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CTAHMOHAPHOE PACIIPEJEJIEHUE
B OTKPBITOU CTOXACTUYECKOU CUCTEME
C ITAPHBIM B3AUMOJIEUCTBHUEM YACTHUL]

Paccmompena ouckpemuasi MaproGcKask MoOelb CUCHEMbL ¢ BHEUHUM
UCTMOYHUKOM U NAPHBIM 83auMoleticmauem yacmuy. Haiioenvl sieHuvle pe-
WeHUsI CMAayUOHAPHO20 8Mopo2o ypasherus Koimoeoposa ¢ ucnonv3o6a-
Huem cneyuanviblx yuxyui. Ilomyuenvl acuMnmomuxy Mmamemamude-
CKO20 0JCUOAHUSL U OUCNEPCUU CIAYUOHAPHO20 PACHPeOelleHUs, d MaK-
Jice NOKA3AHA €20 ACUMNIMOMUYECKAs: HOPMALIbHOCMb NPU OONbULOU UH-
MEHCUBHOCIU NOCHYNLEHUSL HOBbLX YACTUY.

Bo MHOrux 3agadyax COBpeMEHHOTO €CTECTBO3HAHHUS ITPU UCCIIET0OBAHUUI
CHUCTEM YAaCTHI] UCIIOJIb3YIOTCS MOJEIN, OCHOBAHHBIE HA MareMaTH4eCKOM
amnmapare TeOpUH BEPOSTHOCTEH M TEOPHH CIIy4aiHbIX mpoieccoB. C mo-
MOIIBIO0 TAKUX MOJIETIEH HccaenyoTcs (GIyKTyallii YUciia SIEKTPOHOB HIIN
(OTOHOB B TMBHE KOCMUYECKUX JIy4eil; B PU3NUECKON U XUMUUECKOIN KHHEe-
THUKE UCCIIETYIOTCS MMPOLECCH IPEBPALIEHUS U B3AUMOJICHCTBUS MOJIEKYJT; B
OMOJIOTUY U MEJIUIIMHE U3Y4YaloTCs IPOIECCHl Pa3BUTHSI TIOMYJISIINI U pac-
MPOCTPAaHEHUS YUIEMHUIl; B TEOPUU MacCCOBOTO OOCITYKUBAHUS pacCMaTpH-
BAIOTCS TIOTOKH MOCTYIUICHUS U OOCITY)KMBaHHUS 3aBOK.

[lepBoHayanbHO TAaKME CHUCTEMBI MCCIEJOBAINCH B PaMKax JAETEpMU-
HUCTCKOTO TOAX0/a, Korjaa (U3MUeCKUui mpoIecC paccCMaTpruBaeTCs Kak u3-
MEHEHHE BO BPEMEHU MaKPOCKOMUYECKUX XAPAKTEPUCTUK CUCTEMBI (KOH-
neHTparuii, oobeMoB u T.1.) [1]. IIpu 3TOM cumrTaercs, yTo, pacroiaras
HEOOXOAMMBIMU HaYaIbHBIMU JAHHBIMHU, MOXKHO C OTIPEIETICHHOCTHIO Mpe/-
CKa3bIBaTh IOBEJEHHE Mpolrecca B OyaymieM. OHaKO 1eTepMUHUPOBAaHHbBIE
MOJIEJIM UMEIOT OTPAaHUYEHHOE MPUMEHEHUE. B pssie ciiyyaeB HEBO3ZMOXKHO
npeJcKa3aTh MOBEACHHE Mpoliecca M0 Ha4aJlbHbIM JJAHHBIM, YTO CBSI3aHO C
HaJIMYUEM B CHUCTEME HEBOCHPOM3BOIUMBIX (QIyKTyaluid. JleTepMuHHPO-
BaHHAas MOJENIb B ATUX CIy4YasiX OKa3bIBACTCS HEAOCTATOYHO aJCKBATHOM,
TaK KaK HE YYUTHIBAET CIy4YalHOTO XapaKTepa HaOMI0IaeMbIX (PU3NUECKUX
SIBJICHUM.

BeposiTHOCTHBIE MOZIENTN PA3BUBAJIUCH IPU MUKPOCKOITMYECKOM OJIX0-
ne K GusndeckuM mporeccam. OcHOBHAs 3ajja4a CTaTUCTUYECKOTO METO/Ia
U3yUYEHUS] CBOUCTB (DU3MKO-XUMUYECKUX MPOIIeCCOB (HOpMyIHpyeTcs cie-
JTYIOIIMM 00pa3oM: 3Hasi 3aKOHBI B3aUMOJICHCTBUS 4acTHUI] (MOJIEKYJ, aTo-
MOB U T.II.), COCTABJISIFOIIUX CHUCTEMY, HEOOXOAMMO YCTAaHOBUTH IPH IIpe-
JIENHOM Tiepexofie K OOJBIIOMY YUCIY YacTHUI[ 3aKOHBI TOBEIEHUS MaKPO-
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CKOITMYECKOTO KOJIMYECTBA BELIECTBA (B MEPBYIO O4epeib, PEHOMEHONIOTH-
YeCKHe 3aKOHBI, yCTaHABJIMBAIOIINE CBSI3b MKy HaOJII01aeMbIMH U3 OIBITA
MaKpOCKOMMYECKUMU BeTUYMHAMH [2, 3]).

YacTto B OCHOBE BEPOSTHOCTHBIX MOJEIJIEH JIEKUT MPEATONIOKEHUE O
TOM, YTO JJI Ka)KJOrO0 MOMEHTA BPEMEHH MOBEACHUE CUCTEMBI HE 3aBHCUT
OT €€ MPEAbICTOPUN U 3aBUCUT TOJIBKO OT €€ TEeKYILEro COCTOSHUS. DTO MPH-
BOJUT K MCIIOJIb30BAaHUIO MAapKOBCKUX CIy4yailHbIX mpoleccoB. B paborte
[2] BBenena nmuckpetHas Moieb (PU3UKO-XUMUYECKOM CUCTEMBI C TIOTIAPHO
CTAJIKMBAIOILMMUCS YaCTUIIAMU B BUJE OAHOPOAHOIO BO BPEMEHU MapKOB-
CKOTO Ipolecca Ha MHOXecTBe [N BCEX Nn-MEPHBIX BEKTOPOB C LIEIBIMU
HEOTPHLIATEIbHBIMU KOMIIOHEHTAMHU; OTMEYAeTCs CBsI3b C JETEPMUHHUPO-
BaHHBIM 3aKOHOM KHHETHKU XUMHYECKHX pEaKkLUi — 3aKOHOM JCHCTBY-
romux macc. B pabore [4] mccinenoBaH MapKOBCKHI MPOIECC B CHCTEME
0e3 B3aMMOJIENUCTBUS C MOCTOSHHBIM IPUTOKOM YacTHUI[ U3BHE (OTKpBITas
CTOXacCTHUYECKas CUCTEMA), HE 3aBUCALIMM OT YMCJIa UMEIOIUXCS YaCTHULL.
ITono6HbBIE MapKOBCKHE MPOLIECCHI POXKAECHUS U rndenu Ha N uccienoBa-
JMCh BO MHOTUX paboTax, MOCBSIIEHHBIX PAa3IMYHBIM 3a/1a4yaM (pU3N4eCKOn
U XUMHUYECKOM KMHETHKU [S5], pa3BUTHIO NOMYJSAHUI B 3KOJIOTHYECKUX CH-
CTEMax, TEOPUU MaccOBOro 00CIyUBaHUs [6] U APYTUM NPUITOKEHUSAM.

