)

h(s, ϕ2(s))− sϕ2(s) = 0, r1 < |s| < R1.(15)

Proof. We derive relations (12) and (13) only; relations (14) and (15) can be

deduced in a similar way. The absorption probabilities of Ŝn satisfy the equality

q̂
(α1,α2)
(0,γ2)

= q̂
(α1,0)
(0,γ2−α2)

, (α1, α2) ∈ N× Z, γ2 ∈ Z. Hence, on account of definition (10)

we obtain (here and in what follows, r2 < |s| < R2) ϕ
(α1,α2)
1 (s) = ϕ

(α1,0)
1 (s) sα2 ,

(α1, α2) ∈ N × Z. By the strong Markov property of the process Ŝn, n = 0, 1, . . . ,
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we have q̂
(α1,0)
(0,γ2)

=
∑∞

l=−∞ q̂
(1,0)
(0,l) q̂

(α1−1,l)
(0,γ2)

, α1 = 1, 2, . . . , γ2 ∈ Z. Convolution by

means of function (10) gives (the permutation of the order of summation is correct)

ϕ
(α1,0)
1 (s) = ϕ1(s)ϕ

(α1−1,0)
1 (s), α1 = 1, 2, . . . , and, therefore,

ϕ
(α1,0)
1 (s) = ϕα1

1 (s), α1 ∈ N.

Relation (12) is established. Relation (13) also follows from the strong Markov prop-

erty of Ŝn:

ϕ1(s) s = ϕ
(1,1)
1 (s) =

∞∑
α1,α2=0

pα1α2ϕ
(α1,α2)
1 (s)

=

∞∑
α1,α2=0

pα1α2ϕ
α1
1 (s) sα2 = h(ϕ1(s), s).

Lemma 1 is proved.
Theorem 1. The following relations are valid for the generating functions of

absorption probabilities:

Φ
(α1,α2)
1 (s) = sα1ϕα2

2 (s)− Φ
(α1,α2)
2 (ϕ2(s)) + Φ

(α1,α2)
2 (0),(16)

r1 < |s| < R1;

Φ
(α1,α2)
2 (s) = ϕα1

1 (s) sα2 − Φ
(α1,α2)
1 (ϕ1(s)) + Φ

(α1,α2)
1 (0),(17)

r2 < |s| < R2.

Proof. We demonstrate (17) only; relation (16) can be deduced in a similar way.

Taking into account the strong Markov properties of Sn and Ŝn we have

q
(α1,α2)
(0,γ2)

= q̂
(α1,α2)
(0,γ2)

−
∞∑

γ1=1

q
(α1,α2)
(γ1,0)

q̂
(γ1,0)
(0,γ2)

, (α1, α2) ∈ N2, γ2 ∈ N;

q̂
(α1,α2)
(0,γ2)

=

∞∑
γ1=1

q
(α1,α2)
(γ1,0)

q̂
(γ1,0)
(0,γ2)

, (α1, α2) ∈ N2, γ2 = −1,−2, . . . .

By means of the first equality we get (for |s| < R2 the series in question are
absolutely convergent and, therefore, the permutations of the order of summation are
correct):

∞∑
γ2=0

q
(α1,α2)
(0,γ2)

sγ2 =

∞∑
γ2=0

q̂
(α1,α2)
(0,γ2)

sγ2 −
∞∑

γ1=1

q
(α1,α2)
(γ1,0)

∞∑
γ2=0

q̂
(γ1,0)
(0,γ2)

sγ2 .(18)

Further, by the second equality we conclude

0 =

−∞∑
γ2=−1

q̂
(α1,α2)
(0,γ2)

sγ2 −
∞∑

γ1=1

q
(α1,α2)
(γ1,0)

−∞∑
γ2=−1

q̂
(γ1,0)
(0,γ2)

sγ2 , |s| > r2.

Summing the obtained expressions and taking into account (12) we see that
∞∑

γ2=0

q
(α1,α2)
(0,γ2)

sγ2 = ϕ
(α1,α2)
1 (s)−

∞∑
γ1=1

q
(α1,α2)
(γ1,0)

ϕ
(γ1,0)
1 (s)

= ϕα1
1 (s) sα2 −

∞∑
γ1=0

q
(α1,α2)
(γ1,0)

ϕγ1

1 (s) + q
(α1,α2)
(0,0) , r2 < |s| < R2.

The last coincides with (17). Theorem 1 is proved.

Equality (18) shows that Φ
(α1,α2)
i (s) are analytic functions in the circle |s| < Ri

(i = 1, 2; (α1, α2) ∈ N2).



476 A. V. KALINKIN

4. Analysis of the characteristic equation h(s1, s2)− s1s2 = 0. Consider
the functions ϕ1(s), ϕ2(s) defined in relations (10) and (11) and the set Q+ =
{(s1, s2) : h(s1, s2)− s1s2 = 0, s1 > 0, s2 > 0}.

Denote by S the set of all points in the plane with integer-valued coordinates
(γ1, γ2) for which either pγ1+1,γ2+1 > 0 or γ1 = γ2 = 0. Let SL be the lattice of integer-
valued points in the plane which contains S and includes no sublattice possessing this
property. The coordinates of all the points of lattice SL can be obtained by arranging
all possible linear combinations with integer coefficients from the coordinates of the
points of S (see [2, Chap. 5, section 4]). By S+

L we denote the set of all points which
can be obtained by arranging all possible linear combinations with integer nonnegative
coefficients from the coordinates of the points of set S. We say that a probability dis-
tribution {pγ1γ2

, (γ1, γ2) ∈ N2} meets condition A if SL coincides with S+
L and SL is a

two-dimensional lattice. Under condition A lattice SL describes the set of states which
are accessible for stochastic process µ(t) from the initial state (α1, α2): if (β1, β2) ∈ SL

and α1+β1+1 � 0, α2+β2+1 � 0, then P
(α1,α2)

(α1+β1+1,α2+β2+1)(t0) > 0 for some t0 < ∞;

if (β1, β2) /∈ SL, then P
(α1,α2)

(α1+β1+1,α2+β2+1)(t) ≡ 0.

