VIIK 519.21

A.B. MacTtuxuH

PEIHEHUE CTAIHHUOHAPHOI'O INEPBOI'O YPAB-
HEHUS KOJMOTI'OPOBA JJIsI MAPKOBCKOI'O
NPOLECCA IIUAEMHNU, PABBUBAIOLEUCA 110
CXEMET1+T2 —>T1+T3, T1—|—T3 %Tl, T1 -0

Hnsa mpexmeprozo Mapko8ckoeo npoyecca cneyuanbHo20 8Udd peuleHo
cmayuonapuoe nepgoe ypasnenue Konmozoposa 0 nepexoonvix éepo-
amuocmetl. [lonyueno unmezpanvHoe npeocmasienue OJis NPOU3B00si-
wetl hynkyuu unansHvix sepoamuocmett. Hatioenv: acumnmomuxu 0ns
MAMEMAMULECKO20 OHCUOAHUA U OUCHEPCUU PUHATBHO20 pacnpedeneHus
U YCmMaHnosieHbl npedenbHbvle Meopembi.

OmnpenesieHne MapKOBCKOro mpomecca. Ha MHOXeCTBE COCTOSHHI
N3 = {a = (aj,az,a3), a,as, a3 = 0,1,2, ...} paccmarpusaercs o-
HOPOJHBIN M0 BpeMeHH MapkoBckuit npomecce &(t) = (&1(t), &a(t), &3(1)),
t € [0,00), ¢ HEPEXONHBIMHE BEPOSTHOCTSIMH P((Bo‘lg2’ﬁa33 (t) = P{(t) =
= (B1,02,03) | £(0) = (a1, 9,3)}. Mycts mpu At — 0 mepexoiHbie
BEPOSTHOCTH UMEIOT BHJ (A1 > 0, Ao > 0, A3 > 0)

P(a17a2’a3 (At) = )\1&1062At -+ O(At)

(a1 ,ag—1 a3+1)

P(al,az,as (At) )\2a1a3At + O(At)a

(a1,02,a3—1)

P(Oll’az’a3 (At) )\3(11At + O(At)

(a1 —1,a2,a3)

P(a1,a2,a3 (At) =1 ()\1041062 + )\2061053 + )\30(1)At + O(At)

(a1,a2,03)

Omnpenenum npousBomsiue yHkiwd ([si| < 1,[so| < 1, |s3| < 1)

F,(t; s1,82,83) = Z Pgllﬂofﬁ'f) (t)s 55255,
B1,02,03=
Bropas (mpsimast) cuctema auddepeHnnansHbix ypaBuenuit Koamoro-

pOBa IS IEPEXOAHBIX BEPOSITHOCTEH PABHOCHIIbHA YPABHEHUHIO B YaCTHBIX
NPOM3BOHBIX [2, 6]

OF,(t;s) 0?F,(t; s)
—8t = )\1 (8183 — 81$2> —881882 +
0*F,(t;s OF,(t;s
+ Ao (s1 — 8153)ﬁ83) +As(1— 51)%, (1)

C HaYaJIbHBIMHU YCJIOBHUAMU

. a1 02 a3
F,(0; s1, 82, 83) = s71s9%s5>.
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BBenaeM SKCMOHCHIUANBHYIO (IBOWHYO) MPOM3BOASAILYIO0 (DYHKIIHIO
[4, 5]

N N N
F(t; 21, 22, 23; 1, 82, 83) = E PSP ,Fa(t;81752,83)-
aq:009:03:
ai,a2,a3=0
[Tepras (oOparHast) cuctema auddepeHImanbHbIX ypaBHennit Kommoropo-
B JUTS IEPEXO/IHBIX BEPOSITHOCTE mporiecca (1) MPUBOAUTCS K BHIY

8_}"_)\2Z(82]—"_82}“)+/\22(8_}"_ 82f)
ot~ VP\02023 02102, 1\021 02102
+ A3z (.7-"— (9_.7-') F(0, 21, 22, 23; 81, S, 83) = e*1F1Hs222tssz ()
azl ) ) ) ) ) ) )