IIpumep: neTepMUHMPOBAHHASA U CTOXaCTHYeCKas Moaeau. Paccmo-
TPUM JETEPMUHUPOBAHHYIO MOJIETb OTKPBHITOM (PU3NUYECKOM CUCTEMBI C J10-
CTaTOYHO OOJBIIMM YHMCIIOM YacTHUI] & Tuna I', KOTOpOe JOMYyCTHUMO CUM-
TaTh HempepbIBHOW (yHKIHeH Bpemenn z(t). TI0CKoIbKy cHcTeMa OTKpBI-
Ta, B Hell BO3MOXHO mosiBlieHHe HOBBIX yacTull (0 — T), mpeacTasisiomniee
cO00M MMMUTPALIMIO YaCTHIl U3BHE WM 00pa30oBaHUE YAacTUI] B PE3YJIbTa-
T€ UHBIX (U3MYEeCKuX InpoueccoB. Kpome TOro, yacTHIlbl MOTYT y4acTBO-
BaTh B IAPHOM B3aUMOJICHCTBUH, IPUBOASILEM K THOEIN OJJHON U3 YACTHUIL:
2T — T'. I'nbenp MOXXHO MHTEPIIPETUPOBATH KAK y4yacTUE B 00Opa30BaHUU
YaCTHUL APYTUX TUIIOB, BBIXOJ 3a MPEAEIbI CUCTEMBI H T.II.

ITpennonoxum, 4To MOSBICHUE YaCTUL] MIPOUCXOAUT C ONPEAEICHHON
CKOPOCTBIO A, KOTOpasi MOCTOSIHHA U HE 3aBUCHUT OT ¥, a B3aUMOJAEHCTBHE
YacTHUI[ BBICTyIAeT B KaYeCTBE 3aMEAJISAIONIET0 (PaKTOpa, KOTOPbIM yBEIH-
YUBAETCA C BO3PACTAHUEM X, U CKOPOCTH 3aMEIJICHUS AJIs OJTHOM 4aCTHUIIbI
paBHa ux, e ft — Ko3(pQUIUEHT mpornopuuoHanbHocTH. Hapsaay ¢ onu-
CaHMEM XMMMUYECKHMX pEakLUi, TaKas MOJENb MOXKET UCIOIb30BATHCS IS
OTMCAHUS IKOCUCTEMBI C OTPAaHMUYEHHBIMU PECYpPCaMM, B KOTOPOH THOeinb
ocobeii 27" — T' o0ycnoBieHa BHyTPUBU0BOM KOHKYpeH1uei [7]. Pe3ynb-
THPYIOIAsk CKOPOCTh POCTA TOMYJSIMA, TAKAM 00pasoM, paBHa A — ux?,
YTO COOTBETCTBYET AU(PPepeHINaIbHOMY YPaBHEHUIO

dx
==\ — uz? 1
7 Hx (D

¢ HadanpHBIM ycioBueM x(0) = .
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Puc. 1. CroxacTiyeckasi peaiu3anusi MApKoBCKOro npouecca £(t) U ero AeTepMHHH-
poBanHoe npudinkenue z(t) npu HadaabHbIX yeaoBusx £(0) = 10, xo = 10 u 3Haue-
HHsIX napameTpoB \ = 104, u =1

Pemenue ypaBuenus (1) nMeeT BUJI IOTHCTHYIECKON KPUBOIT C TOPU30H-
TadbHOM aCUMITOTOM x, = 1/ A/ (puc. 1). DTo 03HayaeT, 4To MpH ¢ — 0O
CHCTeMa MPUXOIUT B COCTOSIHUE PABHOBECHS, KOTOPOE HACTYIIAET MIPH YHCIIE
YacTHIl, OJIU3KOM K Z,,.

Jns cuctembl 4acTuIl co cxemoit B3aumoaeicteuit 0 — 7', 27T — T pac-
CMOTPHM CTOXaCTHYECKYI0 MOJETb B BH/E OIHOPOIHOTO BO BPEMECHHU Map-
KOBCKoro mporecca £ (t) co cueTHbIM MHOXecTBOM coctostHuit N={0, 1, ...}
¥ HerpepbIBHBIM BpeMeHeM ¢ € [0, 00) [8]. Cobbitue {£(t) = i} o3nHagaer
HaJIMYKe B CHCTEME ¢ 4acTHIl THra 7' B MOMEHT BpeMeHH t. Bpems Haxo-
XKICHHS TIpoLiecca B COCTOSHUY ¢ CIyYalHO M JIMTCS JIHOO 0 MOMEHTa
TIOSIBIICHUSI HOBOM YacTHIBI, THOO 10 MOMEHTA B3aUMOJICHCTBUSI TIAphI Ya-
cruu. O6osnaunm Pj;(t) = P{{(t) = j|£(0) = i}, ¢, € N, BeposiTHO-
CTH TIepexojia Tpoliecca 3a BpeMs ¢ M3 COCTOSIHUS | B COCTOSIHUE j. Bynem
CUUTATh, YTO BEPOATHOCTH P, ;11(At) 00pa3oBaHUs OXHOM YaCTUIIBI 3a J0-
cratoyHo Manoe Bpemst At paBHa AAt + o(At), a BeposTHOCTS P, ;1 (At)
B3aMMOJICHCTBHS TIAaphl YaCTHI] MPONOpIHOHaibHa yucay C? codeTaHuit
JIBYX YaCTHIl U3 UMEIOMIUXCS ¢ 9acTull U paBHa ui(i — 1)At + o(At), toe
A ¥ p — 3a7aHHbIle KO3(DQUIMEHTHI TPOMOPIIHOHANTBFHOCTH. BeposSaTHOCTH
poxaeHHs WK rudenu Oonee onHON yacTuIpl 3a Bpems At paBHa o At).
Torna nonHast BeposTHOCTH [9] mepexona u3 coCTOSHUSA ¢ B COCTOSTHUE ] 3a
Bpems t + At ¢ TouHOCTBIO 10 0( At) OnpenenseTcs paBeHCTBAMU

Poo(t + At) = Pyo(t)(1 — AAt), Po(t)=0, i=1,2,...,
Pt + At) = Pij 1(H)AAt + Py(t)(1 — A+ pi(f — 1D))AD) + (D)
+P, 1 (6)pj (5 + 1)At, i=0,1,..., j=12,...,
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OCHOBAaHHBIMH Ha CIIEYIOIIUX paccyxkaeHusx. Eciu B Moment ¢+ At uncio
YaCTHUI[ PaBHO j, TO B MOMEHT ¢ JIn0o ObUTO j — 1 wacTwir u 3a Bpems At mmo-
SIBUJIACh OJTHA HOBas YaCTHUIIA, TUOO0 ObLTO j + 1 9acTHUIl M OJHA YaCcTHIIA TI0-
rubna, 1160 ObLTO j YacTHIl U 3a BpeMsi At 3TO YHCIIO He M3MEHWIIOCK. [Tpu
3TOM cocTosiHKE Tporiecca & (t) B MOMEHT ¢ + At 3aBUCHT TOJIBKO OT COCTOS-
HUS B MOMEHT ¢ U HE 3aBUCUT OT COCTOSIHUH, TPEAIECTBYIOIUX MOMEHTY .
[Tyrem nepecTaHOBKM WICHOB B paBeHCTBax (2) u jenenus Ha At momydyaem
npu 3a7anHoM ¢ M1 At — () Bropyto (IpsMyI0) cucteMy nuddepeHnnaIbHbIX
ypaBHeHul Kosimoroposa 1151 mepexoaHbix BepositHoctei [10]:

dPy(t)
———= = —Py(t)A,
dt
dP;;(t . g
U0 by (02~ Pyt G~ 1) + PO+ 1), @

i=0,1,..., j=12...,

¢ HauaibHBIMK ycioBusaiMu Py (0) = 1, P;;(0) = 0 mpu @ # j.