Lemma 2. Let {pγ1γ2 , (γ1, γ2) ∈ N2} be a probability distribution meeting con-
dition A. Then 0 < r2 � 1 � R2 < ∞, 0 < ϕ1(r2) < ∞, 0 < ϕ1(R2) < ∞;
0 < r1 � 1 � R1 < ∞, 0 < ϕ2(r1) < ∞, 0 < ϕ2(R1) < ∞.

Proof. We demonstrate the statement of the lemma for ϕ1(s) only; analysis
of ϕ2(s) can be performed in a similar way. Condition A implies that expansion (10)
for ϕ1(s) contains the principal and regular parts [9]. It follows from (10) that
ϕ1(s) > 0 for r2 < s < R2.

Consider r2 and ϕ1(r2).
A) Let pγ10 = 0 for all γ1 � 1. By condition A, p00 > 0 and there exists a

point (β1, β2) such that 0 < β2 < β1, pβ1β2
> 0. Equality (13) implies ϕ1(s) s �

pβ1β2
ϕβ1

1 (s) sβ2 or 1 � pβ1β2ϕ
β1−1
1 (s) sβ2−1 (here and in what follows, we deal with

the interval r2 < s < R2). If β2 = 1, then ϕ1(s) � p
1/(β1−1)
β1β2

(β1 > 1) and letting
s ↓ r2 in the last inequality we see that ϕ1(r2) is finite. If r2 = 0, then there is no
principal part in expansion (10) for ϕ1(s) contradicting condition A. If β2 > 1, we

likewise use the inequality 1 � pβ1β2
ϕβ1−β2

1 (s) (ϕ1(s) s)
β2−1 � pβ1β2ϕ

β1−β2

1 (s)pβ2−1
00 ,

where β1 − β2 > 0.
B) Let there exist a point (γ1, 0) such that γ1 � 1 and pγ10 > 0. In this case (13)

implies s � pγ10ϕ
γ1−1
1 (s). If γ1 > 1, the last inequality yields ϕ1(r2) < ∞ implying

r2 > 0. If γ1 = 1, then s � pγ10 and r2 > 0. Under condition A there exists a point

(β1, β2) such that β1 > 1, pβ1β2
> 0; by means of (13) we obtain s � pβ1β2

ϕβ1−1
1 (s) sβ2

and, letting s ↓ r2 conclude that ϕ1(r2) is finite.
Consider R2 and ϕ1(R2).
A) Let there exist a point (γ1, γ2) such that γ1 � 1, γ2 � 1, and pγ1γ2 > 0

(note that either γ1 > 1 or γ2 > 1 in view of p11 = 0); equation (13) gives 1 �
pγ1γ2ϕ

γ1−1
1 (s) sγ2−1. If γ1 > 1 and γ2 = 1, then 1 � pγ1γ2

ϕγ1−1
1 (s). Assuming

R2 = ∞ we obtain lim sups→∞ ϕ1(s) < ∞. Hence, provided the assumption is true,
expansion (10) of ϕ1(s) has no principal part contradicting condition A. If γ1 = 1
and γ2 > 1, then 1 � pγ1γ2s

γ2−1. Hence R2 < ∞. Condition A provides existence
of a point (β1, β2) such that β1 > 1 and pβ1β2 > 0. Letting s ↑ R2 in the inequality

s � pβ1β2ϕ
β1−1
1 (s) sβ2 , we see that ϕ1(R2) is finite. If γ1 > 1 and γ2 > 1, then similar

arguments lead us to the same conclusion.
B) Let pγ1γ2 = 0 for all γ1 � 1 and γ2 � 1. By condition A there are points (γ1, 0)
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and (0, γ2) such that γ1 � 2, pγ10 > 0 and γ2 � 2, p0γ2
> 0. Moreover, either γ1 > 2

or γ2 > 2; by (13) we obtain s � pγ10ϕ
γ1−1
1 (s) and, respectively, ϕ1(s) � p0γ2s

γ2−1.
If γ1 > 2, then s � pγ10(p0γ2s

γ2−1)γ1−1. Hence, in view of (γ1−1)(γ2−1) > 1, we see

that R2 < ∞, implying ϕ1(R2) < ∞. If γ2 > 2, then ϕ1(s) � p0γ2(pγ10ϕ
γ1−1
1 (s))γ2−1

and, further, one should proceed in a similar way. Lemma 2 is proved.
Since expansion (10) for ϕ1(s) has nonnegative coefficients, ϕ1(s) is convex in

(r2, R2) while the points s = r2 and s = R2 are singular for ϕ1(s). Following [2,
Chap. 5, section 4] one can show that under condition A these points are branch
points of order two. If h(s1, s2) is a polynomial, then it follows from the Pellet
theorem [18] that for any C the set Q+ and the line s1 = C (or the line s2 = C)
have at most two common points. Therefore, r1 < ϕ1(r2) < R1, r1 < ϕ1(R2) < R1

and r2 < ϕ2(r1) < R2, r2 < ϕ2(R1) < R2 in this case. One can see in Figure 2 the
set Q+ provided the conditions above are valid. To investigate properties of Q+ in
more detail it is necessary to deal with the criticality parameters [2]

a1 =
∂h(s1, s2)

∂s1

∣∣∣∣
s1=1,s2=1

− 1, a2 =
∂h(s1, s2)

∂s2

∣∣∣∣
s1=1,s2=1

− 1.

5. Integral representation for q
(α1,α2)
(0,γ2)

when h(s1, s2) = s2h1(s1, s2).