HuTepnperanus npouecca. 3agaya o GUHAJBHBIX BEPOSTHOCTAX.
MapxkoBckwii riporiecc (1) MOXKeT ObITh HHTEPIIPETUPOBAH KaK MOJIEIb SITH-
nemud [1, 2, 6],a UMEHHO KaK MOJIEITb PAaCIIPOCTPAaHESHUS HHPEKIIUH C IBYMSI
ctaausiMu 3aboneBanus. [Ipoleccy cOOTBETCTBYET cXxeMa B3auMOJICHCTBHIMA
[2, 6]:

T1+T2—>T1+T3, T1+T3—>T1, Ti %0, (3)

76 YaCTHIbI THIA 1] — 3apakeHHbIe 0COOM (MCTOUHUKU WHGEKIMH); Ya-
cTHIbl THUMA Th — 370pOBbIe 0COOM (BOCTIPHMMYKBBIC K MH(EKINH, HE
MMEBIIIHE MTOKA KOHTAKTOB C 3apa)KeHHBIMM); YaCTHIIBI THIA T3 —- 0CcOo0H,
WUMEBIIIUE OJJMH KOHTAKT C 3apa)KCHHBIMHU (CTABIIHE HOCUTEISIMH MH(]EK-
1K) 310poBast 0COOb MOCIIE IBYX KOHTAKTOB C 3apaKCHHBIM yIaJseTCs U3
nomymsiuu. CoctosiHuE (v, (vg, (v3) O3HAYAET HANIMYHME vy YacTull Tuna 77,
ap gactui Tuna 15 u ag yactun tuna 15. Yepes ciayyaitHoe Bpems T, C pac-
npenesnenneM BeposTHocTel P{1; < t} = e~*1%2M! napa yactun Tuna 1)
v tuna 715 B3auMOJICHCTBYET M HE3aBHCUMO OT JIPYTUX YaCTHII TPEBpAIacT-
cs B yactuiy tuna 1 u yactuity Tuma 73. [Ipoliecc nepexoaut B COCTOSIHHE,
COOTBETCTBYIOLIEE BEKTOPY (1, 2 — 1, a3 + 1). Uepes ciyuaiiHoe Bpems
T3, C pacrpesieienueM BepostocTell P{r, < t} = e~®1%%2! napa actun
tuna 77 v tuna 73 B3auMOJIEHCTBYET U HE3aBUCUMO OT JIPYTHX YacCTHI] Ipe-
Bpamaercs B yactuity tuma 7. [Ipoiiecc mepexoauT B COCTOSHKIE, COOTBET-
CTBYyIOIIIEE BEKTOPY (a1, iz, a3 — 1). Kpome Tor0, Yepes ciydaitHoe Bpemsi
73, C pacnpesienenreM BepostHocTell P{73 < t} = e~®1%! yacTuia Tuna
T} yMHpaeT ¥ IPOIIECC MEPEXOUT B COCTOSIHHE, COOTBETCTBYIOIIEE BEKTOPY
(ay — 1, ag, az). CryuaiiHble BEMYUHBI T, To M T3 HE3aBHCHMBI, B COCTOSI-
HUH (11, (g, (u3) TIPOLIECC HAXOMHUTCS ClydaiiHoe BpeMst 7 = min{7y, T2, 73 }.

IMpensokeHHBINH MapKOBCKUH MPOIECC PACCMOTPEH B pabote [2] B city-
qae A\ = Ay = 1, A3 = p. B[2] MmeTonom npeodpazoBanus Jlamaca pemieHo
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ypasHenue (1). OnpenenuM pUHATBHBIE BEPOSTHOCTH IS TOIOMIAIOIIMX
cocrostamii (0,72,73), ¥2,73 = 0,1,2, ...,

oo
q(a17a2,0¢3) — lim P(a1,a27a3)(t)7 § : (a1,02,03) _
( 7’72773) t—00 (0772773) (0v72773)
~Y2,73=0