Beenem nmpousBomsmryo  (QyHKIMIO TNEPEXOJHBIX  BEPOSTHOCTEH
Fi(t;s) = > 2o Pij(t)s’, i € N, |s| < 1. Torna yMHOXeHUEM j-TO ypaBHe-
HUS Ha Y 1 CyMMHPOBAHHUEM I10 j MOJYyYUM U3 CUCTEMBI (3) paBHOCUIIBHOE
YPaBHEHHUE B YaCTHBIX POU3BOJHBIX BTOPOro nopsiaka [11]:

OFi(t;s) o O2Fy(t; s)
o M) g
[ToBezieHre MapKoBCKOTO mporecca &(t) pu ¢t — 0o XapakTepu3yeTcst
CTAlMOHAPHBIMH BEPOSITHOCTSMU ¢; = limy o, Pij(t), KOTOpbIC HE 3aBH-
CAT OT HAYAJILHOTO COCTOSIHMUS i. VI3 ypaBHeHusI (4) ClIe/yeT cTalmoHapHoe
ypasHenue juist npoussonsuieit Gpynxmmn f(s) = Y27 g5

2
LI i@ =o, )

Jist yukumii F;(t; s) v f(s) BbIMOMHEHBI yCIOBUst HOpMUPOBKH Fj(t;1) = 1,
f(1) = 1. Maremartnyeckoe 0XKUIAHKUE M U JUCTIEPCUS 02 CTALMOHAPHOTO
pacnpenenenus {g;, j = 0,1,... } Beruncisirores no popmynam [4]

+ A — 1)Fy(t;s), Fi(0;5) = s'. (4)

%

_ A ., P Q) (DY
=g T T TaE T s _(ds)‘ ©
B pabore [8] momydeno pemienue ypaBHeHus (5)
I (2, /E)
fls) = vVs——LL @)

11<2 i)
1

6 ISSN 1812-3368. Bectauk MI'TY um. H.D. baymana. Cep. “EcrectBennsie Haykn”. 2005. Ne 1




e I;(s) — moandunmposanHas ¢yHkims beccerns nepsoro mopsiika. Ha
oCHOBe BbIpaskenust (7) mpu A/ — 0O HaWJIECHBI ACHMIITOTUKH CTAI[HOHAD-
HBIX MATEMATHIECKOTO OKUIAHUS m = +/\/p u mucniepenu o=/ \/(4p).

Taxum 06paszom, koraa mpu OONBIIMX ¢ B CTOXaCTUYECKON CUCTEME yCTa-
HABITMBACTCS AWHAMUYECKOE paBHOBeCHe, Yucio vactuil & (¢) xomebmercs
OKOJIO 3HAYCHUsI \/ A/, €CIM ITO YHCIIO JOCTATOYHO BEIHKO (CM. pwC. 1).
CrnenoBarenbHO, B COCTOSSHUU PABHOBECHS IIPH OOJIBIIIOM YHCJIE YACTHUII Je-
TEPMUHUPOBAHHAS W BEPOSTHOCTHAS MOJENIH JAIOT ONHM3KHE PE3ybTaThl.
OnHako B BEpOATHOCTHON MOJIEH 3aMETHBIE OTKJIOHEHHs OT MaTeMaTuyie-
CKOTO OXXKUJAHHs MPU OONBIIOM YHCIIE YACTUI YUUTHIBAIOTCS POCTOM JHC-
MEePCUH, YTO AeNaeT 3Ty MOAeIb OoJiee aleKBaTHOM MO0 CPABHEHUIO C JIeTEp-
MUHUPOBAHHOMU.

PaccMoTpeHHbII MapKOBCKHIA Tpotiecc £ (1) OTHOCHTCS K MPOLIECCaM po-
xaeHus u rubenu [10], A KOTOPHIX HETOCPEACTBEHHBIN MEPEXO]] U3 CO-
CTOSTHHS ¢ TIPOUCXOAUT TOJBKO B COCTOSsIHUE ¢ — 1 v ¢ + 1. JIjist mporieccon
POXKJIEHUS U TUOETH BBIPXKESHUS JIJIS CTAI[MIOHAPHBIX BEPOSITHOCTEHN N3BECT-
HEI [6, T 1, § 5, dopmynsr (21), (22)], HO MaIONPHUTOIHBI IPU ACUMIITOTH-
Y4eCKOM HcclieoBaHuu. Bripaxenne (7) s npousBomsuieit GyHkiun f(s)
OTpeENsIeT BO3MOXHOCTH M3yUEHHUS MPEACIIbHBIX CBOMCTB CTAIMOHAPHO-
TO pacmpeeneHus U MpUOIKEHHOTO BEIUMCICHUS BeposiTHOCTel. B pabo-
Te [8] ycTaHOBIICHO, 4TO pacnpesnesneHue {g; } aCHMITOTHYECKH HOPMAIBHO
pHu \ /[ — 00, T.e. BEpOSITHOCTh HAXOXKICHUS CITy4aifHOTO Ipolecca B rmpe-
JieNax ot j; JI0 jo IpH OONBIINX ¢ MPUOIMKEHHO BBIYUCIISIETCS CIEAYIOIIUM

oOpazom:
; J2
2]2: 1 / 7(y—w21)2d
~——— [ e 2 )
— @ oV 21 Y
J=n 71

B nacrosimieii pabote CBONCTBO aCUMITTOTUYECKON HOPMAJIBHOCTH YCTa-
HOBIIEHO st 6oJiee 00111eil MapKOBCKOM MOJIeNH, He SBJISIONIeHcs mpoliec-
coM poxkaeHus u rubenu. [1pu uccnenoBannu npeaenbHBIX CBOWCTB CTAIlH-
OHApPHOTO PACHpPEENIEHUsI UCTONb3YIOTCI aCUMITOTHYECKHE Pa3JIOKEHUs
JUTst MO PUITUPOBAaHHBIX QYHKIMN beccens u BRIpOXKACHHBIX TUTIEPreoMe-
TPUUECKUX (QYHKIMHA, IOTyYaeMbl€ C IIOMOIIBIO U3BECTHBIX HHTETPaJIbHBIX
npenacraBieHui [12]. ACUMIOTOTHKY BBIPOXKACHHBIX THIIEPTEOMETPUUECKUX
(GYHKITUH MOTYYeHBI C MIOMOIIBIO MeTona nepesana [13, 14], B Tom yuce,
KOI71a KPUTUYECKAs TOUKA 3aBUCUT OT PACTYLIETo MmapaMerpa.