Put h(s1, s2) = s2h1(s1, s2), where h1(s1, s2) is a probability generating function.
Lemma 3 (see [2]). Let h(s1, s2) = s2h1(s1, s2) and the distribution {pγ1γ2 ,

(γ1, γ2) ∈ N2} be such that there are probabilities p0γ2 > 0, pγ1γ2
> 0 with γ1 � 2

and pγ1γ2 > 0 with γ2 > 1. Then ϕ1(s) is an analytic function in the circle |s| < R2,
1 � R2 < ∞, and 0 < ϕ1(R2) < ∞.

Under the conditions of Lemma 3 the lattice SL is two-dimensional.
Theorem 2 (see [2]). Let h(s1, s2) = s2h1(s1, s2) and the conditions of Lemma 3

be valid. Then the absorption probability equals (α1 ∈ N, α2 = 1, 2, . . . )

q
(α1,α2)
(0,γ2)

=
1

2πi

∮
0+

ϕα1
1 (s) sα2

ds

sγ2+1
, γ2 ∈ N.(19)

Proof. From the definition of Φ
(α1,α2)
2 (s) it follows that the absorption probability

is expressed by the integral

q
(α1,α2)
(0,γ2)

=
1

2πi

∫
θ+
ρ

Φ
(α1,α2)
2 (s)

ds

sγ2+1
, (α1, α2) ∈ N2, γ2 ∈ N,(20)

where the integration contour is a circle θρ : |s| = ρ, 0 < ρ < R2. Under the condition

h(s1, s2) = s2h1(s1, s2) on the jumps of the random walk Sn we have q
(α1,α2)
(γ1,0)

= 0.

Therefore, Φ
(α1,α2)
1 (s) ≡ 0 (α2 = 1, 2, . . . ) and by (17) we obtain Φ

(α1,α2)
2 (s) =

ϕα1
1 (s) sα2 . Substituting the last expression in (20) and taking into account that ϕ1(s)

is analytic in the circle |s| < R2 we get (19). Theorem 2 is proved.
Remark 1. Equation (4) has the form[

h1

(
∂

∂z1
,

∂

∂z2

)
− ∂

∂z1

]
g(0,γ2)(z1, z2) = 0.(21)

The characteristic equation h1(s1, s2)− s1 = 0 and the function ϕ1(s) are inves-
tigated in [2, Chap. 5, section 4]. Equation (21) coincides with the stationary first
Kolmogorov equation for a branching process (with independent particles) with one
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final type T2 and one nonfinal type T1 of particles (see [2]). A direct solution of (21)
is contained in [19] (the case k = 1).

6. Integral representation for q
(α1,α2)
(0,γ2)

in the case h(s1, s2) = h0(s1)+

s2h1(s1). Set h(s1, s2) = h0(s1) + s2h1(s1), where h0(s1), h1(s1) are positive gener-
ating functions. Figure 1, case (c) shows possible jumps of Sn.

Lemma 4. Let h(s1, s2) = h0(s1) + s2h1(s1) and, for the distribution {pγ1γ2
,

(γ1, γ2) ∈ N2}, let there be probabilities p0γ2
> 0, pγ1γ2

> 0 with γ1 � 2 and pγ10 > 0.
Then ϕ1(s) is an analytic function in the domain |s| > r2, 0 < r2 � 1, and the
value ϕ1(r2) belongs to the interval (r1, R1), 0 � r1 < 1 < R1 � ∞.

Under the conditions of Lemma 4 SL is a two-dimensional lattice. The proof of
Lemma 4 is analogous to those of Lemmas 2 and 3. To this aim it is necessary to
use the explicit expression ϕ2(s) = h0(s)/(s− h1(s)) which follows from the equation
h0(s1) + s2h1(s1)− s1s2 = 0.

Theorem 3. Let h(s1, s2) = h0(s1)+ s2h1(s1) and the conditions of Lemma 4 be
valid. The absorption probability equals (α1 ∈ N, α2 = 1, 2, . . . )

q
(α1,α2)
(0,γ2)

=
1

2πi

∫
θ+
ρ

ϕα1
1 (s) sα2

ds

sγ2+1
, γ2 = 1, 2, . . . ,

where the integration contour is a circle θρ : |s| = ρ, ρ > r2.

Proof. We use the integral representation (20) as a starting point. Substitut-

ing (17) for Φ
(α1,α2)
2 (s) we obtain (γ2 = 1, 2, . . . )

q
(α1,α2)
(0,γ2)

=
1

2πi

∫
θ+
ρ

ϕα1
1 (s) sα2

ds

sγ2+1
− 1

2πi

∫
θ+
ρ

Φ
(α1,α2)
1

(
ϕ1(s)

) ds

sγ2+1
,

where ρ > r2. The second integral equals zero, since the condition h(s1, s2) = h0(s1)+
s2h1(s1) on the jumps of Sn implies that the expansion of ϕ1(s) in a Laurent series
in a vicinity |s| > r2 of infinity has no principal part,

ϕ1(s) = q̂
(1,0)
(0,0) +

q̂
(1,0)
(0,−1)

s
+

q̂
(1,0)
(0,−2)

s2
+ · · · .

Therefore, (as one can show by means of the inequalities ϕ1(r2) < R1 and ϕ1(s) < R1

for |s| > r2) the expansion of Φ
(α1,α2)
1 (ϕ1(s)) in a Laurent series in the domain |s| > r2

has no principal part. Theorem 3 is proved.

7. Integral representation for q
(α1,α2)
(0,γ2)

in the case h(s1, s2) = h0(s2)+

s1h1(s2). Put h(s1, s2) = h0(s2) + s1h1(s2), where h0(s2), h1(s2) are positive gener-
ating functions. Figure 3, case (a) shows possible jumps of Sn.