Jnst puHATBHBIX BEPOSTHOCTEH B [2] MONTyYeHO COOTHOIICHHUE

az a2—72 az @

(a1,02,23) 72 73 H a2! 72
q §)°83° = s3—1
Z Z (Oy2,y3) 72 73 WZ:O (2 4 p)2ter (ag — 7o) ( )

v2=0 ~v3=0
Loy —
Y2 o lag—2 {(72_‘_“)(%)} 1
DINEDD - -

lo=011=0 lag—1=0

loq—l

OnHAKO ATO BBIPAXKEHUE MAIIOTIPUTOIAHO ISl UCCIICOBAHUS ACUMIITOTHYC-
CKHX CBOWCTB pacCMaTpUBAEMOT0 MapKOBCKOTO TIpoIiecca.

B nacrosiieit pabote mporecc £(t) uccneayercs npeaiokeHHbIM B pa-
6otax [4, 5] MeTOIOM PKCIIOHEHITHAILHOW MPOU3BOsIeiH GyHKIuu. [1o-
Jy4YeHbl UHTETPATbHOE TPEICTABICHHE VI TPOU3BOASIICH QyHKIMU hu-
HAJIbHBIX BEPOSTHOCTEH, ACHMIITOTUKH JJIsi MATEMAaTHYECKOTO OXKHIAHHS U
JHcTiepcuu (PUHAIBHOTO paclpeesieHHsl TIPU (v — OO U MPEIe/IbHBIC Te-
opeMbl. Takue Teopembl “TIOPOroBOro” TUIMA MO3BOJISAIOT ONPENEIUTH OPO-
TOBYIO YHCICHHOCTh HHMUITHPOBAHHBIX 0COOEH, IPH MPEBBIIIIEHUH KOTOPOit
NPUHATO TOBOPUTH 0 Havaje snuaemun [2, 6]. CormacHo pabore [2] uccie-
JIOBaH ciydait Ay = Ay = 1, A3 = pu, ciaydaid \; # Ao OyZneT pacCMOTpEH B
paboTe, rOTOBSIIEHCS K MeYaTH.

CrauuonapHoe nepsoe ypasHenue Kosmoroposa. Beogum nmpounsBo-
Iy (pyHKIHIO (GUHATBHBIX BEPOSTHOCTEH

al,az,ag) Y2 .3
D (ay,0,05) (52, 83) = E 90,72,93) 52 539 |s2] <1, [s3] < 1,
~2,73=0

Y IBOMHYIO MPOU3BOISAIIYIO (DYHKIIHIO

a2 03

o0
Z 2y 2y 2
(I)(Z1,Z2,Z3;82,83) = P 'q)(a1,a2,a3)(32783>-
p:Qgi03:
aq,02,03=0
AnamutnaHOCTE QYHKIHH P () 0s.a4)(S2,S3) TIPU |59 < 1, [s3] < 1
YCTaHABIMBAEM, HCXO/IA U3 HEPABEHCTBA | (o, ay.a5)(S2, 53)| < 1 B paccma-
TpHBaEMO# 00IaCTH.
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AnanutnaaocTb QyHKUHU D (21, 29, 23; So, S3) IPH TIOOBIX 21, 22, 23 CIIe-
JyeT U3 HEPaBEHCTBA

|q)(217 22, %35 82, 53)‘ <
0

o | 29 as 23 as
< Z | 1|Oé |'O[| 'Oé| ] | |(I)(041,02,043)(827S3)| < e|21\+|22|+‘33|.
1-Gk2.Ck3.

ag,az,a3=0

W3 nepBoro ypaBaenwust (2) ananoruuHo Teopeme 1.4paboTel [5] momyya-
eM, uto GyHkumst P(z1, 22, 23; S2, S3) YAOBIETBOPSET CTAIHOHAPHOMY ypaB-
HEHUIO