Onucanue oOmeil croxacTuyeckoil monean. Bropoe ypaBHeHume
Koumoroposa. PaccMarpuBaemasi cucrema 4acTUL ONUCHIBAETCS KUHETH-
yeckoit cxemoit 0 — ko1, 27" — koT', B xoTOpO# KO3 dunmenTam kg u
ko COOTBETCTBYIOT pacmhpezefieHUs] BEpOITHOCTEH {pgC > 0, Z?io pf =1,
p¥ =0}, k = 0,2[11]. Ecnu B cucteme umeetcs ¢ yactun tuna ', To Bepo-
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ATHOCTH KaXOTO U3 TIEPEX0I0B 32 BpeMst At — () COOTBETCTBEHHO PaBHbI
AAt + o(At) u pi(i — 1)At + o(At). Yucno ko gactuil, obpasyromuxcs
B pesynbrare nepexoga 0 — ko', onpenesseTcsi pacipeielieHHeM Bepo-
srHocTeit {p)) }, a mepexon 21" — kT ¢ pacmpesieneHneM BEpOATHOCTEH
{p},} npuBOIMT K 3aMeHe mapbI YacTUIL ky HOBBIMH YacTHIAMH. Bhrauciss
THOJIHYO BEPOATHOCTH TE€PEX0/Ia M3 COCTOSHUS i B COCTOSHHE j 3@ BPEMs
At — 0, npeacTaBuM nepexonHsle BepostHocta Pj;(At), i, 7 € N, B Buze

(AP, + pi(i — 1)p?_, o)At + o(At) mpu j > i,

P(A) = 1— (A4 pi(i — 1))At + o(At) npu j = 1,
N ) i - 1)p3_; oAt + o(At) npu i — 2 < j <1,
o(At) npu j <i—2.

Takum o6Gpaszom, MapkoBckuit mporiecc £(t), t € [0, 00), Ha MHOXKECTBE CO-
crossnii N = {0,1,...} 3a1aH MIOTHOCTAMH pacmpeneeHus] BEPOSTHO-
CTEH MEPEXO/I0B.

B cocrosiauu ¢ mporecc £(t) HaXOAUTCs CIy4aitHOE BpeMsi, 10 TeX 1op,
II0Ka HE MPOM30MJIET OAMH U3 yKa3aHHbIX nepexonoB. Ilepexon 0 — kT’
MOXKET MPOU30MTH CITyCTs CIydaiiHOe BpeMs 7., UMEIOLIee pacipererne-
uue BepostHocTelt P{r) < t} = 1 — e [6, m. 1, §2], a mepexon
2T — koT — crmycTst Bpems 772, HMEIOLIEE PACTIPEIENIEHUE BEPOITHOCTEN
P{r? < t} = 1 — e #(=1t TlockonbKy BeTHUMHBI T U T HE3ABHCHMBbI,
T0 Bpemst 7; = min(7, 77) HAXOKIEHHSI CHCTEMbI B COCTOAHHH § pacipe-
JIeNIeHO TI0 IKCIOHEHINATBHOMY 3aKoRy, P{7; < t} = 1 — ¢~ (A FHii=1))t 5
YCIIOBHBIE BEPOSTHOCTH KaXJIOTO U3 MIEPEX0I0B (IIPH YCIOBHH, YTO KAKOM-
b0 Tepexo/] MPOU30IIeT) COOTBETCTBEHHO paBHbI A/ (A + pi(i — 1)) u
pi(i = 1)) /(A + pi(i — 1)).

[Tpu nomomm mpou3BoAsMIIKNX HyHKIIAN

Fi(t;s) =Y Py(t)s’,  h(s) =) _pfs', k=02, |[s[<1,
j=0 =0

BTOpas cucreMa auddepeHnnanbHeIX ypaBHeHni Konmoroposa 1uis nepe-
XOITHBIX BEPOSTHOCTEH MapKOBCKOro mpouecca £(t) 3amuchiBaeTcs B BHIC
YpaBHEHUS B YaCTHBIX NPOU3BOJHBIX [11, Teopema 1.3]

8Fl t, S OQFZ t, S ;
IES) _ p(ha(s) ) TS  \(hos) D) (t:s), Fi(0:5) = o

CoOTBEeTCTBYIOIIICE ypaBHEHHE Uil Hpom3Bomsiied ¢GyHkuun f(s) =
= lim; ., Fj(t;s) cTanMoOHapHBIX BEPOSTHOCTEH MPUHHUMAET BHJ OOBIK-
HOBEHHOTO JH(pPepEeHIHAIBLHOTO YpaBHEH s BTOporo mopsizaka [11, Teope-

Ma 3.2] de(S)
ds?
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w(ha(s) — s?) + A(ho(s) — 1) f(s) = 0. (8)




B Hacrosiieii pabote nmoseaeHue npouecca £(t) mpu t — oo uccneayer-
cs1 B cimyuae ho(s) = ps+p3s?, ho(s) = p3+p3s. U3 ycnosuii pl +pd = 1,
pi+p? = 1 umeem pasnoxenns Ha MHOKUTENH ho(s)—1 = (s—1)(pds+1),
ha(s) — s* = (1 — s)(s + p?), u craunonapHoe ypaBHeHHe (8) CBOIUTCS K
YPaBHEHHUIO, KOIPPUIUEHTHI KOTOPOTO SBISAIOTCS JTMHEMHBIMA QYHKIUSIME
HE3aBUCUMOI mepeMeHHol (cM. ypaBHeHue Jlarmaca B paborax [15, 4. 3,
ypaBHenue 2.145], [12, 1. 6, § 2]:

a*f(s)
uls +p0) =5~ = Apas + 1) f(s) = 0. ©)
CyniecTBOBaHUE CTAIMOHAPHOTO PACIIPEAICTCHUS CIEAYET U3 HAJTUUMs
HETPUBUAJILHOTO a0COIIOTHO CYMMHPYEMOTO PEIISHUsT CTAIlMOHAPHON CH-
crembl ypaBHeHuit Konmoroposa [10, 1. 3, § 6], [6, m1. 1, § 5, Teopema 4],
KOTOpOE MojTydaeM Kak pemreHue ypaBHeHus (9). ITpu aToM ko3 purmeHTs

¢;j Pa3IOKEHHs IPOU3BOAANICH (QYHKIINU B CTEIIEHHOW sl

fs)=> g
=0

COCTABJISIIOT MIPEIETbHOE CTAIIMOHAPHOE pacIipe/iesieHuE.

YpaBHeHnue (9) penieHo B SBHOM BHU/IE TIPU BCEX 3HAUCHUSX MTApPaMETPOB
p5 1 p2. TlpenenbHble TEOPEMBI, TPUBOIMMBIE JAJIEE, YCTAHABINBAIOT aCUM-
NTOTUYECKYI0 HOPMATBHOCTh HAHJCHHOTO CTAI[MOHAPHOTO PACIIPEACIICHHUS
pu A/ — 00.

Pelienue CTalMOHAPHOTO YPaBHEHHus! B cayuae py = 1, p2 = 1. Jlns
paccMaTpuBaeMOro MapKOBCKOTO MPOIECCa CO CXEMOHM B3aMMOJICUCTBHI
0 — 2T, 2T — 0 xnacc coobmarommxcst cocrogauii [10] 3aBucut ot Ha-
4aJIbHOTO COCTOSIHMS. ECin HaYampbHOE COCTOSTHME YETHOE, TO MMEEM KJ1acce
K° = {0,2,4,...}; ecnu neuernoe, to umeem knacc K!' = {1,3,5,...}.
WMHTEHCUBHOCTH BEPOSTHOCTEH MEPEX0I0B YKa3aHbI Ha puC. 2.