Lemma 5. Let h(s1, s2) = h0(s2) + s1h1(s2) and, for the probability distribution
{pγ1γ2

, (γ1, γ2) ∈ N2}, let there be probabilities p0γ2
> 0, pγ1γ2

> 0 with γ2 � 2 and
pγ10 > 0. Then ϕ1(s) is an analytic function in the ring r2 < |s| < R2, 0 � r2 <
1 < R2 � ∞, and lims↓r2 ϕ1(s) = +∞, lims↑R2 ϕ1(s) = +∞; ϕ2(s) is an analytic
function in the domain |s| > r1, 0 < r1 � 1, and the value r̃2 = ϕ2(r1) belongs to the
interval (r2, R2).



RANDOM WALK IN A QUADRANT 479

.............................................................................................................................................................................................................................................................................................................................................. .............

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

...................

.............

0 α1

(0, γ2)

α2
(a)

.................................................
..
.............

..................................................... .............
.............

......................................
..........
..........
..........
..........
..........
..........
..........
..........
..................
.............

....................................
....
.........
....
.........
.........
.........
.........
.........
......................
.............

.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.................
.............

(b)
.................................................

..
.............

.............
.............

......................................

p00

p02

(c)
.............

.............
......................................

.................................................
..
.............

................................................... ...........
..

p00 p20

p02

· · · · · · · · · ·
· · · · · · · · · ·
· · · · · · · · · ·
· · · · · · · · · ·
· · · · · · · · · ·
· · · · · · · · · ·
· · · · · · · · · ·
· · · · · · · · · ·
· · · · · · · · · ·
· · · · · · · · · ·

.............................................................................................................................................................................................................................................................................................................................................. .............

.........

.........

.........

.........

.........

.........

.........

.........

.........

.........

.........

.........

.........

.........

.........

.........

.........

.........

.........

.........

.........

.........

.........

.........

.........

.........

.........

.........

.........

.........

.........

.........

.........

.........

.........

...................

.............

0 r1 1 s1

r2̃

r2

1

R2

s2

.

............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. .............

............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. .......................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

Fig. 3 Fig. 4

Under the conditions of Lemma 5 SL is a two-dimensional lattice. The proof
of Lemma 5 is similar to those of Lemmas 2 and 3. One needs to use the expres-
sion ϕ1(s) = h0(s)/(s − h1(s)) which follows from the characteristic equation. The
respective set Q+ is shown in Figure 4.

Throughout the paper we use the following notation. The characteristic equation
h(s1, s2) − s1s2 = 0 specifies a multivalued function of complex argument. By ϕ̃2(s)
we denote the single-valued branch of the function in the domain |s| > r1 considered in

Lemma 5 (therefore, ϕ̃2(s) = ϕ
(0,1)
2 (s) by (11)). The same as in [2, Chap. 5, section 4]

one can demonstrate that s = r1 is an isolated branch point of order two. On account
of Lemma 5 one can show that there is the second single-valued branch ϕ2(s) in the
domain |s| > r1 specified by the condition lims↓r1 ϕ2(s) = r̃2. Denote by ϕ2(s) the
two-valued branch in the domain {|s| > r1} ∪ {0 < |s − r1| < ε} constituted by
the branches ϕ̃2(s), ϕ2(s) and the analytic continuation of the branches to the ring
0 < |s − r1| < ε (ε > 0 is sufficiently small and, therefore, the circle |s − r1| < ε
contains no other singular points except r1).

Set ψ21(s) = ϕ2(ϕ1(s)) for r2 < |s| < r̃2 and ψ̃21(s) = ϕ̃2(ϕ1(s)) for r̃2 < |s| < R2

(correctness of the definition follows from the inequality |ϕ1(s)| > r1 for r2 < |s| < R2).

Clearly, h(ϕ1(s), ψ21(s))− ϕ1(s)ψ21(s) = 0 and h(ϕ1(s), ψ̃21(s))− ϕ1(s) ψ̃21(s) = 0.
The equation h(ϕ1(s), s2) − ϕ1(s) s2 = 0 with h(s1, s2) = h0(s2) + s1h1(s2) and
ϕ1(s) = h0(s)/(s− h1(s)) takes the simple form

h0(s)

s− h1(s)
=

h0(s2)

s2 − h1(s2)
.

Applying to the last equation the implicit function theorem to find singular points we
establish that the analytic continuation of ψ21(s) to the domain r2 < |s| < R2 coin-

cides with ψ̃21(s) for r̃2 < |s| < R2. Moreover, there exists an analytic continuation
of the function to the domain |s| > r2, which we denote by ψ21(s) (the relationship

h(ϕ1(s), ψ21(s)) − ϕ1(s)ψ21(s) = 0 is valid for ψ21(s)). Clearly, ψ̃21(ψ21(s)) = s for

r2 < |s| < r̃2 and ψ21(ψ̃21(s)) = s for r̃2 < |s| < R2. Consequently, ψ21(ψ21(s)) = s
for |s| > r2 by the conservation principle for functional equations; i.e., ψ21(s) is a uni-
valent function for |s| > r2 (according to the univalency criterion of functions given
in [10, Chap. 5, section 1]). Hence it follows that the representation of ψ21(s) as a
Laurent series in the domain |s| > r2 has no principal part ([10, Chap. 5, section 1,
Corollary 1]; compare with section 3 of the proof of Theorem 5.1 [10, Chap. 5]).
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In what follows, the derivative with respect to s1 of a function H(s1, s2) in two
variables is denoted as (H(s1, s2))

′
s1 = ∂H(s1, s2)/∂s1.