2 2 2
leQ(@fl(;bzg, B 8518@@) + leg(gi %) T A (CI) B Z_SD =0,

WJIH, TIOCTIe IPeoOpa3oBaHMmil,

0*d 0*d 0P
29— 23) ——— — Zp——— — +ud = 0. 4
( Vo205~ 2omon M gy T “
[Tomyunm rpanuunele ycnoBus. Ilycts z; = 0. OueBuaHo, uTO
((8 zjzz)) lu qéo,j;’%?’)) = 0 npu ay # Y2 WK a3 # 3. Clle0BaTeNbHO,
2L 232
‘5(07 22, 2335 82, 33) = Z mq’(o,ag,ag)(Sz, 53) =
az,a3=0 228
S8} g _as
— Z Z2 23 80128043 _ 652Z2+33Z3
0521053! 273 .
ag,a3=0
Iyctb 25 = 0, 23 = 0. st cocrostamii (aq,0,0), 04 = 0,1,2. .., pu-
HaJIbHBIC BEPOSITHOCTH OIPEICISIOTCS CIEAYIOINUM 00pa3oMm: q(((‘i 6’7%’)0) =1
q((g 17’20’32) = 0 npu 2 # 0 mmm 73 # 0. CreoBaTeNnsHo,
o0 Zozl oo a
1 ?1
CI’(ZbO;O; 82,53) = Z ﬁq)(al,o 0) 32,53 Z —| =
a1=0 L 1=0
Urak, ypaBHeHue (4) paccMaTpuBaeTCs MPH YCIOBHIX
®(21,0,0; 51,59, 83) = €, D(0, 20, 23; 81, Sa, 53) = €*22F3%_ (5)

B pa6ore monyueno pemrenue 3agaun (4), (5), y1oBIeTBOpSIONICE YCIOBUIO
AHAJIMTUYHOCTH. BOIPOCH! CylIecTBOBaHMS M €IMHCTBEHHOCTH PELICHHI
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ypaBHeHUi BHIa (4) He SBISIOTCS IEIbI0 HACTOAIICH PabOThI, OTMETUM
JMIIb, YTO OHU CJIOKHBI U MAJIO U3Y4EHBI.

3amena nepemennbIX. ®ynkuus Pumana. [locraBnennas 3anaua pe-
HIeHus ypaBHeHHUs (4) ¢ TpeMst IepEeMEHHBIMU U YCIOBHAMHU (5) CBOAUTCS K
IpaHUYHOM 3aja4e peleHNs runepOoIMUecKoro ypaBHEHHs ¢ IByMs repe-
MEHHBIMH.

PaccmoTpum 3aMeHy MEpeMEeHHON & = 21, Y = e %3/ ¢ = 20073172
Torma 21 = x, 22 = (y, 23 = —(Qylny. [locne BHIYUCITEHUA TOTYIUM
ypaBHEHHE B YaCTHBIX Mpou3BOAHbIX st ¢yukimun P(z,y) = P(x, y,
—(CyIny; sy, s3):

Byt (44 Cny) &, — 28 -0, 6)
) )

C yenosusmu ®(z,0) = €%, ®(0,y) = (-39 Zagumem ypasuenue
(6) B BHIIE

3(cf>y + (ﬂ + glny)ci) ~Ep=0.

Ox y Yy
Peruast 06bIkHOBEHHOE I PepeHIMATBHOE yPABHEHHE C PA3IEIAIOIIIMHCH
TepEMEHHBIMU

d, + (% +§1ny)<f> =0,

npUXOIIM K 3amene D (z,y) = u(z, y)y *e ¥<(nv=1) Tloxcrasmss mocmes-
Hee BbhIpakeHHe B ypaBHeHue (6), momyuyaem it QyHKINH u (T, y) ypaBHe-
HUE

Ugy — Fu=o0 (7)

Y
C 'PaHUYHBIMHU YCIIOBUAMHA

U(J?, O) = 07 u<0a y) = yﬂeyc((5271)7(5371)1ny)‘ (8)

[Monyuennas 3amayda ['ypca (7),(8) pemraercst metonom Pumana [7, 8].