VYpasuenue (9) npuHUMAET BUJ YPaBHEHUS C TIOCTOSIHHBIMH KO3 PUiin-

EHTaMH:
d*f(s)
2

pi(i-1) Hi(i+1) p(i+1)(i+2)

Puc. 2. Jluarpamma nepexojos B cay4ae p = 1, pZ = 1
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Ob6uiee pewenue f(s) = Cre "® 4+ Cee”®, v = /A /1, IPEACTaBUM B BHIC
CTENEHHOr0 psaa

fl) = S DG Gl (10)

rae Cy, Cy — mpou3BOJIbHBIC KOHCTAHTHI. [I0CKOJIBKY MEepexo U3 COCTO-
SHUSL i B cOCTOsHME ¢ + 1 HeBo3MoxeH, To P, ;11(t) = 0. Eciu mporecc
&(t) maxonurcs B knacce coctostamii K9, 1o psia (10) comepuT TOIBKO veT-
Hele crenenu s, u torga C; = Cy; ecau B Kiaacce coctosauii K — ps
(10) comep>xUT TOJIBKO HEYETHBIC CTENEeHH s, U Toraa C; = —(C5. Onpene-
asist koHctauTel Cy u Cy U3 ycnosust HopMupoBkH f(1) = 1, momydaem st
MPOM3BOAAIINX (DYHKIUI BRIPAKECHUS

ch(vs) sh(vs)
= 11
fO(S) Ch(V) ) fl(s) Sh(l/) ( )
Taxum oOpazom, pacripeneneHus BeposiTHoCTeH [16]
I
g0 = ) ] € Koa
70 jleh(v) (12)
I
= e K1
q]71 ]| Sh(l/), ] € )

SIBIISTFOTCS ITPEICTBHBIMU CTAIIHOHAPHBIME PACIIPEICIICHUSIMH B KJTaCCaxX CO-
obmaromuxcs cocrosanii K° u K coorBercTBeHHO.

PaccmoTpum ciayyalinble BETMUUHEI 1), 0 U 7,1 C PACHPEECICHHAMH Be-
positHoctel (12). U3 popmyn (6) monmydaeM ajis MaTeMaTHYECKUX OXKHa-
Huit my,0 = My, 0, my,1 = M, u mucnepewuit o, = D1y, 012,71 = D71
CJIETYIOIINE BBIPAXKCHUS:

myo = vth(v), aio = 1/2(1 - th2(1/)) + vth(v), (13)

)

my1 = vcth(v), ooy =V (1—cth*(v)) + veth(v). (14)

)

Ymeeporcoenue 1. Ilpun = 0,1 u v — 0o cnpagednusvl acumnmomuxu

Myp ~ V, oo~

Jokazamenvcmeo. V3 onpenencuus Gyukimii th(z) u cth(z) craemy-
10T aCHMITOTHYECKHEe (GopMynbl ipu z — +oo: th(z) ~ 1, cth(z) ~ 1,
1 —th?(z) ~ 4e72%, 1 — cth?(z) ~ —4e2%. [IpuMeHenue yKa3aHHBIX BOp-
Myn K BeipaskeHusMm (13) u (14) 3aBepIraet 10Ka3aTeabCTBO YTBEPKIACHHUS.

10 ISSN 1812-3368. Bectauk MI'TY um. H.D. baymana. Cep. “EcrectBennsie Haykn”. 2005. Ne 1



Teopema 1. Ilpun = 0,1, v — o0 u Qurcuposannom x € (—00,+00)

umeem -
. Nvn — Myn 1 / —y2/2
lim P{ 22— < g = —— e Y/ 4dy.
v—oo { Oun - } vV 27 Y

Jokazamenscmeo. /I noka3arenabCTBa MPEeAEIbHON TEOPEMBI UCIIONb-
3yeM CTaHJapTHBIA METO/ XapaKTepuCcTUUeCKUX QyHKIMH [9, r1. 9]. Brenem
XapaKTEePUCTUUECKYIO (DYHKIMIO (37€Ch U Jlajiee MHUMYIO €IMHUIY 0003Ha-
9uM w, w? = —1)

un(T) = Mexp (wT—m’" — m,,,n)

O-ll’fl

)

HOPMHPOBAHHOH CITy4aitHO#H BeMMYUHBI (1), — Myp) /0y n. IO ompenerne-
HUIO MaTEMaTUYECKOTO OKUIAHUS UMEEM

N % +n—m,y,
SOV,TL(T) = Z P {TIVJ’L =2k + n} exp (CUT &) —

k=0 v,n

=exp| —wr —— | f.| exp .
Oun Oun

B cootBercTBuu ¢ popmynamu (11) nonygaem

Lel55)
ch| vexpl —
ml/,O) Ju,0 (15)

©u0(T) =exp (—wT

Tu0 ch(v) ’
Sh(l/@(p(ﬂ))
myi Ou,1
v = - ’ d ) 16
) = (a2 ) = o

ITokakeM, 4TO HPHU U —> OO XapaKTCPUCTHUECKass QYHKIHS ,,,(T)
CTPEMUTCS K XapaKTEPUCTHUECKON (DyHKIIMU e /2 CITy4YallHOW BeJINYH-
HBI, PacrpeIeIeHHON M0 CTaHAapPTHOMY HOpPMalbHOMY 3aKoHy. M3 ompe-
nenenust Gyukimii sh(z) u ch(z) cnemyror acumnrornueckue (HOpMyIIbI
sh(z) ~ €*/2,ch(z) ~ e*/2mpu |z| — oo, |arg z| < m/2—§ < 7/2 (3mech
u jasiee § > () CKOJIb yTOIHO MAaJIo U He 3aBUCHT OT 2), C TOMOIIBI0 KOTOPBIX
u3 BeIpakenuit (15) u (16) momyyaem npu v — o0

wT My
©un(T) ~ exp (1/ (exp( ) - 1) — wT — )
Oun Oun

Ucnonb3ys paznoxenue no popmyne Teitnopa

2
exp(20) =14 20 T o),

952
Oun Ovn 20,5,
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MMpUXOaUM K aCUMIITOTHUKE

2
V—my, UT

©un(T) ~ exp (wT ~ 53 >

Uy,n Uu,n

(17)

CoracHo ¢opmynam 1 — th(z) ~ 2e72, 1 — cth(z) ~ —2e~2* npu

z — +o00o u3 Belpaxenuit (13) u (14) umeem v — m,,,, = o(1), v — oc.
Takum oGpas3om, nmepBoe ciraraeMoe MoJ| 3HAKOM 3KCIIOHEHTHI B BBIpa)ke-
nuu (17) ctpemurcs k Hymo. OTCIONa, YIUTHIBAs ACUMIITOTHKY IS 02, M3

v,n
YTBCPKIACHUA 1, moJry4acM OKOHYATCIIbHO

1/7'2 2
~o —_ ~o -7 /2
punl?) eXp( 2) C

Teopema nokazaHa.

Pemienne craliuoHapHOIo ypaBHEHUs B ciyyae pg = (0. [Ipeneasnas
Teopema. MiMeem niporiecc co cxemoit B3anmoneiicteuit 0 — 1, 2T — koT),
ks = 0,1, T.e. HOCTyIUIEHUE B CUCTEMY YACTHI] MOXXHO MHTEPIPETUPOBATD
KaK IyaCCOHOBCKHH MOTOK C MHTEHCUBHOCTHIO A [6, T11. 2, § 1]. Bo3moxHBIE
MepeXo/Ibl MAPKOBCKOTO MPOIIECCa U3 OJTHOTO COCTOSIHUS B JIPYTO€ U UX UH-
TEHCUBHOCTH MOKa3aHbI Ha puc. 3.