Theorem 4. Let h(s1, s2) = h0(s2) + s1h1(s2) and the conditions of Lemma 5
hold. Then the absorption probability equals (α1 ∈ N, α2 = 1, 2, . . . )

q
(α1,α2)
(0,γ2)

=
1

2πi

∫
θ+
ρ

(
1

2πi

∫
Θ

sα1
1 ϕα2

2 (s1)
(h(s1, s2)− s1s2)

′
s1

h(s1, s2)− s1s2
ds1

)
ds2

sγ2+1
2

,(22)

γ2 = 1, 2, . . . , where r2 < ρ < r̃2, and the integration contour Θ is described later.
Proof. The branch ϕ2(s) is obtained as an analytic continuation of the branch

ϕ̃2(s) when the branch point r1 is bypassed along the curve θ(t) = r1 + ε1e
it, 0 �

t � 2π, where 0 < ε1 < ε. If ε1 is sufficiently small, then the values of ϕ2(s)

on θ(t) belong to the domain |s| < R2 of analyticity of the function Φ
(α1,α2)
2 (s). The

condition h(s1, s2) = h0(s2) + s1h1(s2) on the jumps of the random walk Sn implies

that Φ
(α1,α2)
1 (s) is a polynomial, i.e., Φ

(α1,α2)
1 (s) is analytic in the whole complex

plane. Therefore, by the conservation criterion for functional equations, ϕ2(s) satisfies
functional equation (16):

Φ
(α1,α2)
1 (s) = sα1ϕα2

2 (s)− Φ
(α1,α2)
2

(
ϕ2(s)

)
+Φ

(α1,α2)
2 (0), |s| > r1.

Substituting the last expression in (17) we get (Φ
(α1,α2)
1 (0) = Φ

(α1,α2)
2 (0))

Φ
(α1,α2)
2 (s) = ϕα1

1 (s) sα2 − ϕα1
1 (s)ϕα2

2

(
ϕ1(s)

)
+Φ

(α1,α2)
2

(
ϕ2

(
ϕ1(s)

))
(23)

for r2 < |s| < r̃2. Substituting (23) into the integral representation (20) for the desired
probabilities gives

q
(α1,α2)
(0,γ2)

=
1

2πi

∫
θ+
ρ

(
ϕα1

1 (s) sα2 − ϕα1
1 (s)ϕα2

2

(
ϕ1(s)

)) ds

sγ2+1

+
1

2πi

∫
θ+
ρ

Φ
(α1,α2)
2

(
ϕ2

(
ϕ1(s)

)) ds

sγ2+1
, γ2 = 1, 2, . . . ,(24)

where r2 < ρ < r̃2. The second integral equals zero, since we have mentioned that
the function ϕ2(ϕ1(s)) admits an analytical continuation to the domain |s| > r2 and
its Laurent expansion in a vicinity of infinity has no principal part. Therefore, the

Laurent series of Φ
(α1,α2)
2 (ϕ2(ϕ1(s))) in the domain |s| > r2 has no principal part.

Using the Cauchy integral formula we obtain the equality (here θ̃ρ is the circum-

ference |s1 − ϕ1(s)| = ρ with radius ρ > 0 being small enough for θ̃ρ to belong to the
domain |s1| > r1)

ϕα1
1 (s) sα2 − ϕα1

1 (s)ϕα2
2 (ϕ1(s)) =

1

2πi

∫
θ̃+
ρ

sα1
1 ϕ̃α2

2 (s1)
ds1

s1 − ϕ1(s)

− 1

2πi

∫
θ̃+
ρ

sα1
1 ϕα2

2 (s1)
ds1

s1 − ϕ1(s)
=

1

2πi

∫
Θ

sα1
1 ϕα2

2 (s1)
ds1

s1 − ϕ1(s)
(25)

(taking into account Lemma 5 it is not difficult to show that ϕ̃2(ϕ1(s)) ≡ s for
r2 < |s| < r̃2), where Θ denotes the following Pochhammer contour. The closed
contour starts at a point r0 = r1 + ρ1, 0 < ρ1 < ε, of the real line and consists of a
simple curve θ+ lying in the domain |s1| > r1 and connecting r0 with a point of θ̃ρ; the

circumference θ̃+
ρ ; the curve θ

−; the circumference θ̂+
ρ1
: |s1−r1| = ρ1 of radius ρ1; the

curve θ+; the circumference θ̃−ρ ; the curve θ
−; the circumference θ̂−ρ1

. Going around Θ
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the function ϕ2(s1) takes at point r0 its initial value. Substituting (25) in (24) gives
(the variable s in (25) is denoted by s2)

q
(α1,α2)
(0,γ2)

=
1

2πi

∫
θ+
ρ

(
1

2πi

∫
Θ

sα1
1 ϕα2

2 (s1)
ds1

s1 − ϕ1(s2)

)
ds2

sγ2+1
2

,

where r2 < ρ < r̃2. Letting

ϕ1(s2) =
h0(s2)

s2 − h1(s2)

in the fraction of the integrand

1

s1 − ϕ1(s2)
=

s2 − h1(s2)

s1s2 − s1h1(s1)− h0(s2)
=

(h(s1, s2)− s1s2)
′
s1

h(s1, s2)− s1s2

we get (22). Theorem 4 is proved.
Example 1. Let h(s1, s2) = p02s

2
2 + p00 (Figure 3, case (b)). Then the proba-

bility q
(α1,α2)
(0,γ2)

may be viewed as the hitting probability (for a random walk on the

set N = {0, 1, . . . } with probability p00 of a jump to the left, probability p02 of a
jump to the right, and absorption at the boundary 0) from the initial state α2 in
the state γ2 at the α1th step of the walk. This random walk was considered in [7,
Chap. 14, Problem 20]. Formulas (4.8) (see [7, Chap. 14]) show that it is neces-
sary to consider the branches of the multivalued function specified by the equation

h(s1, s2)− s1s2 = 0. Transforming the results of [7] for q
(α1,α2)
(0,γ2)

to the form (22) gives

the following representation:

q
(α1,α2)
(0,γ2)