B obmem citydae mist rnepOOIndeckoro ypaBHeHus L(u) = gy +
+ au, + buy, + cu = 0 peuweHue rpaHudHON 3amaun u(z,yo)=¢(z),
u(zo,y) = ¥(y), d(zo) = ¥ (yo), maercst hopmysoii [7]

u(z,y) = R(z,y0; 2, y)p(x)+ R(xo, y; 2, y) ¥ (y) — R0, Yo; =, y) d(x0) +

z 0
+ /mo |:b(ta yO)R(t7y01 xvy) - E‘R(t’yo’ x’y>:| ¢(t>dt+

+ /y [a(xo,t)R(xo,t;x,y) — %R(mo,t;x,y)}w(t)dt, 9)

e R(xo, yo; x,y) — dyskuust Pumana. Io onpenenennto dyHkuus Puma-
Ha R(x,Yo; X, y) SABIACTCS PEIIEHUEM COTIPSHKEHHOTO ypaBHeHust L*(u) =
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= Ugy — (au), — (bu),+cu = 0 OTHOCUTEIBHO IEPEMEHHBIX U y. B ciyuae
ypaBHenus (7) paccMarpuBaeMoe YpaBHEHHE COBITAIAET C COMPSIKCHHBIM.
Kpowme Toro, TpeGyeTcst BBITONHEHHE CIIEAYIOMIMX COOTHOIICHHUIA

Ry (0, yo; %0, y) = Ra(%0, yo; T, %0) =
— Rzo($07y§337y) = Ryo(m7y0§$7y) = 07

R(z,y; z,y) = R(xo, yo; To,Yo) = 1.

Jemma 1. @ynxyus Pumana ons ypasnenus (7) umeem 6uo

Y
R(zo,y0;7,y) = Jo (2\/—u(m — 7o) In y_)’ (10)
0
2oe Jy — ¢pyukyus Beccens nynesoco nopsoka.
Hoxazamenvscmeo. Pynxuyio Pumana s ypasHenus L(u) = 0 nmiem
B Bujie psaa [9]

= Ui\, r—T J — J
R(l’o,yo;fc,y):z 5(#,9)( j'le) (y yo).

J=0
Hymnesoit ko3 duruent, caenys [9], Haxoaum U3 COOTHOIICHUS

(z,y)
Invy(z,y) = / (adX +0bdY) =0,
(z0,%0)

TakuM o0pasom, vo(x,y) = 1. MHTErpan 6epercs mo oTpesKy, COeTHHSIIO-
meMy TOuKH (Zg, Yo) U (,y); B MOIAPHBIX KOOPAMHATAX UMEEM T = Xo +
+ rcosf, y = yo + rsinf nng rpaHUYHBIX Touek 1 X = xg + Scosf,
Y = yo + ssin 6 ans BHyTPEeHHUX TOYEK M3 3TOTO OTpe3Ka, rae § = const,
s € [0,r]. PexyppenTHas (opmyna [uisi BIYHCICHUS] KOIDYUIUECHTOB psi-
J1a TIOJTy4aeTCsl PH MOJICTAHOBKE PsiJia B COMPSDKEHHOE YPABHEHUE U HMECT
Buj [9]

T

vl =2 [ @Y )s
0

Boraucnenne vy (x,y), v2(x,y) COCTaBISLET OCHOBAHKE HHIYKIIUH 110 j:

T

1 1 1 1 r d(yo + ssinb)
L* _- — = —— ——d = — —
(v0) y’ o 7“/ Yy i r/(yo+ssin9)sin9
0

T

L .
= 1 0
sz n(yo+ssinb)

- (In(yo+rsinf)—Inyy) = a lng;

o Tsinf Y—Y Yo
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p " y " Yo + ssinf
=ty - m - 1 ,
y W —v)y % ssinf(yo + ssinb) Yo