VYpaBHeHnue (9) npuHUMaeT BUA

2
pls + )y po =0 (18)

[Tocrie 3aMeHBI TIEPEMEHHBIX 2 = 24/ s + pg (31ech U Janee 1Mo /2 moj-
pasymeBaeTcs IIaBHas BETBB), y(2) = 271 f(s), tne v = \/A/u, ypaBHe-
uue (18) cromurca k MomuduuupoBaHHOMY ypaBHeHuto beccens z2y” +
+ 2y — (22 + 1)y = 0[17, o7, § 2, ypasuenue (11)]. Cnenys paGore

[17], mmeem oOmee pemenue ypasuenus (18) B Buje

f(s) = Cin/s +pj Li(2v4/s + pg) + Can/ s + g K1(2v4/s +p), (19)

e [1(z) u K;(z) — momudunuposanusie GpyHkuun beccenst mepsoro mo-
psiZKa COOTBETCTBEHHO MEpBOro U Broporo poaa; Cy, Co — MPOM3BOIBHBIE

DA G

yaodlls Jifi+0pf L+ (i+2ps

Puc. 3. /luarpamMma nepexoios B ciaydae pJ = 0
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koHcTaHThl. W3 npexncrasiennii [;(z) u K;(z) B dpopme panos [17, mr. 7,
§ 2, dopmynsl (2) u (37)] cnemyet, yTO MEPBOE ClIaraeMO€ B BHIPAXKCHUHU
(19) — Qynkuus, aHanuTUYeCKass Ha BCEH KOMIIJIEKCHOW IMJIOCKOCTH S, a
BTOpOE craraeMoe — (DyHKIIUs HeaHATUTUYECKAs B TOUKe s = —pa. Eciu
p3 < 1,10 Cy = 0, Tak Kak mpousBozsinas GyHKuus f(s) M0 OMpeneeHuo
ABJISIETCS AHANMTHYECKOH B kpyre |s| < 1. Ecimm p2 = 1, to Cy = 0, Tak
KaK B 9ToM ciydae f(s) = C1+/s + p2 [1(2v4/s + p3) npencrasnser coboi
€IMHCTBEHHOE (C TOYHOCTHIO 10 MHOXHUTENsE (' > () pemenne ypaBHEHUS
(18), Bce k03 PHUITUEHTHI KOTOPOTO TIPH PA3IOKESHHUH B PSJI IO CTETICHIM S
HeoTpuiarenbHbl. Onpenenss koncranty C u3 ycnosust f(1) = 1, mpuxo-
JTUM K BBIPQKEHUIO JIJIsl MPOU3BOAAIIEH (DYHKIIMH CTAIlMOHAPHOTO pacIpe-
JeNIeHUs

S‘i’p% Il(2V\/S+p(2)) (20)
L+pg I(2v\/1 4 p2)

Cryuaii p2 = 1 cootBetcTByeT Xxummueckoii peakiuu A — T, 2T — B
[18, 1. 9, § 1], B KOTOpOI1 KOHIIEHTpaIHK BemecTB A u B moiepXxuBaroTcs
TIOCTOSSHHBIMH. BhIpakeHus 1711 CTallMOHApHBIX BeposATHOCTEH ¢; [18, 1. 9,
§ 1, dopmymna (15)] cnenyrot u3 paznoxenus GyHkmuu (20) B psij 1o crerne-
HSIM S.

PaccmotpuM ciydaiinyro Benunuuny 7, Ha MHOXectBe N = {0,1,...}
¢ pacnpeneneHueM, onpeaenseMeiM ¢pyHkuuen (20). Auddepenuupys Bbl-
paxenue (20) ¢ HCMONb30BaHUEM COOTHOLIEHUS JUIsl MOAU(PHUIIMPOBAHHBIX
¢ynkunit beccens 211 (z) = zIy(z) — I1(z) [17, 1.7, § 2, dopmymna (54)],
HOTY4UM

f(s) =

Iy(2
71y = Lhot20r)
a I, (2av)
e a = /1 + p3. U3 ypasuenus (18) cnenyer, uro f”(1) = v?/a?. Ton-

CTaBJISAS 3HAYCHHSI POU3BOHBIX B (hOpMyIIbI (6), MOTy4YaeM BhIpaKEHUS AJIs
MaTeMaTUIECKOTO OXKUAaHus m,, = Mn, u qucnepeuu o2 = D,

v Ip(2av) , ( - M) L vIo2a)

B I?(2av) al(2av)

, = Lhlsar) . 21
" a I,(2av) M 1)

Ymeeporcoenue 2. [Ipu v — oo cnpasediusvt acumnmomuku
v 9 1 1 \v
m, ~ — o5~ - — ) —.
Y oa] v 202 ) a

Jlokazamenvcmeo. Bocrionb3dyeMcst aCHMITOTUKAMH TSI MOTU(DUITHPO-
BaHHBIX (QyHKIUN Beccens npu |z| — oo, |argz| < m/2 —§ < /2 [17,
.7, § 13, popmyma (5)]:
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Iy(z) =

e® 1 _9
— 22
Nor (1 + % +O(z )), (22)

L(z) = < (1 _3 . O(z_Q)). (23)

Vorz 8z

Cymmupys u Beruutas popmyisl (22) u (23), noayuum

eZ

21z

Io(2) — L(2) = JZE (% + O(z_Q)). 25)

U3 popmyn (22) u (23) cnenyeT Taxxke
Io(z)
Il (Z)
[Tepemuoxas hopmyisl (24) u (25), momydaem

I3(2) _ 1 -1
70" - +o(z7). (27)

Io(2) + I (2) = (24+0(zY), (24)

=1+ 0(1). (26)

[ToncranoBka acumnToTHK (26) 1 (27) B popmynsl (21) 3aBepiiaeT gokasa-
TEIBCTBO YTBEPKIACHHUS.
Teopema 2. IIpu v — 00 u uxcuposantom & € (—o0, +00) umeem

. Ny — My 1 / 22
lim P — < gy =—— e ¥/ 4dy.
v—00 { oy, - } 2T y

Jokazamenscmeo. O603HaUNM @, (T) XapaKTEPUCTUUCCKYIO (YHKIIHIO
HOPMHPOBAHHOU CITy4ailHO! BenmuuuHsl (1), — m,,)/o,. Toraa momydum

¢, (1) = Mexp (uﬁw> = exp(—uﬁm”) f(exp (£)> =
gy Oy Ov

e w? = —1;7,(7) = exp(wr/0,) — 1. CoracHo yTBEPKIEHUIO 2 UMEEM
0, — 00 H, CIIeOBATENbHO, 7, (7) — 0. Mcronb3ys IIaBHbIN YICH aCUMII-
TOTHUKH (23), oJly4aem mpu v/ — 00

u(T) ~ exp <2ay< 14 240 1) - m@).

a? o,
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Ucnonb3ys paznoxenue no popmyne Teitnopa

Yo (7) wT (1 — 2a*)7? 5
1 =1
+ 22 + %0, + 8aio? +o(o,°),
TIOJTy UM BBIPAKCHHE
via—m, 1 1 \vr?
(7)) ~ viem e (o 2T, 28
(1) ~ exp (w - 5 ( 2a2) - 03) (28)

[TokakeM, 4TO TIEPBOE ClIaraeMoe MO 3HAKOM IKCIIOHEHTHI B BBIpaxKe-
Huu (28) crpemutcs Kk Hyito. [lelictBurensHo, u3z popmyn (23) u (25) cre-

ayer
v v (Iy(2av) — I,(2av) 1
m, —— = —
I, (2av)

= [ 5

a a 4a?

otkyma m, — v/a = o(c,). YUuTBIBas ACUMIITOTHKY JUIS 02 B yTBEPKIE-
HUH 2, I0JTy4aeM OKOHYATEeIbHO

1 1 \vr? 2
~ —_— _— | —— ~ e T /2
0, (7) exp( 5 (1 2a2) - 03) e .