=
1

2πi

∫
θ−
ρ

sα1 ϕ̃α2
2 (s)

(
− 2

γ2

)
d Tγ2(s),(26)

where ρ > r1, ϕ̃2(s) = (s−
√
s2 − 4p00p02)/(2p02) (r1 = 2

√
p00p02),

T1(s) =
s

2p00
, T2(s) =

s2 − 2p00p02

2p2
00

, T3(s) =
s3 − 3p00p02s

2p3
00

, . . .

are the Chebyshev polynomials specified on the interval [−2√p00p02, 2
√
p00p02] by the

expansion (−2√p00p02 < s1 < 2
√
p00p02, |s2| <

√
p00/p02)

log(h(s1, s2)− s1s2) = log(p02s
2
2 + p00 − s1s2) = log p00 +

∞∑
γ2=1

(
− 2

γ2

)
Tγ2(s1) s

γ2

2

(see [16, Chap. 10, section 11, relation (30)]). Let us calculate the probability q
(4,1)
(0,3)

by means of (26) using the expansion of ϕ̃2(s) in the Laurent series in the vicinity
|s| > r1 of s = ∞ (see [9, Chap. IV, section 24, Example 11]):

q
(4,1)
(0,3) =

1

2πi

∫
θ−
ρ

s4 ϕ̃2(s)

(
− 2

3

)
d T3(s)

=
1

2πi

∫
θ−
ρ

s4 · s 1−
√
1− 4p00p02/s2

2p02

(
− 2

3

)
d

(
s3 − 3p00p02s

2p3
00

)
=

1

2πi

∫
θ+
ρ

s4

(
p00

s
+

p2
00p02

s3
+

2p3
00p

2
02

s5
+

5p4
00p

3
02

s7
+ · · ·

)(
s2 − p00p02

p3
00

)
ds

=
5p4

00p
3
02 − 2p4

00p
3
02

p3
00

= 3p00p
3
02.

The same value of q
(4,1)
(0,3) can be obtained by analyzing Figure 3.
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8. Integral representation for the probabilities q
(α1,α2)
(0,γ2)

for the case

h(s1, s2) = p20s2
1 + p02s2

2 + p00. Let ω and ω′ be positive numbers. Put h =
exp{−πω′/ω}, z = exp{πiu/(2ω)}. Let us define a function which is periodic in two
ways by the equality (γ = 1, 2, . . . )

fγ(u) =

(
πi

ω

)γ
{

1

(z − z−1)γ
+

∞∑
r=1

(
hrz−1

1− h2rz−2

)γ

+

∞∑
r=1

( −hrz

1− h2rz2

)γ
}
.(27)

The periods of the functions for odd γ are 4ω and 2iω′, and for even γ, 2ω and 2iω′.
Convergence of the series having form (27) was investigated in [13, Chap. 2, section 12].
It is easy to derive from (27) the expansion in a Fourier series

fγ(u) =

(
π

ω

)γ{
1

2γ
cosecγ

(
πu

2ω

)
+ (−1)[γ/2]2

×
∞∑

n=1

Cγ−1
n+γ−1

h2n+γ

1− h2n+γ

{
cos
sin

}(
πu

2ω
(2n+ γ)

)}
,(28)

where cos is applied for even γ and sin for odd γ. Expansion (28) is valid in the
stripe Imu < 2ω′, except the poles of the first summand (see [12, section 22.61,
Problem 20.35]). Comparing (28) with the known Fourier expansions of Jacobi elliptic
functions (see [12, section 22.61, Problem 22.57]) we get

fγ(u) =
cγ

(sn cu)γ
+

cγ−2

(sn cu)γ−2
+ · · ·+ c0,

where c, cγ , . . . are some constants. In particular, f2(u) coincides up to a constant
summand with the Weierstrass elliptic function [13].

Theorem 5. Let h(s1, s2) = p20s
2
1 + p02s

2
2 + p00. Put

C =
1−√

1− 4p20p02

1 +
√
1− 4p20p02

, C0 =
p20p00

1− 4p20p02
;

fγ2(u) is the elliptic function (27) with ω = π
√
C0, ω

′ = −√
C0 logC, and T = {u =

x + iy, 0 � x � 4ω, y = −ω′} is the interval with orientation corresponding to the
growth of x. The absorption probability is ((α1, α2) ∈ N2)

q
(α1,α2)
(0,γ2)

=
1

2πi

∫
T

sα1
1

(
eπiu/(2ω)

)
sα2
2

(
eπiu/(2ω)

) (−1)γ2

−γ2
dfγ2(u),(29)

γ2 = 1, 2, . . . , where the functions

s1(z) =
1−√

1− 4p20p02

2p20
i
√
C0

(
z − 1

Cz

)
, s2(z) = i

√
C0

(
z − 1

z

)
(30)

are a uniformization of the Riemann surface (6).
Figure 3, case (c) shows possible jumps of Sn. An example of calculating the

absorption probability by formula (29) is given in [20].
Proof. Equation (4) for the exponential generating function of the probabili-

ties q
(α1,α2)
(0,γ2)

takes the form(
p20

∂2

∂z2
1

+ p02
∂2

∂z2
2

+ p00 − ∂2

∂z1∂z2

)
g(0,γ2)(z1, z2) = 0(31)
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with the boundary conditions (5); the corresponding characteristic equation has the
form

p20s
2
1 + p02s

2
2 + p00 − s1s2 = 0.(32)

A) Construction of a nonclosed solution of the Darboux–Picard problem (31), (5).
Equation (31) of the second order belongs to the hyperbolic type (see [14], [15]).
We find the general integrals of the equations for characteristics. Introducing new
independent variables x, y instead of z1, z2,

x =
1−√

1− 4p20p02

2p20
z1 + z2,

y =
p00p20

1− 4p20p02

(
1 +

√
1− 4p20p02

2p20
z1 + z2

)
,

(33)

we reduce (31) to the canonical form

∂2g(0,γ2)