2 ind 2
:__2/ In Yo + SSIn ds:u—21n2 g_
) s(yo + ssin 9) sin ¢ Yo (v — %) Yo
it WY
PEANIONOXKHM, YTO KOIPPHUIHMEHT v; = - In? = BbIUMCIIEH.
(¥ =) o
Omnpenenum v;1:
j+1 , 11y 0
Do) = - ¥ A (o + s5in6) /o)
(Y —v)y v (yo + ssinB)(ssinf)J
S 1/_5jﬂj+1 In’((yo + ssin ) /yo) s = T it Y
A ritl s7(yo + ssinB)(ssin )’ (y — 10)i+1 Yo'

OxonHuarenbHO, GpyHKIMA Pumana umeer BUI

vi(z,y)(z — 20) (y — yo)?
Jlj! B

i n(y/yo)(x — x0))’ :JO(Q\/—M(x—xo)lng).

=0 J! Yo

R(.T(), Yo; T y

\\Mg

JlemMa gokasaHa.
HNuTterpajbHoe npeacraBiieHne 1 NpousBoasinieid GyHkumn

@(Oq,az,ag) (827 83) .
Teopema 1. [Ipouseoosawasn ¢ynkyus unanvHblx 6eposmuocmell ume-
em 6uo

ual o0 o e
@(al,a2,a3)(32a53) = m/o x0T
x| (52— ) Halss — 1) + 1] (5= 1) +1] da, (2D)
20e > 0,a1 # 0.

Jloxazamenscmeo. Jins ypasuenus (7) paccmorpum pemrenue u’(x, y)
3amaqu ['ypea (xg > 0, yo > 0) ¢ paHUYHBIMH YCIOBHSIMHE

U’O(x()?y) = ¢(y)7 uo(x7y0) = ¢($),
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rae ¢(y> p— (y — yo)ueé(y*yo)((&71)*(83*1) ln(y*yo)), ¢(m) = 0. (DopMy_]]a (9)
npuoOperaeT BUJ

Cay) = vl) - [ 2 Blao bz, u)bti.

Hcnonb3ys MeToJ MHTETpUPOBAHUSA MO YACTSIM W YUYUThIBas pPaBEHCTBA
R(z0,y0;z,y) = Jo(0) = 1, nomyaum

Yy
g aw—(t)R(ﬂco, t;x,y)dt =
Yo ot

Yo

u’(z,y) = Y(y) — Y(t)R(zo, t; 2, y)

[o
:/¥R(xo,t;x,y)dt.

Yo

Pacemorpum npenen npu xy — 0,y — 0, noayuum

Y

y
u(z,y) = /ag—fﬁR(O,t;x,y)dt:/tﬂe—Ct((sz—l)—(sg—l)lnt)X

x [u +1¢((s2— 1) — (s — 1)(Int + 1))} x

x Jo (2’ [ px In é)dt. (12)

Bo3Bpaiasce K MepeMEeHHbIM 21, 22, 23 U QyHKIMH P (21, 29, 23; So, S3) =
= u(zy, e®/?2)ets/72H2+28 nogyuaem BeIpaskKeHHUE 115 SKCIOHEHIIUATBHO
MPOU3BOALICH QYHKIIUN

¢(Z17 22,235 S2, 83) -

3_23/22
_ / 7_,u71e,uzg/z2+22623/z27((5271)7(3371) In7)+2z2+423 %
0

X [u+722@z3/z2((32—1)—(53—1)(ln7'+1))} Jo (2\/z1u(ln7' + z—i))dr

Tocrne 3aMeHbl T = e~ ?3/%27% mojydaem

O (21, 22, 23; S, 83) =

_ /OO e—,Lm:—l—ZQ(e_”(52—1)+z(53—1)+1)+23(e_33(33—1)—4-1)X
0
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X [ﬂ+22(e—w((52—1)+(x_1)(53—1>))+z36—w(53—1>} o (2%) dz
(13)

CoBepIIeHHBI# BBIIIE TPEAETbHBIN MIEPEXO0 HYKIAeTCsl B 000CHOBAHUH
OJIHAKO HEMOCPEICTBEHHO! MOJCTaHOBKOM BhipaxkeHus (13) B ypaBHEeHUe
(4) u mposepkoit ycnosuit (5) yoexmaemcs, uro (13) siBisieTcst perieHreM
sagaun (4), (5). ETMHCTBEHHOCTh yCTAHABIUBAETCS, HCXOS U3 aHATMTHY-
Hoctu pemenus (cp. [9, 5]).