Teopema Joka3aHa.

PellleHne CTAIMOHAPHOrO ypaBHeHusi B ciayuae pd > 0, pIp2 < 1.
IIpenenbnas Teopema. CxeMa B3auMOJICICTBHI B JAHHOM CiIy4ae MPUHU-
maeTBUn 0 — ko1, kg = 1,2; 2T — kT, ks = 0, 1. Bo3MOXXHBIE IEPEXOIbI
MEXIy COCTOSTHUSIME MapKOBCKOTO mporiecca &(t) mokasaHsl Ha puc. 4.

Beeznem obosnauenus v = /Ap3/u, a = (1 — pIp3)/2pY. C nomorupio
3aMeHBI IepeMeHHbIX 2z = 2v(s + pj), y(z) = (s + pg) 'e”s f(s) crammo-
HapHOe ypaBHeHHUE (9) CBOAUTCS K BBIPOXKICHHOMY IHIIEPIeOMETPHIECKOMY
ypaBHenuio zy” + (2 — )y’ — (1 +av)y = 0 [12, 1. 6, § 1, ypaBuenue (2)].
AHanutr4eckoe Ha BCeil KOMIUIEKCHOM IIOCKOCTH PELICHHE 3TOTO YpaBHe-
HUSI IMEET BHJL

y(z) = C®(1+ av,2;2),

Aﬂzﬂ Ap,
1 _ Apy

1
0p2 (&) uicirnpt (1

Ap
i~1)_pi(i

Jeli=Npy H(E+ 1py /’(“7)(“2)/7;

Puc. 4. /luarpamma nepexoios B cayqae pJ > 0, ppg < 1
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rne ®(a, §; z) — dyukuus Kymmepa ¢ mapamerpamu «, (3 [12]; C — npo-
U3BOJIbHAsT KOHCTaHTa. COOTBETCTBEHHO, aHAJIUTHYECKOE B Kpyre |s| < 1
pewenue ypasuenus (9) umeer Bug f(s) = C(s+pi)e @ (1+av, 2; 2v(s+
+ p2)). C nomompio ycnosust HopmMupoBku f(1) = 1 IpUXOmUM K BBIpakKe-
HHUIO TS IPOM3BOSIICH (YHKIIMH CTAIIHOHAPHOTO PACTIPEICICHHS:

F(s) = 1) s+pa\ ®(1+ av,2;2v(s + p3))
N 1+p2) (1 +av,2;2v(1 +p3))’

(29)

O6o3na4unMm 7, cny4aiinyto Bennuuny Ha N = {0, 1, ... } ¢ pacnpenerne-
HUEM, COOTBETCTBYIOLIUM Mpou3BoAsel pyHkuuu (29). Maremarnyeckoe
O)KHJaHHE U TUCTIEPCUS IPUMYT BH]T

1
mu:wﬁﬁrg, (30)
2a 2 1 1
2_,2(142%_ 42 J1-2 - 31
rjleb:1+p(2),

~ 29(1 + av, 2;2bv)

, = -1 32
¢ ®(1+ av, 2;2bv) (32)

Ymeeporcoenue 3. [Ipu v — oo cnpasedrusvl acumnmomuxu

2a a 2a
L~ 1+ =, 2o 1 — 1+ —. 33
m, ~ vyl 1+ 2 o, V( b(2a—|—b)> + 2 (33)

Jlokazamenvcmeo. Bocnonb3yeMcss MHTETPATbHBIM MPEACTaBICHUEM
¢bynkuu Kymmepa [12, rn. 6, § 11, dopmyna (2)]:

(1+)

1 T'(B)N(«a — 1
L (5) (va(a)ﬁ+ ) / ey (u — 1)1 du, (34)

P(a, f;2) =

Rea > 0. 3mech I'(a) — ramma-dyHKIHs, a KOHTYPOM HHTETPUPOBAHHS
CIIy’)KUT NETIIS, KOTOpasi HaYMHAeTCs U 3aKaHuuBaeTcs B Touke u = O u 00-
XOJUT TOUKY ¢ = 1 B MOJOXXUTEIbHOM HampasieHuH. [lonyueHnsle nanee
ACHMITOTUKH ISl BRIpaXKEHUH, conepxamux pyukuuio ¢ (1 + av, 2;2bv),
OCHOBAaHBI Ha BBIYHCIIEHUN aCUMIITOTUKY NPU ¥ — 0O UHTErpania

(1+)
/ e”SWh(u)du, S(u)=2bu+aln

0

(35)

(o 3HaUYeHUEM JtorapudMa oapasyMeBaeTcs IIaBHas BETBb), rae h(u) —
GyHKIWs, aHamuTHYecKas B obnactu Reu > 0. YkazaHHasi aCHMITOTHKA
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HaXOIHUTCS C OMOIIbIO MeTozia epeBaia [13, 14]. @ynkuus S(u) sBnsercs
OJTHO3HAYHOM aHaIUTH4YeCKOW QyHKuuel B obnactu Reu > 0 c paspesom
o otpesky [0, 1] 1 IMeeT mpoCTy0 TOUKY MepeBaja g, ONPEACTIeMYI0 13
yenosust S’ (ug) = 0. Auddepentmpys byHkiwmio S(u), HaXOAUM

1 1 2a 4b? 2a
ST+ S () = — 1+ —
Ug 92 + 92 + b 9 (UO) a =+ b )

R P @y = 00 (@) [ 2
S (’U,())— a 3+a y S (’LL())— a3 1+b 1‘|‘b

Kontyp unTerpupoBanusi MOXXetT ObITh Ae(OPMHUPOBAH B IMETIIO, MPO-
XOMAIIYIO Yepe3 TOUKY Ug U JISKALIYIO MPU U # ug B obmactu ReS(u) <
< ReS(uop) (puc. 5). B paccmarprBaeMoM ciydae BHIOTHEHbI yCIOBHS Te-
opemsbl 7.1 u3 pabortsl [ 14, ri1. 4]. CornacHo 3Toi TeopeMe aCHMITOTHUKA M H-
Terpana (35) ¢ TOYHOCTBIO IO BTOPOTO YIEHA OMPEENAeTCs BhIpaXKeHUEM

(1+)

2T 1
uS(u)h du ~ vS(uo) h -
/ e (u) du ~ w V57 () e ( (uo) 57 (ay) X

) 8t | (5(5///(uo))2 5(4)(u0)) h(uO)>>'

x [ 2h" (u —
( (W) = g ug) 6(5"(w))? ~ 25"(uo)

(36)
BBenem 0603HaueHue

euS(uo)

av+/2mvS" (ug)

R, =

Imu

9k

17 ;"’////// Re u

=)

Puc.5. Koutryp wunrerpupoBanusi B o6iaactu ReS(u) < ReS(ug) (o6aacts
Re S(u) > Re S(up) 3amTpuxoBana)
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Yunrsias paBenctBa ['(a + 1) = al'(a), I'(1) = 1, nomyyaem ¢ momo-
1110 BeIpakeHus (36) cienyroiue acCUMITOTUYECKHE (OPMYIIbI:

(1+
(1 + av, 2; 2bv) / v$S(W du ~ R, (37)
T 2nwav
0
20'(1 + av,2;2bv) — O(1 + av, 2;2bv) =
(1+)
1 S(u) 2a
= A 2u—1)du ~ R\/1+—, (38
2rw av / © (2u ) du + b (38)

0

2
29'(1 + av, 2;2bv) — (1 +4/1+ %) Q(1+ av,2;2bv) =

(1+
2a 3a+2b R,
2u—1— )14+ 2) dun~ 22020
27rwau/e (u * b) “ 20(2a+b) v’
0

(39)

2
20 (1 + av, 2; 2bv) — (1 41+ f) ®(1 + av, 2;2bv) =

(1+)

_ 1 /&5(“) 2u—1+\/1+2—a du~2R,4/1+2—a. (40)
2Tw av b b

0

[Tpu BeIBOSE hopMmy (37), (38) u (40) B acumnroTrueckoit popmyie (36)
UCIOJIb3YETCs TOJIBKO IVIaBHBIN YJI€H, a PH BbIBOJIE (popMyiibl (39) ucnomis-
3yeTcsi Bce Bhipakenue (36).

N3 Beipaxkenutt (32), (37) u (38) nmonyyaem

Oy~ 41+ —. (41)

N3 popmyn (39) u (40) cnenyer, uto
— b, ~ 3a + 2b
\/ YT 2b(2a + b)v
\/1 +2—a+¢y~2,/1+2—a
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(42)




[lepemuoxas nocneauue GopMysabl, HOTyHaeM

3a+ 2b 2a

1+ — 20— T 14 =
+ o b(2a + b)v 3

(43)

[Ipumenss acumnroruxu (41) u (43) K BeIpaXKCHHUSIM JIJIST MaTeMaTHye-
ckoro oxunanus (30) u nucnepcuu (31), 3aBepiaem J0Ka3aTeNbCTBO YTBEP-
KICHUS.

Teopema 3. I[Ipu v — o0 u uxcuposannom x € (—o0, +00) umeem

. Ny, —my 1 / 22
lim P — <z = — e ¥/ 4 dy.
v—oo { Oy - } V2T J

Jlokazamenvcmeo. Xapakrepuctruueckas PyHKIHs CTy4aliHON BeTHIH-
el (1, —m,) /o, paBHa

(1) = M (W%> _ exp(—wT?:) f(exp (g)) _
_ ( %(7)) exp(_y%(T) B M@) ®(1 + av, 2, 20(y,(7) + b))

o, ®(1+ av,2,2bv) ’
e v, (7) = exp(wt/0,)—1. Cornacuo dpopmyrie (34) uMeeM HHTErPaIbHOE
TIPe/ICTaBIICHHE

(1+
O(1 + av, 2;2v(y, + b)) / vSuy) g
27rwa
0

e S(u,v) = 2(7y, + b)u + aln(u/(u — 1)). AcuMIOTOTHKA HHTErpaNa IPH
v — 0O HaXOAMTCS C MOMOIIBIO METO/IA MTepeBaja, MPHUYEM OlpeensiemMast
u3 ycnosust S,,(u, v) = 0 kpuTHYECKast TOUKA U (1) 3aBUCHUT OT IapameTpa
v [13, .5, § 21]. HerpynHo nony4uTh COOTHOLIEHUS

S(ug,v) — S(ug) = 2ugy,, S (uo,v)=2v,, Su (ug,v)=25"(up),
(44)
rie S(u) 1 uy ONpeeNeHsl IIPH J10Ka3aTeNnbCTBe YTBepKaeHus 3. [TocKomb-
Ky v, — 0, 10 S(u,v) = S(u) 1 up(r) — up. IIpu 3TOM BBHIIOTHEHBI
ycnoBust Teopembl Dadepa [13, Teopema 21.3], cormacHo KOTOPOH TITaBHBIM
YJICH ACHMITTOTHKH OTIPEIEIISCTCS BHIPAKEHHEM

(1+)

! 2
/ SW) du o - 27 ) exp(ySu(uo,y) ~ v(Sy(uo,v)) ),

v uu(U’O?V QSZU(UO’I/)

(45)

0
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B KOTOPOM U — MPUOMMKEHHas: Touka mnepeBana. U3 Beipaxkenus (45) ¢
yueroM (opmyin (37) u (44) nonydaeM aCUMITOTHKY

®(1+ av,2;2v(y, + b)) 5 2u72
~exp| 2uory, — = —~
O(1 + av,2;2bv) P =t S"(ug)

CrnenoBarenbHO, 7S XapaKTePUCTHUECKONW (DYHKITUH MIPH ¥ — 00 UMEEM

pu(7) ~ exp(@uo Dl - 257(—157)) ) uﬂj—)

2a  avvyi(7) 2a my,
— , 1424 WAy 24 T
P\ O\ I+ = g n VTS TS,

Ucnonb3ys paznoxenus no Gopmyne Teinopa

2 2
o WT T _2 o T _2
(1) = 5 202 +o0(0, ), Y, (1) = =) +o0(0,7),

IMOJIYYUM BBIPAKCHHUEC

V\/1+2a/b—m,,_(1_ a ) 1+2au7'2
b(

o, 2a + b)

0, (T) ~ exp|wT

3ameTtum (cM. popmyny (42)), uto

2a a
v 1 o T 14 N 17
me =1+ 5= gyt

OTKyZa CIEIYEeT, 4TO IEPBOE CIAracMoe I0J 3HAKOM JKCIIOHEHTHI B BBIPA-
xeHuu (46) ctpeMuTcst K Hymo. Jlanee, HCTONb3ys aCMMITOTHKY IS 02 B

YTBCPKIACHUHA 3, IpH ¥ — OO I10JIy4acM OKOHYATCIIbHO

2a vT?

a
(7) ~ BN DL Y S DL
ou(7) ~ exp ( b(2a+b)> T 202

Teopema nokasana.

3akmouenne. [IpuMeHeHne aHAMTHYECKUX METOJOB TO3BOJIMIIO MC-
ClIeJIOBaTh ACUMMTOTHYECKHE CBOMCTBA CTAallMOHAPHOTO pacHpeieeHus
1 mporeccoB co cxemamu Buaa 0 — ko1, 21T — koT'. Jloka3arenbcTBa
MIPEEIbHBIX TEOPEM CIEAYIOT U3 UHTETPANIBHBIX MPEACTaBICHUI pelIeHui
ypaBHenusi Konmoropoga. I[Ipennoxennsie B pabotre MeToAbl 0000IIaroT-
cst juia mporeccoB co cxemamu Bunga 0 — koI, T — kT, 2T — koT.
[lepexon 1" — 27" xapakTepeH JUIsl aBTOKATAIUTUYECKOH XUMUYECKOH pe-
akiuu, a nepexox 27" — 31 yuyuThIBa€T BO3MOKHOCTH Pa3MHOXKEHHUS B

—72/2
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NOMYJISIIIUU UHAUBUYYMOB [18]. DakT acCUMOTOTHYECKOW HOPMAIbHOCTH
CTallMOHAPHOIO PACIPEIEIICHHS ABIISIETCSA HOBBIM JUISl PACCMATPUBAEMOTO
KJIACCa CTOXACTUYECKUX MOZEIIEH CUCTEM C B3aUMOJCHCTBUEM YaCTHII.
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