∂x∂y
= g(0,γ2)(34)

(the so-called “telegraph equation”). Under transformation, (33) maps the lines z1 = 0
and z2 = 0 into the lines y = C0x and y = (C0/C)x, respectively; the boundary
conditions (5) transform to the respective conditions for (34):

g(0,γ2)(x, y)
∣∣
y=C0x

=
xγ2

γ2!
, g(0,γ2)(x, y)

∣∣
y=C0x/C

= 0.(35)

Thus, we solve the Darboux–Picard problem for (34): conditions (35) are specified
on two monotone curves starting from point (0, 0) and located within the characteristic
angle x = 0, y = 0 with vertex at the same point (0, 0). We know from the theory of
partial differential equations of the second order of hyperbolic type that a solution of
problem (34), (35) exists and is unique (compare the analyticity condition (3) for the
desired solution). To construct the needed solution of problem (34), (35) we make use
of the general solution for the telegraph equation [14, Problem 30]:

g(0,γ2)(x, y) =

∫ x

0

ψ1(t) J0

(
2i
√
y(x− t)

)
dt+

∫ y

0

ψ2(t) J0

(
2i
√
x(y − t)

)
dt

+ g(0,γ2)(0, 0) J0(2i
√
xy),(36)

where ψ1(t) and ψ2(t) are arbitrary functions and J0(t) is the Bessel function of order
zero. Expression (36) is the Riemann formula [15] for the solution of (34).

For γ2 = 1, 2, . . . , we have g(0,γ2)(0, 0) = 0. We find functions ψ1(t) and ψ2(t)
meeting conditions (35). Substituting the second of conditions (35) into (36) gives

g(0,γ2)(x, y)
∣∣∣
y=C0x/C

=

∫ x

0

ψ1(t) J0

(
2i

√
C0

C
x(x− t)

)
dt

+

∫ C0x/C

0

ψ2(t) J0

(
2i

√
x

(
C0

C
x− t

))
dt

=

∫ x

0

(
ψ1(t) +

C0

C
ψ2

(
C0

C
t

))
J0

(
2i

√
C0

C
x(x− t)

)
dt = 0.
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Hence ψ2(t) = −(C/C0)ψ1((C/C0) t). Replacing ψ2(t) in (36) by the last expression
and then substituting the first of conditions (35) into (36) we obtain

g(0,γ2)(x, y)
∣∣∣
y=C0x

=

∫ x

0

ψ1(t) J0

(
2i
√
C0x(x− t)

)
dt

−
∫ C0x

0

C

C0
ψ1

(
C

C0
t

)
J0

(
2i
√
x(C0x− t)

)
dt =

xγ2

γ2!
.

Or, changing the variable in the second summand,

xγ2

γ2!
=

∫ x

0

(
ψ1(t)− Cψ1(Ct)

)
J0

(
2i
√
C0x(x− t)

)
dt.(37)

We look for ψ1(t) in the form of a series ψ1(t) =
∑∞

k=0 aγ2−1+2kt
γ2−1+2k. Then

equality (37) takes the form

xγ2

γ2!
=

∫ x

0

( ∞∑
k=0

aγ2−1+2k(1− Cγ2+2k) tγ2−1+2k

)
J0

(
2i
√
C0x(x− t)

)
dt.

Taking into account the values of the integrals (compare with [17, Integral 6.567.1])∫ x

0

tγ2−1+2kJ0

(
2i
√
C0x(x− t)

)
dt =

(γ2 − 1 + 2k)!

(i
√
C0)γ2+2k

Jγ2+2k

(
2i
√
C0x

)
,(38)

where k = 0, 1, . . . , we see that

xγ2

γ2!
=

∞∑
k=0

aγ2−1+2k
(1− Cγ2+2k)(γ2 − 1 + 2k)!

(i
√
C0)γ2+2k

Jγ2+2k

(
2i
√
C0x

)
.

Comparing the last expression with the Neumann series [16, section 7.10.1]

xγ2 =

∞∑
k=0

(γ2 + 2k)(γ2 + k − 1)!

k!
Jγ2+2k(2x),

we find the desired expressions for aγ2−1+2k:

aγ2−1+2k =
(−1)kCk

0

1− Cγ2+2k

(γ2 + 2k)(γ2 + k − 1)!

γ2! k!(γ2 − 1 + 2k)!
, k = 0, 1, . . . .

Substituting the functions ψ1(t) and ψ2(t) found in formula (36), we obtain, by
calculating the respective integrals of form (38), an expression for g(0,γ2)(x, y) as a
series with respect to the Bessel functions of integer orders:

g(0,γ2)(x, y) =

∞∑
k=0

Ck
0

1− Cγ2+2k

(γ2 + 2k)(γ2 + k − 1)!

iγ2γ2! k!

×
((√

x

y

)γ2+2k

−
(

C

C0

√
y

x

)γ2+2k
)

Jγ2+2k (2i
√
xy ) .(39)

Let us replace the Bessel functions with the integrals

Jn(2t) =
1

2πi

∮
0+

et(u−1/u) du

un+1
, n = 0,±1,±2, . . . .
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Then, making the substitution u =
√
C0x/y z we get(√

x

y

)γ2+2k

Jγ2+2k (2i
√
xy)

=
1

(
√
C0)γ2+2k

1

2πi

∮
0+

exp

{
i
√
C0

(
xz − y

C0z

)}
dz

zγ2+2k+1
.

Putting u = C
√
y/(C0x)z gives(

C

C0

√
y

x

)γ2+2k

Jγ2+2k (2i
√
xy)

=
1

(
√
C0)γ2+2k

1

2πi

∮
0+

exp

{
i
√
C0

(
Cyz

C0
− x

Cz

)}
dz

zγ2+2k+1
.