VuuthiBas onpezeneHue npousBomsmieit GyHkuun P(z1, 2o, 23; 2, S3) U
pasIoKEHHsI B PSIBI

;n JZO JJ'

3aMuiIeM pasioKeHHE MOIBIHTErPaIbHON (PYHKIIUY B PSIA 110 21 U 23. Meem

(I)<Zl7 292,235 82, 83) =

_ Z / 1 bt za(e (s2-1) +a(ss—1)+1) o
al'al —

al—

x [u +2a(e (52 — 1) + (2 — 1)(s5 — 1)) (e (53 — 1) + 1)+
+ az(e™(s3 — 1)) (e “(s3 — 1) + 1)* | dz.

Hanee, pa3duBasg MHTErpajl Ha CyMMY JIByX MHTETPajiOB COOTBETCTBEHHO
CllaraeéMbIM, CTOSIIIMM B KBaJPATHBIX CKOOKaX, ¥ MPOU3BOJS HHTETPHUpPOBa-
HUE T10 YacCTsAM BO BTOPOM MHTErpajie, nojaydaeM

0.9}

a1 a3, 01
Z ?1 A3 M
apl(ag — 1)lag!

ay,a3=0
o

% /xal—le—u:c—i-zz(ez(52—1)+x(53—1)+1)(e—x(sg . 1) + 1)a3d$'
0

IIpencrasisiss SKCIOHEHTY IO MHTErPAJIOM B BUAEC psAla MO 2y, OJIy4aeM
yYTBEpKJIeHHE TeopeMbl. Teopema foka3zaHa.

BameuyaHnwue. IlpuHAYaIBHOM COCTOSIHHH TIpotiecca (o, 0, a3) nume-
€M MapKOBCKHIi Tiporiecc anuaeMun Beiica co cxemoit B3aumoseicTBuii [3]

Ty+15 — Ty, Ty —0.

Co0TBeTCTBEHHO, TIpH vy = 0 Beipaxkenue (11) coBnagaet ¢ mpoU3BOIAIICH
dyHKIMeH GUHATBHBIX BEPOSTHOCTEH Tpoliecca anuaeMun Beiica [5].
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ACHMMITOTHYECKHE CBOMCTBa (PMHAJIBHOIO pacnpeneaenusi. s
MapKOBCKoOro0 mporiecca &(t) yactuibl THIOB 15 1 T3 Ha3bIBAIOTCS (PUHATD-
ubiMi [10]. O603Haumm 7> | ple*293) ¢ pyyaiinbie uncna GuHambHBIX
YacTHULl, KOTOPbIE OCTAHYTCA IOCIE TOTO, KaK IMPOLECC BBIPOAUTCS, T.€. HE
octaHetcst yactuil Tumna 7). COBMECTHOE BEPOSITHOCTHOE PACTIPEIICIICHHE

(ar,02,03)  (a1,a2,03) 9 o
BEJIMYUH 1)y , 13 orpenensieTcss MPOM3BOAIIIECH (yHKUUEH
(13). OmHOMepHBIe pactpeencHus PUHATBHBIX BEPOSTHOCTEH CITydailHbIX
(a1,02,003) (o1,02,03)
BEJIMYUH 1), U 13 3a[Ial0TCSl MTPOU3BOAAIIUME (PYHKIUSIMU
BEPOATHOCTEH P () 0s,05)(52,1) B P(a,a0,05)(1, 53). [N daxTropuanbHeIx

MOMEHTOB 13 opmyisl (11) mpu ay — 00 mosydaem

Mﬁ(oq,ag,a:;) — aé(ahag,ag)(l) 1) — 052( /1/ )al
2 882 12 +1 ’

Mnéal,ag,a3) _ 8q)(a1,a2,o¢3)(17 1) -~ Q109 < % )Oél7

653 n—+ 1 n+ 1
82(1)(041 ag a3)(1 1) 2 a1
32, ? — _ 1 (_) ,

0s3 az(az 1) w+1

32@(0&7&2,&3)(1, 1) Q{g(ag — 1)&1(041 + 1) ( 1 )Oél

ds? ~ w2 w2

Dn(al,amas) _ 82(1)(0417062,013)(17 1) + aq)(ahm,ag)(lv 1)
2 88% 882

0 an0m08) (1 ag a1
- (et ~ [ ()" - ()

+
—1 7 (<31 o W 201
o [ ) )
s el o e (p+12\p+1

Teopema 2. Ilycmo z € |0, 1]. Toeoa

(al,ag,ag,) a1—1 - 1 n
lim p{ﬂz_ Sx} ey el

Q00 o n!

n=0

Jlokazamenvcmeo. IlpeoOpazoBanue Jlammaca or GyHKIIMU pacmpese-

JICHUSI CITy4aiHOW BETMYUHBI ngalm’%) /oy umeer Bup [11]

(aq,a9,a3)
M(Q*Aﬁz e /ag) = q)(a1,02,043)(67)\/a27 1) =

_ (aual 1)' / xal_le_,m; (e—w((e—)\/aZ . 1) i 1))a2dx,
1= - JO
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[Ipn ary — oo monyuaem

a1 x )\ as
P (ay 00,00 (€2, 1) ~ p— /xal_le—uw (1 - —e_$> dx ~
0

[Tocne 3amenbl y = e~ * numeeM

(3}

u 1
—(a1 — 1)!/0 (—Ingy) Lyt te My,

[TonmyueHnHoe BbIpaXkeHHeE sABIsETCS peoOpa3oBanreM Jlamiaca mioTHOCTH
Pt

(Oél — 1)‘

YHHBI, pactpeaeneHtoii Ha orpeske [0, 1]. [To Teopeme menpepsiBHOCTH [11]

UMEEM CXOIUMOCTb (DYHKIUI pacripeaesieHuil

n(al,az,as) x
lim P{2— < x} —/ f(y)dy.
2 0

pacmipenernenus f(y) = (—Iny)*~ty»~1 nua ciyuaitnoii Bemu-

Qa2 —00 o
Jlanee BeIuMcCIIsieM

aq oa1—1 n

H ’ ar1—1, p—1 (—pnz)
| 1=1 =1 o
(oq—l)!/o( ny)" Yy Tty = @ HZ:O "

Teopema nokaszana.
Teopema 3. [Iycmo x € [0, 1]. Toeoa

n(alyaz,as) x
lim P{3— < x} :/ fi(y)dy,
0

2 —>00 C}{z

20e npeobpaszosanue Jlaniaca om niomHocmu pacnpeoenenusl 8eposmHo-
cmeitl f1(y) npu A > 0 umeem 6uo

a

e dy = —/ g lgmrEm AT g0
| ernmn- o |
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o —>r00

Teopema 4. Ilycmo x4, x5 € [0, 1]. Toeoa

(ou1,02,03) (o1,a2,03)
lim p{%— S B x} _

(8% %)
:/ / fz(yl,yz)dy1dy2,
0 0

20e 0soliHoe npeobpaszosanue Jlanaaca [12] om 08ymeprnoi nnomnocmu pac-
npedenenus eeposmuocmett f(y1,ys) umeem euod (A > 0, Ay > 0)

/ / e~ M= A2Y f (4 o) dyydys =
0 0
(e5)

_ ( % 1)‘ / xal—le—uxe—()\l—i-)\zx)e’mdx'

JlokazaTenbCTBO TeopeM 3 U 4 aHAIOTUYHO JTOKA3aTeNIbCTBY TEOPEMBI 2.

SIBHBIN BUI IS IUIOTHOCTEW BeposiTHOCTeH f1(y1) U fo(Y1, Y2) MOXKET OBITH
HalJIeH B BUJIE PAJIOB 110 CHENHATBHBIM (DYHKIHSM.
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