Substituting the last expressions in (39) and replacing x and y with formulas (33) we
arrive at a nonclosed solution of problem (31), (5):

g(0,γ2)(z1, z2) =

∞∑
k=0

1

(i
√
C0)γ2(1− Cγ2+2k)

(γ2 + 2k)(γ2 + k − 1)!

γ2! k!

1

2πi

×
∮

0+

[
exp

{
z1

1−√
1− 4p20p02

2p20
i
√
C0

(
z − 1

Cz

)
+ z2i

√
C0

(
z − 1

z

)}

− exp

{
z1

1−√
1− 4p20p02

2p20
i
√
C0

(
z − 1

Cz

)

+ z2i
√
C0

(
Cz − 1

Cz

)}]
dz

zγ2+2k+1
.(40)

B) Construction of a closed solution of problem (31), (5). One can justify for
series (40) the correctness of permuting the order of summation and integration or
summation and differentiation. The following transformations are well defined given
that C < 1 and |z| > 1 (γ2 = 1, 2, . . . ):

∞∑
k=0

1

1− Cγ2+2k

(γ2 + k − 1)!

(γ2 − 1)! k!

1

zγ2+2k
=

∞∑
k=0

(γ2 + k − 1)!

(γ2 − 1)! k!

1

zγ2+2k

∞∑
r=0

Cr(γ2+2k)

=

∞∑
r=0

(
Cr

z

)γ2 ∞∑
k=0

(γ2 + k − 1)!

(γ2 − 1)! k!

(
C2r

z2

)k

=

∞∑
r=0

(
Cr

z

)γ2
(
1− C2r

z2

)−γ2

.

Then expression (40) for g(0,γ2)(z1, z2) takes the form

g(0,γ2)(z1, z2) =
1

2πi

×
∮
θ+

[
exp

{
z1

1−√
1− 4p20p02

2p20
i
√
C0

(
z − 1

Cz

)
+ z2i

√
C0

(
z − 1

z

)}

− exp

{
z1

1−√
1− 4p20p02

2p20
i
√
C0

(
z − 1

Cz

)
+ z2i

√
C0

(
Cz − 1

Cz

)}]

× 1

−γ2
d

(
1

(i
√
C0)γ2

∞∑
r=0

(
Crz−1

1− C2rz−2

)γ2
)
,
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where the circumference |z| = 1/
√
C is taken as the integration contour θ. Writing

−1/(Cz) for z in the second summand we get

g(0,γ2)(z1, z2) =
1

2πi

∮
θ+

ez1s1(z)+z2s2(z)

× (−1)γ2

−γ2
d

((
i√
C0

)γ2
{ ∞∑

r=0

(
Crz−1

1− C2rz−2

)γ2

+

∞∑
r=1

( −Crz

1− C2rz2

)γ2
})

.

Comparing the last expression with (27) we obtain the following closed represen-
tation for g(0,γ2)(z1, z2):

g(0,γ2)(z1, z2) =
1

2πi

∫
T

ez1s1(z)+z2s2(z)
(−1)γ2

−γ2
dfγ2(u);(41)

by comparing the parameters involved we find the values of the periods: 4ω and 2iω′

of fγ2(u) and the integration interval T given in the statement of the theorem.
Some of the transformations above need a detailed justification of their correct-

ness; however, by direct substitution of (41) into (31) and by checking the validity
of conditions (5) we conclude that (41) solves problem (31), (5). The definitions
of exponential generating function (2) and expansion (8) yield formula (29) for the

probabilities q
(α1,α2)
(0,γ2)

. Theorem 5 is proved.

Remark 2. Comparing (29) with the formulas for q
(α1,α2)
(0,γ2)

derived in Theo-

rems 2–4 one may guess that fγ2
(u) = (f1(u)− c1)

γ2 + cγ2
, where c1, c2, . . . are some

constants.
Remark 3. The exponent of the first exponent in solution (40) has the form

z1s1(z) + z2s2(z), where s1(z) and s2(z) are the functions specified by formulas (30);
s1(z) and s2(z) are rational functions satisfying the characteristic equation (32) and,
therefore, are a uniformization of the Riemann surface (6). It is easy to see that the
functions

vn(z1, z2) =
1

2πi

∮
0+

ez1s1(z)+z2s2(z)
dz

zn+1
, n = 0,±1,±2, . . . ,

solve (31). Making a substitution of variable in the integrand of the second summand
in (40), one can rewrite series (40) as

g(0,γ2)(z1, z2) =

∞∑
n=−∞

anvn(z1, z2).(42)

For h(s1, s2) = p20s
2
1 + p02s

2
2 + p10s1 + p01s2 + p00 or h(s1, s2) = p22s

2
1s

2
2 +

p21s
2
1s2 + p12s1s

2
2 + p20s

2
1 + p02s

2
2 one can deduce a nonclosed representation (42) for

the solution of the corresponding equation (4) under simple uniformization of the
two-sheeted Riemann surface (6). To do this it is necessary to obtain in these cases

an integral representation of type (9) for the probabilities q
(α1,α2)
(0,γ2)

by the methods of
section 8.

Remark 4. In the particular case of branching processes we consider here,
particles of type T2 are called final [2]. Denote by η (α1,α2) the number of final particles
when the process dies, i.e., when there are no particles of T1. Clearly, η (α1,α2) is a

random variable with distribution {q (α1,α2)
(0,γ2)

, γ2 = 0, 1, . . . ;
∑∞

γ2=0 q
(α1,α2)
(0,γ2)

� 1}. The
obtained formulas for q

(α1,α2)
(0,γ2)

can be used, in principle, to establish limit theorems

for the number of final particles under the conditions α1 → ∞, α2 → ∞ ([2, Chap. 5,
section 5], [1], [6]). Such theorems are important for applications.
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